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A geometric phase factor is derived for a split-beam experiment as an example of cyclic evolutions. Poincare´
sphere descriptions for the split-beam experiment show its geometric property. We observe this geometric
phase with a two-loop neutron interferometer, where a reference beam can be added to the beam from one
interference loop. The combination of phase shifters and partial absorbers permitted the compensation of the
dynamical phase and measurement of the geometric phase. All the experimental results show complete agree-
ment with our theoretical treatment. We discuss a situation where a geometric phase exists even when the
dynamical phase becomes zero.

PACS number~s!: 03.75.Dg, 03.65.Bz, 07.60.Ly, 61.12.Ld

I. INTRODUCTION

During the past decade, the geometric effect on the phase
of the wave function has excited considerable interest. It was
Berry @1# who first clearly described the geometric phase
factor for a quantum system transported adiabatically
through a curveC in parameter space, this phase factor de-
pending solely upon the geometry of the curveC. Simon@2#
reformulated this phase in terms of a line bundle over the
parameter space. The geometric phase is closely related to
the phase discovered by Pancharatnam@3# in the 1950s. Sev-
eral experiments were reported to manifest the effect of this
geometric phase. A spinning light experiment in an optical
fiber @4# was the first of this kind. A similar experiment was
accomplished with a neutron beam in an adiabatically rotat-
ing magnetic field@5,6#. Other techniques yielded further
observations, e.g., nuclear quadrupole resonance@7# and
electron diffraction@8#. Aharanov and Anandan@9# released
the restriction of adiabaticity for Berry’s phase so that the
geometric phase may be generalized to thestateof the sys-
tem in a cyclic evolution, i.e., that it returns to its initial state
after an evolution. Experiments to observe this Aharanov-
Anandan~AA ! geometric phase were accomplished by laser
interferometry@10,11# and nuclear magnetic resonance@12#.
In addition, a dynamical aspect of the evolving geometric
phase@13# and the geometric effect for noncyclic evolution
@14# were demonstrated experimentally. More recently, other
examples were shown of geometric phases in cyclic popula-
tion transfer between two atomic states@15# and in cyclic
excursion around a diabolic point@16#.

It is well-known that the spinor rotation of a spin-1
2 par-

ticle in a homogeneous magnetic field results in a geometric
phase@1,9#. Two bases, spin-up and spin-down states, are
assumed in such a case. In a split-beam experiment@17–19#
where an incident beam is split and recombined, one can
insert phase shifters and/or absorbers into each split beam, so

that the system evolves under the action of two separate
Hamiltonians. In these circumstances, two similar bases are
observable. This similarity justifies regarding neutron inter-
ferometry, which is an example of the split-beam experiment,
as a cyclic evolution of the quantum system. Thus, we can
define the dynamical and geometric phase factors for the
system inside the interferometer. In this case, the phase
shifter, which is inserted to observe the interference oscilla-
tions, directs the evolution of the system along a certain
curveC and the absorber, which reduces the intensity of one
beam, changes this curve of the evolution. Since it is neces-
sary to add a reference beam to the beam, which is recom-
bined from one interference loop, we utilized a four-plate
neutron interferometer with two loops@20# to observe this
geometric phase.

In this paper, we justify the split-beam experiment as a
cyclic evolution of a quantum system by analogy to the
spinor rotation. In our theoretical treatment, theoverall
phase is considered as a sum of weighted phases of the two
superposed partial beams, and the dynamical and the geo-
metrical phase factors are derived for the cyclic evolution. Its
geometrical property is shown with the use of Poincare´
sphere descriptions. The four-plate neutron interferometer
with two interference loops enabled to realize experiments to
observe this geometric phase and the experimental results
completely agree with the theoretical treatment.

II. PRINCIPLE OF THE EXPERIMENT

A. Cyclic evolution of the split-beam experiment

The spinor rotation of a spin-12 particle in a constant mag-
netic field provides a good example of the cyclic evolution of
a quantum system in which the system returns to the original
state after a certain evolution@9#. This spinor rotation can be
described by assuming two bases, namely ‘‘up’’ and ‘‘down’’
spin eigenstates, and by assigning appropriate phase shifts
due to the magnetic field. The system returns to the original
state with a specific total phase shiftf when the difference
between those two phase shifts is equal to an integral mul-
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tiple of 2p. In this description, 2p periodicity of the phase
factor assures the cyclic evolution of the system.

