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The different kinematical and geometrical arrangements that may be used in (e,2e) studies are briefly
reviewed. The ionization of H(1s) is considered, and within the confines of a relatively simple theoretical
model, it is shown how to define experimental setups where one may extract information on the role of
Coulomb three-body effects in the incident and final channels. Theoretical and experimental results are pre-
sented for coplanar constant geometry where the focus is primarily on incident channel effects.

PACS number~s!: 03.65.Nk

I. INTRODUCTION

The electron-impact ionization of atomic hydrogen is one
of the purest examples of the Coulomb three-body problem
in atomic physics. Three-body effects manifest themselves in
both the incident and final channels; exchange, distortion,
polarization-correlation and post-collisional interactions all
play a part, as effects in themselves, and in their interference
with one another.

In this paper we present a joint theoretical-experimental
study of H(1s), at impact energies of 54.4 eV and less in a
variety of geometrical and kinematical arrangements. We
will show how the different effects contribute, and consider
how by suitable choice of the geometry and kinematics one
may make one effect dominant. We consider several different
geometrical arrangements where both the outgoing electrons
have equal energies. In particular a whole set of additional
measurements have been performed in such an energy shar-
ing setup where the angle between the two outgoing elec-
trons is held fixed and the triple differential cross section
~TDCS! is given as a function of one of the scattered elec-
trons. This geometry has been proposed by Whelan and co-
workers@1,2# as an ideal arrangement for studying incident
channel effects at low energies, and distortion effects at rela-
tivistic energies@3#.

A second energy sharing arrangement is the conventional
coplanar symmetric geometry where both electrons are de-
tected with the same angle left and right of the beam direc-
tion. The TDCS is given as a function of this angle. We also
consider coplanar asymmetric geometry, where the energy of
the outgoing electrons are no longer equal; the faster of the
two electrons is detected at a fixed angleq f , while the
TDCS is given as a function of the second angleqs .

II. THEORY

Suppose we have an electron with momentumk0 and en-
ergyE0, which collides with a hydrogen atom in its ground
state; after the collision two electrons, one with momentum
k f and energyEf , and a second with momentumks and
energyEs , are detected in coincidence. All three momentum
vectors are lying in a plane for the results we present here.

For theT-matrix element of such a process, basic colli-
sion theory@4# would then give

T~ks ,k f !5^eik f•r feiks•rsuVf~r s ,r f !uC i
1~r s ,r f !&,

where the outgoing electrons are represented by plane waves,
and uC i

1& denotes the complete scattering wave function
with outgoing scattered wave boundary conditions

uC i
1~r s ,r f !&5@11~E2H1 i e!21#ueik0•r fw0~r s!&.

w0(r s) is the bound-state wave function of the hydrogen
atom in the initial state. The final-state interaction in the
T-matrix element is of the form

Vf~r s ,r f !5~Vs1Vf1Vsf!,

where

Vs52
1

r s
, Vf52

1

r f
, Vsf5

1

r s f
, r s f5 zur s2r f uz.

In Refs. @5# and @6# it is shown that, quite generally, the
direct scattering amplitude for electron-impact ionization of
atomic hydrogen can be recast into the form

f ~k f ,ks!5^xa
2~k f ,r f !xb

2~ks ,r s!uVf1Vs1Vsf2Va~r f !

2Vb~r s!uC i
1~r f ,r s&, ~1!

wherexa,b
2 (k,r ) satisfies

@2 1
2¹21Va,b~r !2 1

2k
2#uxa,b~r !&50,

with ingoing wave boundary conditions for the distorting
potentialsVa andVb . For the purposes of this paper we will
takeVa5Vf andVb5Vs , i.e., xa

2 , xb
2 become continuum

Coulomb waves with ingoing boundary conditions, i.e.,
x2(r ) is given by
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The distorted-wave Born approximation is defined by re-
placing

uC i
1~r s ,r f !&5ux i

1,~S!~r f !w0~r s!&.

S is the total spin, and

x i
1,~S!~r f !w0~r s!1~2 !Sx i

1,~S!~r s!w0~r f !

is the singlet-triplet wave function for elastic scattering by
the hydrogen atom in the statew0. We use two different
potentials to generate the distorted waves:~a! the static-
exchange potential, and~b! the static-exchange potential
modified by the addition of the polarization potential defined
in our earlier papers@2#; i.e.,

FIG. 1. TDCS in coplanar energy sharing geometry at 25.0 eV;
the angle between the two outgoing electrons is fixed at an angle of
90°. Shown are DWBA, DWBA plus polarization, and a series of
model calculations: DWBA with polarization,~solid line!, standard
DWBA ~dashed!, the plane wave in the incident channel~dashed-
dotted!, and plane waves in the final channel~dotted!.

