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The method of complex-coordinate rotation is used to investigate resonances ine1-He1 scattering. By using
Hylleraas-type wave functions we have obtained resonance parameters for twoS- and twoP-wave resonances.
Our resonance positions for the twoS-wave states are consistent with those obtained by Bhatia and Drachman
@Phys. Rev. A42, 5117 ~1990!# who used the stabilization method. The total widths for the lowestS- and
P-wave resonances are determined in the present work as 3.52 and 4.83 eV, respectively, raising the possibility
that such resonances may be detectable ine1-He1 scattering experiments.

PACS number~s!: 03.65.Nk, 31.25.2v

I. INTRODUCTION

There has been continuous interest in the investigation of
atomic resonances involving positrons@1–3#. Recently, two
S-wave resonances ine1-He1 scattering have been calcu-
lated by Bhatia and Drachman@4# using the stabilization
method. They have found two resonances lying at
Er520.73 Ry andEr520.39 Ry, respectively. One pos-
sible explanation for their existence is that these resonances
are the result of the He21 ion attaching to the degenerate
2s-2p excited states (Er520.125 Ry! of the Ps atom. Since
the He21 ion is doubly charged, the attraction between the
He21 ion and the excited Ps atom is larger than that for the
Ps-H1 counterpart, and it is reasonable for the PsHe21 reso-
nances to lie lower than those for the PsH1 system. The
location of the first resonance atEr520.73 Ry is quite in-
teresting since it lies far away from the proposed parent
threshold. In fact, it lies even lower than the ground state of
the Ps atom~Er520.5 Ry!. The interaction between the
He21 ion and the ground-state positronium atom may play a
role for the existence of the lowest resonance.

In order to shed light on the mechanism for the support of
such resonances, we carry out an investigation of resonances
using the method of complex-coordinate rotation@5,6#. To-
gether with the use of elaborate Hylleraas-type wave func-
tions, we are able to determine the resonance parameters
~energy and total width! for two S- and twoP-wave reso-
nances. Furthermore, by changing the charge of the posi-
tively charged particle fromZ52 to 1, we have examined the
changes of these resonances frome1-He1 to e1-H scatter-
ing.

II. HAMILTONIAN AND WAVE FUNCTIONS

The Hamiltonian for thee11He1 system is given by
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where 1 and 2 denote the electron and positron, respectively,
andZ is the charge of the positively charged particle. For the
e1-He1 system,Z52. Atomic units are used in the present
work, with energy expressed in Rydberg units. Hylleraas-
type wave functions are used here for theS-wave reso-
nances:
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with v>k1m1n, and v, k, m, and n all being positive
integers or zero.

In addition to theS-wave resonances, we have also inves-
tigatedP-wave resonances by using the method of complex-
coordinate rotation.

Hylleraas-type wave functions of the form
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are used, whereY are the usual spherical harmonics. We
have used similarS- and P-wave basis sets in the earlier
e1-H resonance calculations@7–9#.

In the complex-rotation method@5#, the radial coordinates
are rotated through an angleu:

r→r exp~ iu!, ~6!

TABLE I. The first S-wave resonance ine1-He1 scattering
~a51.0,b50.5, u50.6!.

v M Er ~Ry! G/2 ~Ry!

11 364 20.741274 0.129816
12 455 20.740854 0.129405
13 560 20.741088 0.129472
14 680 20.740969 0.129424
15 816 20.741021 0.129435
16 969 20.740993 0.129429
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and the Hamiltonian is transformed into

H5T exp~22iu!1V exp~2 iu!. ~7!

The eigenvalues are calculated by diagonalizing the expres-
sion

E5^FHF&/^FF&. ~8!