It is instructive to conceptualize this spinor rotation within
the framework of a coherent splitting of the incident beam
@21# @Fig. 1~a!#. In this case, the incident beam is split into
two beams of spin eigenstates, after which the split beams go
through homogeneous magnetic fields and are recombined.
The homogeneous magnetic fieldsBi induce phase shiftsxI
and xII on the respective beams, which are given by
xI51mBIt/\ and xII52mBIIt/\ @9#. The spin state of the
recombined beam depends on the difference between these
phase shifts,xI2xII , and this spinor rotation is periodic with
a period ofxI2xII52p.

Similar circumstances are present in the split-beam ex-
periment for neutrons shown in Fig. 1~b!. We assume a con-
ventional triple-Laue interferometer for neutrons@17–19#,
where an incident beam is split at the first plate of the inter-
ferometer, and the two resulting beams are reflected at the
second plate and recombined at the third. Several optical
components can be inserted in each split beam path, such as
a phase shifter or a beam attenuator. We can change the
amount of the phase shifts,x I8 andx II8 , e.g., by rotating the
phase shifter. The intensities of the two outgoing beams are
modulated complementarily, dependent on the phase differ-

ence,x I82x II8 , between the two split beams in the interfer-
ometer. It should be noted that the intensities of these two
split beams oscillate periodically with a period ofx I82x II8
52p. In the split-beam experiment, there are two base vec-
tors, one for each of the two split beams. If these two base
vectors are attributed to two spin eigenstates in the spinor
rotation, we can define dynamical and geometric phases in
the split-beam experiment by analogy to established termi-
nology.

B. Geometric phase in the split-beam experiment

The geometric phase has already been defined in the cy-
clic evolution of the spinor rotation by removing the dynami-
cal part from the total phase shift@9#. Suppose that a Hamil-
tonian H8 in the rest frame propagates a normalized state
uC(t)& along a closed curve. The dynamical phaseFD is then
given by

FD52\21E
0

t

^C~ t !uH8uC~ t !&dt. ~1!

With this dynamical phase, the geometric phaseb is given by

b5f2FD . ~2!

wheref represents the total phase shift of the system during
the cyclic evolution. It is worth noting here that Eq.~1! can
be rewritten in the form

FD5E
0

t

^C~ t !u2Dv dtuC~ t !&5E
0

t

2Dv dt ~3!

for the normalized stateuC(t)&, whereDv represents the
shift of the angular frequency due toH8.

The similarities between the spinor rotation and the split-
beam experiment allow us to define the dynamical phase for
the split-beam experiment in an analogous way. It is a con-
ventional procedure to calculate the phase shift for the propa-
gation of the neutron beam through a material in terms of a
change of the wave vector due to its index of refraction.
Moreover, the phase of the wave function is given by~k•l
2vt!. Thus, we derive here the dynamical phase in the split-
beam experiment in terms of the change of the wave vector,
Dk. Considering that the normalization of the incident beam
is sometimes destroyed by the beam attenuation due to an
absorber, as shown in the setup in Fig. 1~b!, the dynamical
phaseFD8 can be defined as

FD8 5
* l^CuDk•dluC&

^CuC&
5

* lI^C IuC I&DkI•dl

^CuC&

1
* lII^C IIuC II&DkII•dl

^CuC&
, ~4!

where uCi&, l i , and k i represent the two wave functions,
beam paths, and wave vectors in the interferometer, respec-
tively. Here, we omit the real part of the phase shift due to
the absorber, which does not reduce the general validity of
our treatment. Rearranging Eq.~4!, we get

FIG. 1. Similarities between the spinor rotation of a spin-1
2 par-

ticle and a split-beam experiment.~a! A model of the spinor rota-
tion. An incident beam is split into two spin states, affected by
magnetic fields,Bi , and recombined. Each beam undergoes the
phase shift,xi . ~b! Schematic of a split-beam experiment for neu-
trons. An incident beam is split into two beam paths and recom-
bined. A phase shifter, which induces phase shifts,x i8 is inserted
into each beam and an absorber into one.
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FD8 5
I I

~ I I1I II !
x I81

I II
~ I I1I II !

x II8 5S 1

11TD ~x I81Tx II8 !,

~5!

whereI i andx i8 represent intensities and phase shifts of the
two beams, respectively, andT is the transmission probabil-
ity of the absorber in the beam path II.