FIG. 2. TDCS in coplanar energy sharing geometry at an impact energy ofE0530.0 eV. Experimental data are internormalized but
relative, therefore all experimental data are scaled by the same overall factor to give the best fit to theory. Curves in all figures: DWBA with
polarization and PCI effects included~solid line!; and standard DWBA with PCI effects included~dashed!. Both calculations are scaled by
theNee factor such that the TDCS is given in arbitrary units. The angle between the two outgoing electrons is fixed at angles of~a! 80°, ~b!
90°, ~c! 100°, ~d! 120°, and~e! 150°.

226 53J. RÖDER et al.



V5H 2
a

2r 4
r.r 0

2
a

2r 0
4 r,r 0 ,

~2!

wherea54.5 is the polarizability of neutral H(1s), and r 0
was taken to be 1.2239~in a.u.!. We remark that the value for
r 0 we use is not a free parameter, rather it was fixed by
Whelanet al. @2# by comparison with earlier results on he-
lium.

The direct and exchange amplitudes may now be written
as

f S~ks ,k f !5 K xa
2~r f !xb

2~r s!U 1r s fUx i
1,~S!(r f)w0(r s) L ,

gS~ks ,k f !5 K xa
2~r s!xb

2~r f !U 1r s fUx i
1,~S!~r f !w0~r s!L .

The triple differential cross section is then given by

d3sDWBA

dVsdV fdE
54~2p!4

kskf
k0

~ 3
4 u f ~1!2g~1!u2

1 1
4 u f ~0!1g~0!u2!, ~3!

where we have summed over all initial, and averaged over all
final, spin states. We note that had we used the exact wave
function uC i

1& there would have been no distinction between
the singlet functionsf (0),g(0) and triplet functionsf (1),g(1),
but because of the nature of the approximate wave function
~2! we obtain different amplitudes for the singlet and triplet
cases@7#.

In the generation of the incident channel distorted waves
we use the Furness-McCarthy local exchange potential@8,9#

Vexchange5
1

2 F12 k22V2A~ 1
2k

22V!1buR1su2G , ~4!

whereR1s is the radial part of the 1s orbital,b52 for triplet
scattering,b522 for singlet scattering.V can be either the
static potential of the hydrogen atom or the static plus polar-
ization potential. If we use the static potential there is a range

FIG. 3. TDCS in coplanar energy sharing geometry at an impact energy ofE0525.0 eV. Experimental data are internormalized but
relative, therefore all experimental data are scaled by the same overall factor to give the best fit to theory. Curves in all figures: DWBA with
polarization and PCI effects included~solid line!; and standard DWBA with PCI effects included~dashed!. Both calculations are scaled by
theNee factor such that the TDCS is given in arbitrary units. The angle between the two outgoing electrons is fixed at angles of~a! 80°, ~b!
90°, ~c! 100°, ~d! 120°, ~e! 150°, and~f! 180°.
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of values on the radial axis where the singlet exchange po-
tential can become complex@9#. For energies greater than
about 22 eV the potential is always real; for energies below
this we have replaced the complex potential by zero. We note
that for the cases we consider here, there is only a narrow
range on the radial axis where this is necessary. Once we add
polarization, the potential is always real.

It would be valuable to perform an exact exchange calcu-
lation; however, we note that even for very low-energy im-
pact ionization the local exchange potential has been shown
to compare quite well with the exact exchange@1#. The ap-
proximation as considered here still does not take account of
the postcollisional interaction~PCI!. Following our earlier
work @2#, we consider the following approximation:

d3s

dVsdV fdE
5Nee

d3sDWBA

dVsdV fdE
, ~5!

where the Gamow factorNee @1,6# is given by

Nee:5
g

eg21
, g:5

2p

zuks2k f uz
. ~6!

TheNee factor tends to give the dominant angular behavior
of the TDCS at low energies due to final state electron-
electron interaction. Unfortunately the overall normalization
of the theoretical TDCS is lost. Approximation~5! has the
advantage, however, that we can switch the physical effects
on and off at will, and this helps us to focus on different
kinematical regimes where one effect is dominant. We re-
mark that an alternative form of the Gamow factor is given
by Ward and Macek@10#. This will not significantly affect
the angular distribution given by using~6!, but will alter the
normalization. We hope to discuss the Ward-Macek factor in
a later publication.