Since the rotated Hamiltonian is complex, complex eigenval-
ues are obtained. A complex resonance energy is given by

Eres5Er2 iG/2, ~9!

with Er the resonance energy andG the width.
The theoretical aspects of the complex-rotation method

have been discussed in previous publications@5# and will not
be repeated here. Instead we only briefly describe the com-
putational procedures. First, we use the stabilization method
to obtain optimized wave functions with which complex-
coordinate calculation will then be carried out. The use of the
stabilization method as a first step for the method of
complex-coordinate rotation has been demonstrated in a re-
view @5#. A resonance complex eigenvalue is deduced by the
stabilization condition with respect to the changes of the
nonlinear parameters in Eqs.~4! and ~5!, and ofu. The op-
timization of such parameters is usually performed with a
smaller basis set, typically withM5680 (v514!. Conver-
gence behaviors can be examined by using different expan-
sion lengths. Up toM5969 (v516! terms are used in the

present calculations forS-wave resonances, andM52660
(v518! terms forP-wave resonances.

III. CALCULATIONS AND RESULTS

Table I and Fig. 1 show the convergence behavior for the
lowestS-wave resonance. The optimized parameters are de-
termined asa51.0, b50.5, andu50.6. From the results
when different expansion lengths are used, we determine the
resonance parameters asEr520.7409960.00005 Ry and
G/250.1294360.00005 Ry. The total width of this resonance
is very broad. It means that the resonance pole is quite far
away from the real axis. The relatively large value ofu is
therefore needed in order for the cut that starts from the
He1 (N52! threshold to be rotated far away from the reso-
nance pole.

Table II and Fig. 2 show the convergence behavior for the
secondS-wave resonance. The optimized parameters for this
state area50.4,b50.25, andu50.6. With the use of up to
M5969 terms (v516! wave functions, we have determined
the resonance parameters asEr520.371260.0005 Ry and
G/2 50.039360.0005 Ry. This resonance lies at a position
not very far above the He1 (N53! threshold. Again, the
relatively large value ofu is therefore needed in order for the

TABLE II. The secondS-wave resonance ine1-He1 scattering
~a50.4,b50.25,u50.6!.

v M Er ~Ry! G/2 ~Ry!

11 364 20.36775 0.03860
12 455 20.37320 0.03605
13 560 20.37131 0.03927
14 680 20.37117 0.03886
15 816 20.37086 0.03959
16 969 20.37123 0.03929

TABLE III. The first P-wave resonance ine1-He1 scattering
~a50.9, u50.6!.

v M Er ~Ry! G/2 ~Ry!

10 572 20.708989 0.177219
11 728 20.708643 0.178179
12 910 20.708628 0.177241
13 1120 20.708828 0.177434
14 1360 20.708671 0.177616
15 1632 20.708655 0.177490
16 1938 20.708726 0.177511
17 2280 20.708694 0.177540
18 2660 20.708688 0.177517

FIG. 1. Convergence behavior for the lowestS-wave resonance
in e1-He1 scattering as different expansion lengths (v) are used
~a51.0,b50.5, u50.6!.

FIG. 2. Convergence behavior for the secondS-wave resonance
in e1-He1 scattering as different expansion lengths (v) are used
~a50.4,b50.25,u50.6!.
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cut that starts from the He1 (N53! threshold to be rotated
away from the resonance pole. It is noted that ourS-wave
resonance positions of20.74099 and20.3712 Ry are con-
sistent with those of20.73 and20.39 Ry obtained by
Bhatia and Drachman using the stabilization method@4#. No
widths were, however, reported in Ref.@4#.

Table III and Fig. 3 show the convergence behavior for
the lowestP-wave resonance ine1-He1 scattering. The op-
timized parameters are determined atv511 (M5728 terms!
asa50.9 andu50.6. With the use of expansion lengths up
to M523133052660 terms (v518!, we determined the
resonance parameters for the lowestP-wave resonance state
asEr520.7086960.00004 Ry andG/250.177526 0.00004
Ry. Table IV and Fig. 4 show the results for the second
P-wave resonance ine1-He1 scattering. We usea50.4 and
u50.6 and expansion lengths ofM52660 (v518! terms.
The resonance position is determined asEr
520.3695660.00010 Ry, andG/250.0431760.00010 Ry.
We summarize our results in Table V.