The geometric phaseb8 in the split-beam experiment is
derived in the same manner as Eq.~2! and is given with the
total phase shiftf8 as

b85f82FD8 . ~6!

It is useful to point out that we can choose the cyclic evolu-
tion in the split-beam experiment, so that the second term of
Eq. ~6! becomes zero. This may be regarded as an alternative
definition ofb8. From Eq.~5!, one can see that, when rotat-
ing the phase shifter, the dynamical phase shiftDFD8 during
the cyclic evolution becomes zero when

Dx I81TDx II850, ~7!

whereDx i8 is the change ofx i8 during the cyclic evolution.
This equation shows thatb8 is explicitly observable in the
split-beam experiment with the right combination of phase
shifters and absorbers.

C. Poincaré sphere description for the split-beam experiment

It is very instructive to use the Poincare´ sphere for the
split-beam experiment and thereby to recognize the geomet-
ric nature of the derived geometric phase just as the spin-
sphere was used for the spinor evolution. The split-beam
experiment can be completely described within the frame-
work of a two-dimensional Hilbert spaceH2, where the
states can be visualized as elements of the Poincare´ sphere
@22–25#. These spheres are shown in Fig. 2~a! for the cases
of the equal beam intensities and 2~b! for the unequal beam
intensities due to the absorber. The vertical axis represents
the relative intensity of the two beams, and the polar points
represent the single-beam situations. When shifting the rela-

tive phaseu between the two beams, the state in~a! traces on
the equator of the sphere and the state in~b! traces a latitu-
dinal circle on the sphere dependent on the ratio between the
intensities of the two beams.

With these spheres, the solid angleV, which is subtended
by the traced curve at the origin, is given by

V52pS 12
12T

11TD54p
T

11T
. ~8!

The geometric phaseb8(C) for one cycle curveC is associ-
ated with its solid angleV(C). Berry @1# has shown that this
is given with the helicitys by

b8~C!5sV~C!54ps
T

11T
. ~9!

Equation~8! shows that the solid angleV depends only on
the transmission probabilityT of the absorber, which deter-
mines the curve of the evolution, and the geometric phase
b8(C) is derived from this transmission probability.

D. Geometric phase measurement with a two-loop neutron
interferometer

We have derived the geometric phase in the split-beam
experiment in the previous sections. When one uses the right
combination of phase shifters and absorbers so that the con-
dition of Eq. ~7! is satisfied, the geometric phase emerges
explicitly in the outgoing beam from one interference loop.
The conventional one-loop triple-Laue neutron interferom-
eter is suitable to elicit the geometric phase in the split-beam
experiment. This type of interferometer, however, is of no
use to observe and measure this geometric phase, since only
the absolute square of the wave function of the relevant beam
can be measured with it, and this hides the geometric phase
shift.

This geometric phase can only be detected by an addi-
tional reference beam in an interference experiment. A four-
plate neutron interferometer with two loops is the most suit-
able tool for this purpose@20#; the experimental setup is

FIG. 2. Poincare´ sphere descriptions for split-
beam experiments for~a! the equal beam inten-
sity condition, i.e., without an absorber. The state
traces on the equator of the sphere, which yields
the solid angle of 2p. ~b! depicts the condition
with unequal beam intensities, i.e., with an ab-
sorber. The state traces on a latitudinal circle on
the sphere, which gives a certain solid angle ac-
cording to the transmission probability,T, of the
absorber. For instance, the solid angle is given by
4
3p, whenT5

1
2.
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shown in Fig. 3. In the interference loop~loop A! between
the second and the fourth plate of the interferometer, appro-
priate pairs of phase shifters and absorbers are inserted in
each split beam path to compensate for the dynamical phase
during the cyclic evolution. The phase shifters direct the state
of the recombined beam from this interference loop through
cyclic evolutions and the absorber changes the curves of
these cyclic evolutions. In the other interference loop~loop
B!, a beam split at the first plate of the interferometer is
recombined with the beam from the interference loopA. This
split beam acts as a reference and another phase shifter is
inserted in this beam path. The interference oscillations be-
tween the reference and the interference beam are measured
using this additional phase shifter. The geometric phase of
the outgoing beam from the interference loopA is measured
as shifts of these interference oscillations.