III. PCI, DISTORTION AND POLARIZATION
IN DIFFERENT KINEMATICAL ARRANGEMENTS

A. Coplanar constantqsf geometry

Clearly it is of interest to try to investigate the role of the
polarization potential. Whelan and co-workers@2,3# pointed
out that the geometrical nature ofNee is such that it depends
only on the angle between the two outgoing electrons. By
holding this fixed and rotating both about the beam direction,

FIG. 4. TDCS in coplanar energy sharing geometry at an impact energy ofE0520.0 eV. Experimental data are internormalized but
relative, therefore all experimental data are scaled by the same overall factor to give the best fit to theory. Curves in all figures:~a! DWBA
with polarization and PCI effects included~solid line!; and ~b! standard DWBA with PCI effects included~dashed!. Both calculations are
scaled by theNee factor such that the TDCS is given in arbitrary units. The angle between the two outgoing electrons is fixed at angles of
~a! 80°, ~b! 90°, ~c! 100°, ~d! 120°, ~e! 150°, and~f! 180°.
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one hopes to obtain some insight into the role of three-body
effects in the incident channel. In other words, if we assume
that thee-e repulsion in the final state can, to a first approxi-
mation, be represented by theNee factor, i.e. a purely geo-
metrical term, then keeping the angle constant will keep the
PCI effects constant.

1. Experimental apparatus

We have performed a series of measurements in this co-
planar constant geometry. The coincidence method and elec-
tron spectrometers have been described in detail previously
@11#. For the measurements reported here the electron gun
and the analyzer have been arranged in coplanar geometry.
The electron beam is formed in the electron gun with an
intensity at about 350 mA and an energy spread of 180 meV
@full width at half maximum~FWHM!#. In order to obtain a
well-defined shape the electron beam is monitored by a Far-
aday cup with inner and outer electrodes which could be
moved out of the way for measurements at forward angles.
The background of low-energy secondary electrons is re-
duced by collecting the unscattered electron beam with a
large-scale Faraday cup.

The target beam emerges from a nozzle of 1 mm in diam-
eter perpendicular to the scattering plane, and is 2 mm above
the nozzle intersected by the electron beam forming the scat-
tering region. The two electrons emerging out of the scatter-
ing region are detected in coincidence using two identical
double-cylindrical 127° analyzers. The smallest angle be-
tween the two analyzers is 40°, and both detectors can reach
a backward angle of 150° and 148°, respectively. The angu-
lar acceptance profile of the system has a width of about
63.5°. Each analyzer has a bandwidth of about 260 meV
leading to a coincidence resolution of about 360 meV. All
systems are heated up to 130–200 °C during operation, giv-
ing a long-term stability of the experiment. No readjustments
of the beam deflection spectrometer optics were necessary
during measurement of an angular distribution within one or
two days.

Atomic hydrogen is produced in a microwave dissociation
located outside the vacuum chamber. The microwave cavity
encloses a glass tube in which the discharge operates with a
power of 150 W at a pressure of 1 mbar. The glass tube is
cooled by using compressed air of about210 °C.

The final test of the alignment of the system was made
prior to all coincidence measurements by interchanging the

FIG. 5. TDCS in coplanar energy sharing geometry at an impact energy ofE0517.6 eV. Experimental data are internormalized but
relative, therefore all experimental data are scaled by the same overall factor to give the best fit to theory. Curves in all figures:~a! DWBA
with polarization and PCI effects included~solid line!; and ~b! standard DWBA with PCI effects included~dashed!. Both calculations are
scaled by theNee factor such that the TDCS is given in arbitrary units. The angle between the two outgoing electrons is fixed at angles of
~a! 90°, ~b! 100°, ~c! 120°, ~d! 150°, and~e! 180°.
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position of the two analyzers, which should always lead to
the same value of true coincidences in the case of equal
energies for the two electrons. The statistical errors of the
experimental data are on the order of 30% in the minima of
the cross section, and less than 7% for the most intense data
points.

All measurements are on a relative scale, but for each
impact energy the different angular dependences are normal-
ized to one another. In the case of 30-eV impact energy this
internormalization introduces a relative error of less than
15%; in all other cases it is less than 10%.