In order to shed light on the ‘‘mechanism’’ of the reso-
nances, we have investigated the changes of such resonances
as the charge of the infinitely heavy nucleus is changed from
Z52 to 1 for the systems (e1,e2,Z), whereZ is the charge
of the positively charged particle. By changingZ from
Z52 to Z51, we have investigated systems frome1- He1

to e1-H. Figures 5 and 6 show the results forS-wave and

P-wave resonances, respectively. For theS-wave case, a
resonance starts to appear at approximatelyZ51.48. It lies
below the Ps (N51! threshold but above theN52 threshold
of the (e2,Z) parent atom. AsZ is increased further, such a
resonance stays in the energy region between these two
thresholds. As for the secondS-wave resonance, we are able
to trace its movement fromZ52 to Z51 as they lie below
the Ps (N52! threshold. Our finding indicates that the sec-
ondS-wave resonance withEr520.37 Ry ine1-He1 scat-
tering is a result of the degeneracy of the Ps (N52! 2s-2p
states, just like the resonance ofEr520.150279 Ry lying
below the Ps (N52! threshold ine1-H scattering@7#. For
the lowest resonance, while our work indicates that the Ps
(N52! is not responsible for such a resonance, we still could
not conclusively point out the mechanism supporting its ex-
istence. One possible explanation is that whenZ is larger
than approximately 1.48, the interaction between the charged
particle and the positronium atom in its ground state is quite
strong, and the resulting attractive polarization potential is
strong enough to support a stabilized state. Furthermore, this
lowest resonance lies at a position above the parent (e2,Z)
N52 threshold. The opening of such an autoionization route
may be the major reason that its autoionization width is so
huge (G50.2588 Ry'3.52 eV for the S-wave and
G50.355 Ry'4.83 eV for theP-wave!. In the present work,
we have also investigated the changes of theP-wave reso-
nances asZ changes. Figure 6 shows the results for theZ
dependence of these resonances. It is seen that their move-
ments are very similar to those for theS-wave resonances.

FIG. 3. Convergence behavior for the lowestP-wave resonance
in e1-He1 scattering as different expansion lengths (v) are used
~a50.9, u50.6!.

TABLE IV. The secondP-wave resonance ine1-He1 scatter-
ing ~a50.4, u50.6!.

v M Er ~Ry! G/2 ~Ry!

11 728 20.372754 0.041546
12 910 20.368563 0.042640
13 1120 20.369759 0.042646
14 1360 20.369631 0.043346
15 1632 20.369425 0.043209
16 1938 20.369615 0.043096
17 2280 20.369625 0.043201
18 2660 20.369563 0.043172

FIG. 4. Convergence behavior for the secondP-wave resonance
in e1-He1 scattering as different expansion lengths (v) are used
(a50.40, u50.6).

TABLE V. S- andP-wave resonances ine1-He1 scattering.

Er ~Ry! G/2 ~Ry!

S wave
20.7409960.00005 0.1294360.00005

20.371260.0005 0.039360.0005
P wave

20.7086960.00004 0.1775260.00004
20.3695660.00010 0.0431760.00010
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In summary, we have carried out a calculation ofS- and
P-wave resonances ine1-He1 scattering using a method of
complex-coordinate rotation. Our results indicate that the
widths of these resonances are extremely broad, raising the
possibilities that they may be detectable ine1-He1 scatter-
ing experiments.
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FIG. 5. S-wave resonances in (e1,e2,Z) systems.Z is changed
from Z51 to Z52, as the system is changed frome1-H to e1-
He1. Solid lines are for the threshold energies of the Ps atom and
the (e2,Z) parent atom. Dashed lines are for resonance positions.

FIG. 6. P-wave resonances in (e1,e2,Z) systems.Z is changed
from Z51 to Z52, as the system is changed frome1-H to e1-
He1. Solid lines are for the threshold energies of the Ps atom and
the (e2,Z) parent atom. Dashed lines are for resonance positions.
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