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Using the adiabatic theory and the dipole close-coupling and classical impulse approximations, scaling
relations are derived for the cross sections of dipole-allowed and dipole-forbidden 11S→n 1L excitation
transitions in atoms induced by multiple charged ions of intermediate to high reduced energies. The cross-
section scalings incorporate the ionic chargeq, the electron transition energyv1n , and the oscillator strength
~in the case of optically allowed transitions!. The derived scalings describe well the available experimental data
for H and He atoms for reduced energiesE/qv1n greater than about 25 keV/amu. These scalings also show
that, for a fixed energy, the nonscaled excitation cross section as a function ofq does not saturate at highq
values but decreases after reaching a maximum.

PACS number~s!: 34.50.Fa

I. INTRODUCTION

The excitation of atoms in collisions with multiple
charged ionsAq1 (q>2) has recently become a subject of
increased experimental@1–4# and theoretical@5–12# interest,
motivated mainly by the important role of this process in the
attenuation dynamics of energetic neutral atom beams in-
jected into fusion plasmas for heating and diagnostic pur-
poses@13,14# and by the so-called ‘‘q-saturation’’ problem of
excitation cross sections for a fixed energy with increasingq
@15,16#. The most extensive and systematic experimental
studies were carried out for the transitions 11S→n 1P
(n52–6! in H @4# and 11S→n 1L (n52–4,L5S,P,D! in
He @1–3# in the energy range from;15q to ; ~160-200!q
keV/amu, with ions of various species in charge states in the
range 2<q<45. These studies have demonstrated that, in
the collision energy range investigated, the measured excita-
tion cross sectionss obey ~within their experimental uncer-
tainties of 20–30 %! the scaling relationship

s

q
5 f SEq D , ~1!

predicted earlier within a three-state close-coupling scheme
for the S-P transitions with a dipole approximation for the
interaction potential@5#. The multistate close-coupling calcu-
lations performed more recently for the 21P excitation of H
(1 1S) @7,9,11# and the 31P,4 1S,1P,1D excitation of He
(1 1S) @12# also confirm the cross-section scaling~1! in the
energy region above~15–20!q keV/amu. The scaling~1! is a
direct consequence of the dipole approximation for the inter-
action potential@10#, but follows also from classical dynam-
ics considerations~ @1,7#, see also below!. The physical basis
of the scaling relationship~1! lies in the fact that for multiply
charged ions the distant collisions give dominant contribu-
tion to the excitation process, which justifies the use of di-
pole potential approximation.

The purpose of the present paper is to derive an approxi-
mate scaling for the excitation cross section in atom-
multicharged ion collisions which, apart from the ionic
charge q, also incorporates the transition energy

v1n5uE12Enu between the initial and final atomic states.
The derivation will be based on the ‘‘advanced’’ adiabatic
~‘‘hidden crossings’’! approach to the low-energy ion-atom
collisions @17,18# and on the dipole close-coupling~DCC!
and classical impulse~CI! approximations~for the optically
allowed and optically forbidden transitions, respectively! for
the intermediate to high collision energies. The cross-section
scaling relationship we are looking for is of the form

s̃5g~q,v1nj!s5F~Ẽ!, Ẽ5h~v,q,v1,n ,h!, ~2!

wherev is the collision velocity,j andh collectively desig-
nate other parameters of the process and of the collision sys-
tem ~such as the oscillator strength for optically allowed
transitions, effective charge of the atomic ion core, etc.!, and
g and h are functions of their arguments that need to be
determined.s̃ andẼ are the scaled~or reduced! cross section
and energy, respectively. Various simple theoretical models,
which in limited regions of parametersq, v1n , j, h, andv
may adequately describe the collision dynamics of the exci-
tation process, can provide analytic expressions for the func-
tionsg, h, andF. The most widely known such models are
the adiabatic approximation, classical impulse approxima-
tion, and the first Born approximation@19,20#. The trust in
the present paper is placed on the possibility to find at least
approximate expressions for the scaling functionsg and h
valid in a broad range of variation of their parameters. While
the general form of the functionF(Ẽ) cannot be determined
theoretically in the entire reduced energy region, its domi-
nant behavior in the high- and low-Ẽ regions can be fairly
successfully described by some of the simple theoretical
models. The determination of approximate functionsg andh
is done below separately for the dipole-allowed and dipole-
forbidden transitions. Our considerations will also be limited
to the case of ann0

1S initial state.

II. DIPOLE-ALLOWED TRANSITIONS

The three-state DCC approximation@5# for the n0s→np
transitions provides a cross-section scaling in the form~2!
with
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gDCC5
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2

q f1n
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qv1nl
, l5~ f 1n/2v1n!