2. Comparison with theory

The experimental data are internormalized at a given en-
ergy, but not on an absolute scale. We have therefore multi-
plied the triple-differential cross section for a given constant
qs f by the constantNee factor to take account of the dimin-
ishing yield for smallerqs f angles. We then chose an overall
factor to give the best agreement with experiment at a given
energy.

In Fig. 1 we show the TDCS as a function ofqs in co-
planar constant geometry at an impact energy of 25 eV for a
fixedqs f of 90°.qs50 andq f590 correspond to one elec-
tron detector lying in the beam direction. Shown are the
DWBA, DWBA plus polarization, and a series of model cal-

culations where we switch on and off the interactions in the
various channels. If we replace the incident distorted waves
by a plane wave but retain the Coulomb waves in the final
channels, we have a Coulomb-projected Born exchange ap-
proximation ~CPBX! @12,13#, and if we retain distortion in
the incident channel but use orthogonalized plane waves for
the outgoing electrons then we have a plane-wave–distorted-
wave calculation~PW-DW! @14#. We remark that at the sym-
metric point the triplet terms no longer contribute, so we
have pure singlet scattering. The latter two calculations are
nonrealistic, but they allow us to assess the relative impor-
tance of nuclear versus final channel effects and their inter-
ference.

Since we are dealing with an energy sharing problem, the
cross section must be symmetric aboutqs5

1
2qs f . In the case

of the PW-DW approximation we observe two peaks, one
centered atqs5

1
2qs f545°, which we will refer to as the

primary, and one at 105° which we will call the secondary
@3#. In the CPBX approximation, the primary peak splits in
two around the symmetric point. Both the primary and sec-
ondary peaks are enhanced, but the ratio of primary to sec-
ondary is greatly increased.

Replacing the incident plane wave in the CPBX by a dis-
torted wave generated in the static exchange potential of the
atom ~i.e., the standard DWBA! only produces a slight ef-

FIG. 6. TDCS in coplanar energy sharing geometry at an impact energy ofE0515.6 eV. Experimental data are internormalized but
relative, therefore all experimental data are scaled by the same overall factor to give the best fit to theory. Curves in all figures:~a! DWBA
with polarization and PCI effects included~solid line!; and ~b! standard DWBA with PCI effects included~dashed!. Both calculations are
scaled by theNee factor such that the TDCS is given in arbitrary units. The angle between the two outgoing electrons is fixed at angles of
~a! 100°, ~b! 120°, ~c! 150°, and~d! 180°.
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fect. However the inclusion of the strong adiabatic polariza-
tion potential has a significant influence on the primary peak.
In Figs. 2–6 we show a comparison of theory and experi-
ment for a series of energies and fixed angles; Only the
DWBA and DWBA plus polarization are shown. We see at

once that it is the region around the primary peak where the
influence of the polarization potential is most strongly felt; it
is also this region where the greatest discrepancy between
theory and experiment is observed. For the secondary peak
we have good accord between both the distorted-wave ap-
proximations, and also have satisfactory agreement with ex-
periment. We note that the minimum between the primary
and secondary peaks is not accessible to measurement; how-
ever, there is some indication of it in our experimental re-
sults. At lower energies, especially at 17.6 and 15.6 eV,
DWBA and DWBA plus polarization disagree for both pri-
mary and secondary peaks, and only poorly reproduce the
experimental results. We may speculate that at these low en-
ergies it is no longer reasonable to maintain the separability
of the incident, final-channel effects; i.e., PCI can no longer

FIG. 7. TDCS in coplanar asymmetric geometry at 54.4 eV; the
energy of the slow outgoing electron is 5 eV. Shown is the standard
DWBA with neither polarization nor PCI effects included~dotted
line!; DWBA with polarization but no PCI~dashed-dotted!; DWBA
with PCI but no polarization~dashed!; and DWBA with both polar-
ization and PCI~solid line!. The angle of the fast electron fixed at
~a! 23°, ~b! 16°, ~c! 10°, and~d! 4°. Experimental data are internor-
malized at this energy. The TDCS of the DWBA and DWBA plus
polarization calculations are given in a.u., and all other curves are
scaled. The arrow denotes the scattering angle of the fast electron.

FIG. 8. TDCS in coplanar asymmetric geometry at 27.2 eV; the
energy of the slow outgoing electron is 6.8 eV. Shown is the stan-
dard DWBAwith neither polarization nor PCI effects included~dot-
ted line!; DWBA with polarization but no PCI~dashed-dotted!;
DWBA with PCI but no polarization~dashed!; and DWBA with
both polarization and PCI~solid line!. The angle of the fast electron
fixed at ~a! 45°, ~b! 30°, and~c! 15°. Experimental data are inter-
normalized at this energy. The TDCS of the DWBA and DWBA
plus polarization calculations are given in a.u., and all other curves
are scaled. The arrow denotes the scattering angle of the fast elec-
tron.