III. EXPERIMENT

A. Apparatus

The experiments were performed with the neutron inter-
ferometer instruments V9 at the BENSC, Hahn-Meitner In-
stitut in Berlin @26#. A schematic view of the whole experi-
mental arrangement is shown in Fig. 3. A four-plate neutron
interferometer of monolithic perfect silicon crystal having
two interference loops@20# was used. One interference loop
~loop A! between the second and the fourth plates of the
interferometer, is used to cause the evolution of the geomet-
ric phase. The other loop~loop B!, which has an additional
phase shifter, is used to observe the shifts of oscillations due
to the geometric phase. This interferometer was adjusted to
give ~220! reflections. The 220 planes were perpendicular to
the plates’ surfaces. The wavelength was 1.95 Å, which gave
a Bragg angle of 30.5°. The beam cross section was reduced
to 2 mm ~horizontal! and 10 mm~vertical! by a Cd dia-
phragm in front of the interferometer. As is shown in Fig. 3,
a 3He detector was set at one of the beams, this being in the
transmitted direction after having been recombined from
three beams, which have passed through various phase
shifters, since this configuration was expected to show best

contrasts for the interference loops concerned. We call this
the O beam detector. In this detector, the typical counting
rate of the background was about 0.627~8! counts/sec.

In the interference loopA, an absorber and a phase
shifter—which had different thicknesses for the two
beams—were inserted. The absorber reduced the intensity of
one of the beams, thereby changing the geometry of the evo-
lution of the state. The relative phase between the two beams
was changed by the phase shifter to promote the evolution of
the state on a latitudinal circle on the sphere. Both situations
are clearly described with Poincare´ spheres in Fig. 2.

FIG. 3. Experimental setup to measure the geometric phase in
the split-beam experiment with a four-plate neutron interferometer.
The phase shifter I along with the absorber is inserted into an in-
terference loop~loopA!. In this loop, while phase shifters influence
the evolution of the state, an absorber can change the curve of this
evolution. The phase shifter II is inserted into the reference beam in
the other interference loop~loopB! to observe the geometric phase
as a shift of the interference oscillations.

FIG. 4. Results of oscillation measurements performed by rotat-
ing the phase shifter I for the condition~a! without the absorber,~b!
with the absorber having a transmission probability of 0.49, and~c!
with the absorber having a transmission probability of 0.21.
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At first, no absorber was inserted in order to examine the
case when the intensities of two beams were the same. Later
we inserted two different kinds of absorbers in one of the
beam paths between the third and the fourth plates of the
interferometer. One was a gold-foil absorber 1 mm in thick-
ness with the transmission probabilityT50.492~14!. The
other was a 1-mm-thick gold foil combined with a 1-mm-
thick indium foil. The transmission probability of 0.212~15!
was achieved with this coupled absorber.

A phase shifter, called the phase shifter I~PS-I!, was in-
serted between the second and third plates of the interferom-
eter. Three kinds of parallel-sided Al plates were used, these
having different thicknesses according to the transmission
probability of the absorbers, so that the dynamical phase
shifts during the evolution were zero. The first of these plates
was 5 mm in thickness for both split beams and was used for
the case without the absorber. The second was 10-mm thick
for the beam which had been reduced in intensity by the
absorber and 5-mm thick for the other beam, and was used
for the case in which the transmission probability of the ab-
sorber was 0.49. The third was 10-mm thick for the intensity-
reduced beam and 2-mm thick for the other, and was used for
the case in which the absorber had a transmission probability
of 0.21. Rotation of these Al plates around the vertical axis
produced a phase shiftDx i52NlbcDDi on each beam,
whereN is the number of nuclei per volume,l is the wave-
length of neutrons,bc is the coherent scattering length of Al
and DDi is the change in thickness when the Al plate is
rotated. Under these circumstances, the dynamical phase
shift for the first case was assumed to be zero, and those for
the second and the third cases were calculated to be roughly
0.06 and 0.15 rad, respectively, for one cycle of the evolu-
tion, i.e., for one period of the interference oscillations.

