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In a previous paper it has been shown that the longitudinal recoil-ion momentum~RIM! distribution for the
single ionization of atoms by charged ions exhibits a finite value at the kinematic threshold. This structure can
be ascribed to the divergence of the electron capture to the continuum peak in the ionization cross section. We
generalize this result for the case of a neutral projectile. In particular we show that a sharp peak of the RIM
distribution at the threshold can occur for given final-state electron-projectile systems.@S1050-
2947~96!04905-0#

PACS number~s!: 34.10.1x, 34.50.Fa

I. INTRODUCTION

The velocity distribution of electrons emitted from an
atomic target by the collision of an energetic ion has been
actively investigated during the past three decades~see, for
instance@1#!. This sustained interest has been prompted by
the information that it provides about the interactions and
mechanisms involved in the ionization process. From previ-
ous work the electron spectrum has been characterized ac-
cording to the momentum space regions of the emitted elec-
trons. For illustration we show in Fig. 1 the ionization cross
sectionds/d3ke for a H

11He collision at 625 keV~projec-
tile velocity v55 a.u.!. Three conspicuous features of this
distribution are the binary encounter sphere@2# and two
cusp-shaped peaks centered in momentum space about the
origin @‘‘soft electrons~SE!’’ # @3# andmv @‘‘electron capture
to the continuum~ECC!’’ # @4–6#, wherem is the mass of the
electron andv is the velocity of the incident projectile. The
first process occurs when an electron initially bound to the
target atom is expelled by an elastic binary encounter with
the projectile, giving rise to a shoulder in the momentum
distribution located on a ‘‘sphere’’ of a radius approximately
equal tomv and centered aboutke5mv. The momentum
distribution of this bound state determines the shape of the
shoulder in the ionization cross sectionds/d3ke . On the
other hand, the SE and ECC peaks have been traditionally
attributed to a mechanism where the ejected electron ends up
in a low-lying continuum state of the ‘‘charged’’ residual
target or projectile.

Let us now concentrate on this ECC effect. We can ob-
serve in Fig. 1 the known cusp shape of the ECC peak. The
precise measurement of this peak has been an elusive task
due to the extreme sensitivity of its shape on the angular and
energy resolution of the electron analyzer@7,8#. In particular,
a precise determination of the shape at the very top of the
peak remains as an unsolved problem.

Quite recently, improvements@9,10# in the technique of
cold-target recoil-ion momentum spectroscopy have pro-
vided an indirect way of performing such a measurement.

Actually, it has been shown that the divergence of the ECC
peak in the single ionization cross section for ion-atom col-
lisions is related to a finite value of the longitudinal recoil-
ion momentum~RIM! distribution at the kinematic threshold
@11#. In this paper we generalize this result for nonbare ion
impact, showing how the behavior of the longitudinal RIM
distribution at the kinematic threshold represents a distinc-
tive fingerprint of the ECC peak structure. In particular we
show that this distribution can display a sharp peak or even a
divergence at the threshold that can be ascribed to certain
features of the electron-projectile system in the final state.

The paper is organized as follows. Section II summarizes
the theory based on the final-state interaction theory@12,13#.
Then the ionic projectile case is presented in Sec. III. Section
IV presents the case of neutral projectiles for three different
electron-projectile final-state interactions. Final remarks are
given in Sec. V.

FIG. 1. Ionization cross section ds/d3ke for a
H11He→H11He11e2 collision at 625 keV~v55 a.u.!. The
lines of constant longitudinal recoil-ion momentumPRi are shown
as ‘‘circles’’ on the electron momentum ‘‘plane’’ centered about
the ECC peak. In particular, the binary electrons can be identified as
those located at thePRi50 circle.
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II. THEORY

According to the final-state interaction theory@12,13#, the
behavior of the ionization cross section for small values of
the relative electron-projectile momentump5ke2mv can be
shown to be dominated by the normalization of the corre-
sponding continuum wave functionCp~r 8! for the electron-
projectile system@14,15#. This defines a normalization factor
~atomic units are used throughout!

F~p!5~2p!3uCp~0!u2. ~1!

The general properties of this factor can be identified easily,
even without a complete knowledge of the actual electron-
projectile interaction. First, it is greater~lower! than one for
any generally attractive~repulsive! potential, and therefore
the actual effect of the distortion is to enhance~decrease! the
cross section. Second, sinceuCp(0)u

2→(2p)23 for largep,
this normalization factor is dominant for small electron-
projectile velocities. In particular, for an ionic projectile of
chargeZP the normalization factor can be easily evaluated as

F~p!5
2pZP /p

12exp~22pZP /p!
. ~2!