53 231COULOMB THREE-BODY EFFECTS IN LOW-ENERGY IMPACT . . .



be regarded as a geometrical effect.

B. Coplanar asymmetric geometry

We have calculated cross sections for a range of energies
in this geometry, and compare our results with the earlier
experimental results@11#. In coplanar asymmetric geometry
one electron, usually the faster one, is detected at a given
fixed angle with respect to the incident beam, and the TDCS
is given as a function of the second electron angle. For a
given impact energy the experimental TDCS’s are not abso-
lute, but internormalized for different scattering angles of the
fast electron. The experimental data are, therefore, rescaled
to the theory by multiplying them by an overall factor for a
given energy to give the best agreement with experiment. In
Figs. 7–10 we compare theory with experiment at a range of
impact energies. Since, as mentioned above, the effect of the
Nee factor is to destroy normalization, we arbitrarily scaled
our results as follows: We redefinedNee as Nee
5Nee(q)/Nee(180°), whereNee(180°) isNee(q) evaluated
when the angle between the two outgoing electrons is 180°.

We find that again both polarization and PCI effects are
needed to obtain good agreement with experiment, at least
for higher energies. However, we see that theNee factor has
a more profound effect on the TDCS than the polarization
potential in the incident channel. We could interpret this as
PCI dominating over polarization in this geometry. Indeed,
when one sees a strong influence of the polarization~e.g.,

E0517.6 eV,q f560° andE0515.6 eV,q f590°) one ob-
tains only poor agreement with measurement.

At 54.4 eV there are coupled-channel calculations due to
Curran and Walters@15# and, more recently, Bray, Konov-
alov, and McCarthy@16#. In particular, the latter calculation
gives good accord with the data at this energy. Such calcu-
lations are unavailable for lower energies.

C. Coplanar symmetric geometry

This arrangement was considered in our earlier paper@2#,
where it was shown that good agreement with measurements
could be achieved for impact energies of 20 eV and above if
and only if both the polarization and PCI were included. At
energies below 20 eV, experiment and theory diverged with

FIG. 9. TDCS in coplanar asymmetric geometry at 17.6 eV; the
energy of the slow outgoing electron is 2.0 eV. Shown is the stan-
dard DWBAwith neither polarization nor PCI effects included~dot-
ted line!; DWBA with polarization but no PCI~dashed-dotted!;
DWBA with PCI but no polarization~dashed!; and DWBA with
both polarization and PCI~solid line!. The angle of the fast electron
fixed at~a! 140° and~b! 60°. Experimental data are internormalized
at this energy. The TDCS of the DWBA and DWBA plus polariza-
tion calculations are given in a.u., and all other curves are scaled.
The arrow denotes the scattering angle of the fast electron.

FIG. 10. TDCS in coplanar asymmetric geometry at 15.6 eV; the
energy of the slow outgoing electron is 1.0 eV. Shown is the stan-
dard DWBAwith neither polarization nor PCI effects included~dot-
ted line!; DWBA with polarization but no PCI~dashed-dotted!;
DWBA with PCI but no polarization~dashed!; and DWBA with
both polarization and PCI~solid line!. The angle of the fast electron
fixed at ~a! 150°, ~b! 90°, and~c! 30°. Experimental data are inter-
normalized at this energy. The TDCS of the DWBA and DWBA
plus polarization calculations are given in a.u., and all other curves
are scaled. The arrow denotes the scattering angle of the fast elec-
tron.
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theory, becoming progressively more Wannier-like, i.e., a
single peak at angle of 180° between the two outgoing elec-
trons, while the experiment continued to display a more
complex structure right down to an impact energy of 14.6 eV.

IV. CONCLUSION

In our earlier paper@2#, we showed that coplanar symmet-
ric geometry at low energies on H could not be understood if

one did not take into account three-body effects in both the
incident and final channels. The object of this present work
was to look for geometrical arrangements where either the
incident or final channels were dominant. It is our belief that
they have been identified. Within the confines of a simple
model, we have shown the coplanar constantqs f geometry
to be ideal for studying incident channel effects, while final-
channel PCI’s are strong in asymmetric geometry.
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