The beam in the interference loopB, which was split at
the first plate of the interferometer and recombined with the
beams from the other interference loop~loopA! at the fourth
plate, is used as a reference for the phase. In order to obtain
an adjustable phase reference, a parallel-sided Al plate which
was 5-mm thick was inserted in the reference beam path

between the first and the second plates of the interferometer.
We call this plate the phase shifter II~PS-II!. Rotation of this
Al plate around the horizontal axis changed the effective
thickness of this plate in the beam and thus introduced the
phase shift.

B. Interference oscillations using the phase shifter I

Before measuring the shifts of the interference oscilla-
tions with the phase shifter II, it was necessary to show with
the phase shifter I how the interference loopA would behave
with various pairs of phase shifters and absorbers. In these
measurements, an additional intensity modulations due to the
interference loopB should be avoided. Thus, the reference
beam with the phase shifter II was blocked by inserting a Cd
plate in this beam path between the first and the second
plates of the interferometer. Interference oscillations with
three different pairs of phase shifters I and absorbers were
measured by rotating the phase shifter I.

Typical oscillations with least-squares fits for the three
cases are shown in Fig. 4. In these three interferograms, the
lower limit of the vertical axis indicates the background
counting rate within the corresponding collecting time and
the zero points of the horizontal axis are set to the central
peaks of the oscillations, i.e., shifts of the oscillations due to
the absorber and/or due to differences of the three different
PS-I are omitted here. We denote the three peaks of each
oscillation as peak 1, peak 2, and peak 3. The contrast of the
sinusoidal oscillation in the case without absorber, shown in
Fig. 4~a!, was about 60% after subtracting the background
rate. One can easily see the reduction of the amplitude of
oscillations in accordance with the decrease in the transmis-
sion probability of the absorber, which is due to the ampli-
tude reduction of the beam by the absorber@27,28#. Since the
three phase shifters I had different thicknesses, the periods of
the oscillations were varied accordingly. For the following
experiments, it was very important to determine their periods
in order to cause the evolution of the system by exactly one
cycle.

FIG. 5. Typical shifts of interference oscillations measured with the phase shifter II at the three peak positions and same conditions
syndicated in Figs. 4~a!–~c!. The extent of the shifts is reduced according to the decrease in the transmission probability of the absorber.
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C. Results with the phase shifter II

The geometric phase shifts, which we intended to mea-
sure, were induced on the recombined beam from the inter-
ference loopA with the phase shifter I and the absorber.
These geometric phase shifts were measured with the phase
shifter II in the reference beam. Here, since we pay particular
attention to the phase shift by the cyclic evolution of the
system, interference oscillations caused by the PS-II were
collected by fixing the PS-I at the three peak positions of the
intensity modulations as shown in Fig. 4, i.e., at peak 1, peak
2, and peak 3. The collected data were fitted to sinusoidal

curves by the least-squares method. The typical contrast of
the oscillations was about 20% above the background. The
intensity oscillations obtained by the PS-II, along with fitting
curves and their shifts in peak position, are shown in Fig. 5
for the three different pairs of phase shifters I and absorbers.
One can see that the oscillations get shifted depending on the
peak positions by the PS-I. In addition, Fig. 5 clearly shows
that the magnitude of the shifts in the interference oscilla-
tions is reduced commensurate with the decrease in the trans-
mission probability of the absorber.

We collected the data by repeating the same measure-
ments twice for the case~a! of the 10-mm-thick PS-I without
an absorber and three times for the cases~b! of the 10 mm/5
mm, as well as~c! of the 10 mm/2 mm thick PS-I, each with
their respective absorbers. The obtained intensity modula-
tions were fitted to sinusoidal curves and the shifts of the
oscillations were analyzed quantitatively. In Fig. 6, the
phases of the fitted sinusoidal oscillations are plotted against
the peak positions, i.e., peak 1, peak 2, and peak 3, together
with the fitted straight lines. The slopes of these lines were
obtained by a linear regression fitting procedure. From these
slopes, we obtained the shifts of 3.144~38!, 2.207~54!, and
1.222~60! rad for the cases of the 10-mm-thick PS-I without
an absorber, the 10 mm/5 mm thick PS-I with the absorber
~T50.49! and the 10 mm/2 mm thick PS-I with the absorber
~T50.21!, respectively.