For small values ofp this factor approaches zero exponen-
tially whenZP,0,

F~p!'
2puZPu

p
exp~22puZPu/p!, ~3!

and diverges whenZP.0 as

F~p!'
2pZP
p

. ~4!

After integrating over the spectrometer resolution, this latter
behavior leads to the known cusp shape of the ECC peak, as
shown in Fig. 1.

Let us now show how the relation between the longitudi-
nal RIM distribution at the threshold and the ECC peak
arises. Basically, it emerges as an offspring of the dynamic
constraints required by energy and momentum conservation.
In the longitudinal direction we obtain after some simple
algebra a one-to-one relation between the longitudinal mo-
mentumPRi of the recoil ion in the laboratory frame and the
modulus of the relative electron-projectile momentump,

PRi52
v
2

1
u« i u
v

1
p2

2v
, ~5!

where« i is the binding energy of the initial target electron.
In this equation we have neglected terms of order 1/MP and
1/MT , whereMP andMT are the masses of the projectile
and target, respectively.

We clearly see that there exists a threshold in the longi-
tudinal recoil-ion momentum given by

PRi
min52

v
2

1
u« i u
v
, ~6!

which corresponds top50 ~ke5v!, that is, to the ECC peak
in the electron momentum distribution. On the other hand,

Eq. ~5! relates each particular value ofPRi to a ‘‘sphere’’ on
the electron momentum space with radiusA2v(PRi2PRi

min)
and centered about the ECC peak, as is shown in Fig. 1. In
particular, the binary electrons can be identified as those lo-
cated at thePRi50 sphere@11#. On the other hand, soft-
electron emission~ke;0! is associated withPRi

s 5u« i u/v, as
can be obtained from Eq.~5!.

Generally, for any given value ofPRi , the longitudinal
RIM distribution can be obtained by integrating the ioniza-
tion cross section over the corresponding sphere in the elec-
tron momentum space

ds

dPRi
5E ds

dke
d~PRi2PRi

min2p2/2v !d3ke . ~7!

Changing variables fromke to p by a simple Galilean trans-
formation, it can be shown easily thatds/dPRi is simply
related to the ionization cross section differential in the
modulus of the electron-projectile relative momentum

ds

dPRi
5
v
p

ds

dp
~8!

with

p5A2v~PRi2PRi
min! ~9!

and

ds

dp
5p2E ds

dke
dp̂. ~10!

It is interesting that for the longitudinal transferred momen-
tum PPi5~K f2K i!•v̂ formulas~6!–~9! hold if we replacep
by ke and PRi by PPi . Thus there is a symmetry:~recoil
target, momentump!↔~projectile, momentumke!.

Let us study the RIM cross sectionds/dPRi near the
kinematical threshold, that is, forp→0. As we are near the
ECC peak, we adopt the conventional parametrization@16#

ds

d3ke
5F~p!(

nl
Bnl~v !S pv D

n

Pl~ p̂• v̂!. ~11!

Introducing this expression in Eq.~10! and using Eq.~8! we
obtain

ds

dPRi
54pvpF~p!b0~v,p! ~12!

with

b0~v,p!5(
n

Bn0~v !S pv D
n

. ~13!

Equation ~12! provides the RIM distribution near the
threshold in terms of the shape parametersBn0 describing the
ECC peak. It should be pointed out that the coefficientsBnl
with lÞ0 have no influence in the RIM distribution. That is,
no information about the ECC asymmetry coefficientsBn1
can be obtained from RIM measurements near the threshold.
Note that in the derivation of Eq.~12! we have kept all the
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orders in the small magnitudep5A2v(PRi2PRi
min). In @11# a

similar expression up to the second-order term was obtained.

III. IONIC PROJECTILES

We can use Eq.~12! to obtain the RIM distribution be-
havior at the threshold in terms of theF(p) factor,

ds

dPRi
U
P
Ri
min

54pvB00lim
p→0

pF~p!. ~14!

In particular, replacingF(p) by the expression given in Eq.
~2! for an ionic projectile of chargeZP.0, we obtain that the
longitudinal RIM distribution approaches a finite value given
by

ds

dPRi
U
P
Ri
min

58p2ZPvB00. ~15!