In the theoretical predictions, the obtained phase shift is
associated with the solid angle subtended by the closed curve
of the cyclic evolution on the sphere, when this phase shift
has a true geometric property. The solid anglesV for three
combinations of phase shifters I and absorbers are given by
Eq. ~8!. Figure 7 shows the extent of the quantitative agree-
ment between the measured values~squares! and the ex-
pected values of the geometric phase shift~solid line! for s5
1
2 in Eq. ~9!. A slight deviation from the theory may be due to
the fact that the dynamical phase factor was not exactly zero
under our experimental conditions.

IV. CONCLUDING REMARKS

We have derived the geometric phase for a split-beam
experiment, and all results obtained thus far are in complete

FIG. 6. Fitted shifts of the oscillations for the three measure-
ments ~a!–~c! in Fig. 5. The slopes of these plots represent the
phase shifts of the out-going beam from the interference loopA for
a one-cycle evolution.

FIG. 7. Experimental results of geometric phase shift as a func-
tion of solid angle in the split-beam experiment. The solid line
corresponds to the theoretical prediction given by Eq.~9! for s5
1
2.
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agreement with the theoretical predictions. It is clear that the
geometric phase for the split-beam experiment is propor-
tional to the solid angle subtended by the curve at the origin
and that its coefficient is one-half. This is due to the fact that
the spin one half system is closely related to SU~2! @29# and
that the cycle of the transformation in the split-beam experi-
ment is also a sequence of SU~2! transformations@23,30#,
i.e., rotations. Since the geometric phase in the split-beam
experiment is independent of the spin of the beam, the same
results could be obtained not only with neutrons but with any
kind of particle beam, such as photons, x rays, atoms, etc.
For instance, the geometric phase in a split-beam experiment
for photons~spin 1! would also be given by half the solid
angle subtended by the curve of the evolution@13#, just as
for the spin-12 particles used here.

In an example of the spinor rotation in a homogeneous
magnetic field@9#, the Hamiltonian in the rest frame provides
a positive energy,DE ~51mB.0!, for a spin-down state,
which induces a negative phase shift,2DEt/\ ~,0!. This
phase shift, however, can be regarded as positive due to the
2p periodicity of the phase. In other words, while the posi-
tive energy due to the Hamiltonian causes a negative phase
shift in naive considerations, it can be considered to cause a
positive phase shift as well. Thus, positive and a negative
energies as well as phase shifts, they being intuitively re-
garded to cancel each other, result in an additional phase
factor, namely the geometric phase factor, in the recombined
beam. In our experiments, the PS-II induced the phase shifts
of aboutp, 2

3p, and
1
3p to one of the beams, and of about

2p, 24
3p, and2 5

3p to the other for one cycle of the evolu-

tion. Although they cancel each other according to Eq.~5!,
the latter negative phase shifts are equivalent to those ofp,
2
3p, and

1
3p and the recombined beam gets the geometric

phase shifts of aboutp, 2
3p, and

1
3p.

A conscientious reader may point out that these experi-
mental results could be entirely explained using the Schro¨-
dinger equation only. One would obtain the same theoretical
predictions for the experimental results without the term for
the geometric phase. This seems to be a general feature of
this kind of phenomenon and is correct in the case of the
split-beam experiment, too. The geometrical phase formal-
ism is useful because it sometimes plays a role in fundamen-
tal quantum-mechanical phenomena, e.g., Aharanov-Bohm
~AB! phase@31,9# or in the noncommutation of Pauli spin
operators@32,33#.

To the best of our knowledge, this is the first application
of the four-plate neutron interferometer for a fundamental
measurement. This type of interferometer can be used either
for photons or neutrons and is well suited for other funda-
mental physics applications such as observations of multiple
beam mixing phenomena and enhanced squeezing phenom-
ena.
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