On the contrary, for a negatively charged projectile,

ds

dPRi
'8p2ZPv exp@22puZPu/A2v~PRi2PRi

min!#

3b0@v,2v~PRi2PRi
min!# ~16!

and the longitudinal RIM distribution approaches zero expo-
nentially.

These results show that the behavior of the longitudinal
RIM distribution near the threshold strongly depends on the
electron-projectile interaction. For a positively charged pro-
jectile, the electronic momentum distribution has a cusp at
p50, and ds/dPRi approaches a finite value for
PRi→PRi

min . On the contrary, for a negatively charged pro-
jectile, the electronic cross section has a dip atp50 and the
longitudinal RIM distribution approaches zero exponentially.
These results restricted to Coulomb potentials have been ob-
tained in a different way in@11#. In the next section we
generalize the study to other types of electron-projectile in-
teractions in the exit channel.

Here we want to illustrate the different behaviors dis-
cussed above. In Fig. 2 we show the RIM cross section
ds/dPRi for the H11He collision at 100 keV~projectile
velocity v52 a.u.!. We also quote results for antiproton im-
pact at the same energy. The calculation is performed
with the continuum-distorted-wave–eikonal-initial state
~CDW-EIS! @17# employing the independent electron model
described in@18#. For a comparison we show in the same
figure results obtained with the first Born approximation.

First, we see clearly that the maxima are located around
PRi

s 5u« i u/v;0.45 a.u., showing the importance of the SE
ionization mechanism. However, we note that the location of
the proton~antiproton! maximum is shifted towards smaller
~larger! values. This shift has been interpreted in@11,19# to
arise from postcollision interaction taken into account by
CDW-EIS calculations. The soft-electron emission is en-
hanced in the forward~backward! direction for the proton
~antiproton!. In the first Born approximation no dependence
on the sign of the charge is found and the maximum is lo-
cated close toPRi

s .

Second, around the thresholdPRi
min;20.548 a.u., we can

observe how the CDW-EIS results that comply with the
final-state interaction theory show for proton impact a finite
value at the threshold. For antiproton impact the RIM distri-
bution decreases exponentially asPRi approaches the thresh-
old. On the other hand, Born results go to zero for either
case, but asA2v(PRi2PRi

min).

IV. NEUTRAL PROJECTILES

While it can be readily proved that for the case of a pure
Coulomb potential of chargeZP.0 the general expression
~1! leads to a prominent enhancement of the ionization cross
section@as given by the normalization factor~2!#, this is not
necessarily valid for any arbitrary attractive electron-
projectile potential. For instance, for the case of a neutral
helium projectile in its ground state, only a very feeble en-
hancement of the ionization cross section is obtained@20#.

In order to clarify the difference between both cases, let
us introduce an arbitrary screening of rangeR in the
electron-projectile interaction. It can be shown easily that for
p much greater than a quantity of the order of 1/R, the en-
hancement factor does not differ from that of a pure Cou-
lomb potential, Eq.~1!. However, whenp approaches zero,
the enhancement factor behaves like@14#

F~p!'
1

b2
a0
2

11a0
2p2

, ~17!

with b a distance of the order ofR for typical atomic poten-
tials anda0 the s-wave scattering length for the electron-
projectile interaction. The inverse of this scattering length
can be shown to be related to the ‘‘distance’’ to the origin in
the complexp momentum plane of the potential’ss-wave
bound and ‘‘virtual’’ states. Whenever the rangeR of the
potential is such that a zero-energys-wave bound state can
exist, 1/a0 is zero (a0→`), and the enhancement factor
diverges as 1/p2, an effect known as ‘‘zero-energy reso-
nance’’ @13#. In particular, for a pure Coulomb potential, the
origin of the complexp plane is an accumulation point of
bound states, and the enhancement factor is given by Eq.~2!

FIG. 2. The longitudinal recoil-ion momentum distribution for
single ionization of He by the proton and antiproton at 100 keV
~v52 a.u.!. Solid ~dashed! line: CDW-EIS calculation for proton
~antiproton! impact. Dotted line: first Born approximation.
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all the way down top50. This description represents the
natural generalization for any arbitrary electron-projectile in-
teraction of the original interpretation of the ECC peak as a
continuation over the ionization threshold of the cross sec-
tion for the ‘‘electron capture’’ to highly excited states@6#.

Generally, an ECC peak with a very broad Lorentzian
shape is to be expected for neutral projectiles in their ground
states, since their scattering lengths are not particularly large.
However, this case does not exhaust all the possibilities. For
instance, there are evidences of low-energy bound and vir-
tual states of an electron in the field of excited states of
rare-gas and alkali atoms. For instance, the scattering length
for the e1Li(2 2P) system is appreciably large. Further-
more, the experimental observations@21–23# of a narrow
ECC peak in coincidence with neutral He projectiles have
been attributed to the presence of a zero-energy resonance
effect produced by a low-lying virtual state in the
e1He(21S) system@15#. With a scattering length of about
a0'330 a.u., a helium projectile in this metastable state can
produce an ECC peak that, after integrating over the spec-
trometer resolution, is much narrower than the usual 1/p
cusp corresponding to a pure Coulomb interaction.

We are now in the position to describe the behavior at the
threshold of the longitudinal recoil-ion momentum cross sec-
tion for any arbitrary electron-projectile interaction. Replac-
ing F(p) in Eq. ~12! by the expression given by Eq.~17! we
find that, forPRi close toPRi

min ,

ds

dPRi
'
4pa0v
b2

a0p

11a0
2p2

b0~v,p!, ~18!

with p5A2v(PRi2PRi
min). It is clear from this expression

that ds/dPRi would approach zero at the threshold for any
short-range potential, except at a ‘‘zero-energy resonance’’
(a0→`), when the following diverging behavior is to be
expected:

ds

dPRi
'
2p

b2 S 2v

PRi2PRi
minD 1/2b0~v,0!. ~19!

In practice, the scattering lengtha0 is unlikely to be infinite,
but—as was previously discussed—it may reach an apprecia-
bly large value whenever the electron-projectile system can
sustain a weakly bounds state or a low-lying virtual state. In
this case the longitudinal RIM cross section would display a
sharp peak close toPRi

min .
These different behaviors are displayed in Fig. 3 for the

ionization of a He target by the collision of neutral He pro-
jectiles in its ground (11S) and metastable~2 1S and 23S!
states at 100 keV/amu~v52 a.u.!. The calculation of the
corresponding electronic momentum distribution is based on
a method described in@15#. The scattering lengths (a0) in
Eq. ~17! were obtained from calculations by Nesbet@24,25#.
For larger values ofp Eq. ~17! was extended by means of a
fitting to the correspondingF factor for a Hulthen-type po-
tential @14#.

In Fig. 3, no distinctive structure at the threshold is ob-
served for the 11S state, a result that is consistent with the
small value of the corresponding scattering length. On the
contrary, the presence of a low-lying virtual state in the
electron-projectile system leads to the appearance of an ex-
tremely sharp peak very close to the kinematic threshold for

the 21S state. The 23S state represents an intermediate situ-
ation with a scattering length much smaller, but still large
enough to produce a distinctive peak located nearPRi

min .

V. FINAL REMARKS

Recently, the presence of an ECC peak in the ionization
cross section for the case of neutral H projectiles has been
observed experimentally@22#. Whether such an effect can
also be explained in terms of the continuity across the ion-
ization threshold remains an open question. The long-range
dipolar interaction of thee1H(nl) system prevents one from
making a direct application of the standard theory as pre-
sented in this paper. For small values of the relative electron-
projectile momentump the behavior ofF(p) in Eq. ~1!
strongly depends on the way in which the corresponding
interaction decreases at infinity. The present description in
terms of the scattering length applies only for potentials that
decrease faster than 1/r 3. If the interaction decreases more
slowly, singularities at zero energy emerge, as is the case of
the dipolar and Coulomb potentials.

The explanation of the ECC process by neutral projectiles
in terms of the zero-energy resonance theory represents a
direct generalization of the standard understanding of the
ECC peak as a continuation over the ionization threshold of
the cross section for the electron capture to Rydberg states.
Furthermore, the available experimental evidence@21–23# is
compatible with this theoretical description. However, some
doubts have been cast about its validity@22,26#. In this sense,
a longitudinal RIM measurement showing a peak near the
threshold will serve as a confirmation of this model, i.e., that
the present description of the ECC effect also applies for
neutral projectiles.
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FIG. 3. The longitudinal recoil-ion momentum distribution for
single ionization of He by neutral He projectiles in their ground
(1 1S) and metastable~2 1S and 23S! states at 100 keV/amu~v52
a.u.!. All the curves have been arbitrarily normalized to fit in the
same linear scale.
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