1/2 ~3!

and

FDCC
~ad! ~h!;

1

hDCC
exp~2c1 /hDCC

1/2 !, hDCC!hm ,

FDCC
~B! ~h!;

1

hDCC
ln~c2hDCC!, hDCC@hm , ~4!

where c1 ,c2 are some constants,f 1n is the oscillator
strength,hm(;1) is the value ofhDCC at which s̃ has its
maximum value, and the superscripts~ad! and (B) refer to
the adiabatic and the ‘‘Born’’ region ofh values. Multistate
close-coupling calculations@7,9# have demonstrated that the
function FDCC

(ad) (hDCC) does not adequately represent the
scaled cross section in the regionhDCC,hm . Indeed, the
excitation dynamics in this region always includes coupling
of many adiabatic molecular states, the number of which
increases with the increase of ionic charge. Within the ‘‘ad-
vanced’’ adiabatic ~or ‘‘hidden crossings’’! approach to
atomic collisions, one of the dominant excitation mecha-
nisms is the evolution of the system along the so-calledQ
superseries of transition pointsRc , which lie in the complex
plane of internuclear distanceR. ~Here we adopt the notation
of hidden crossing series given in Ref.@17#. In the case of
charge symmetric systems, theQ superseries are denotedT
superseries.! During the receding state of the nuclei, the sys-
tem follows this superseries up to the molecular states which
at R→` correlate with the Stark states associated with the
final state of then0s→nl transition. The excitation probabil-
ity is therefore proportional to the product of the elementary
transition probabilities at each of the traversedQ-transition
pointsRc,k

(Q) , i.e. @17#,

P1n; )
k5n0

n

expS 2
2

v
Dk

~Q!~b!D 5expS 2
2

v (
k5n0

n

Dk
~Q!~b!D ,

~5!

whereDk
(Q) is the generalized Massey parameter, andb is the

impact parameter. Assumingq@1 and (n0 /n)!1, i.e., that
the number ofQ-transition points involved in then0→n
transition is large, the sum in Eq.~5! can be replaced by an
integral; using further the expressions forDk

(Q) from Refs.
@17,18#, one obtains for the leading term in Eq.~5! @to within
an accuracy ofO(n0

2/n2)],

P1n;expF2a
~qv1n!

1/2

v S 11
b2

2uRn
Qu2D G , a5const,

~6!

whereRn
(Q) is the outermost point of theQ superseries in-

volved. After integration over the impact parameters~up to
b5ReRn

Q;q1/2n2), the adiabatic excitation cross section is
obtained in the form

s~ad!; qn4
v

~qv1n!
1/2x~v,q,n0 ,n!expS 2a

~qv1n!
1/2

v D ,
~7!

where the functionx(v,q,n0 ,n) originates from the unspeci-
fied preexponential factor in Eq.~6!. Equation~7! contains
the correct dominant exponential dependence ofs on the
collision velocity and parametersq andv1n , which implies
that the correct form of the reduced energy parameter in the
adiabatic region ish05v2/qv1n . The comparison of this
form with hDCC in Eq. ~3! indicates that, at least in the adia-
batic region,l51. It should be noted that the factorl from
gDCC can be associated with the functionFDCC(h) and in the
asymptotic regions the presence ofl in FDCC automatically
disappears (hDCCl5h0), except in the argument of the loga-
rithmic function. Therefore, the scaling functions

g05
v1n
2

q f1n
, h05

v2

qv1n
~8!

ensure the cross-section scaling for bothh0,hm and
h0.hm , provided the condition lnh0@ulnlu is satisfied. For
(n/n0)@1, this condition reduces to lnh0@lnn.

III. DIPOLE-FORBIDDEN TRANSITIONS

The adiabatic result~7! for s (ad) holds for both dipole-
allowed and dipole-forbidden transitions and, therefore, sug-
gests the form of the functionh @as given by Eq.~8!#. For
determining the scaling functiong(v,q,n,j) we shall make
use of the result fors for the n0→n transitions in a hydro-
genlike atom provided by the classical impulse approxima-
tion @21#,

sCI5a
q2n0

2n~7n223n0
2!

v2~n22n0
2!3

, a5const. ~9!

For a non-hydrogen-like atom,n0 andn in Eq. ~9! have the
meaning of effective principal quantum numbers. Introduc-
ing the transition energyv1n5221(n0

222n22) and assum-
ing (n0 /n)

2!1, Eq. ~9! can be written in the form

sCI.
q2

v2
1

n0
4

1

n3v1n
3 , b5const. ~10!

If one retains the form ofh as given by Eq.~8!, then Eq.~10!
gives the following forms of the scaling functions:

gCI5
n0
4n3v1n

4

q
, hCI5

v2

qv1n
~5h0!, ~11!

with s̃CI5bhCI
21 . Since there is at present no theoretical ba-

sis for determiningg in the adiabatic region, one should
assume thatgCI can be extended also in the region
h0,hm . This assumption, of course, introduces a large un-
certainty and can be verified onlya posteriori. It should also
be noted that the expression~9! for sCI is obtained by sum-
ming over the orbital momentum quantum numbers of the
initial and final states. Therefore, the scaling functionsgCI
and hCI should be valid, strictly speaking, only for the
n0S→nS transitions. However, one can expect that the scal-
ing functions ~11! remain valid also for then0S→nL
(LÞ1) transitions, providedL is not too large. It should also
be mentioned that the close-coupling calculations of prob-
ability for the forbidden transition 11S→2 1S in He @12#
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show aq dependence stronger thanq2 at very large impact
parameters. However, in this region of impact parameters the
probability is already very small and its contribution to the
cross section is not appreciable. This effect is also compen-
sated for by a corresponding reduction of the probability for
this transition in the region of smaller impact parameters. We
shall now test the derived approximate scalings on the ex-
perimental data from Refs.@1–4#.

IV. SCALED EXCITATION CROSS SECTIONS
FOR H AND He

A. 1 1S˜n 1P transitions in H and He

The experimental data for the 1s→np (n52–5! transi-
tions in H induced by He21, Siq1 (q52–9!, and Cuq1

(q53–11! ion impact~Ref. @4#! are shown in Fig. 1 in the
reduced representation (Ẽ525h0 keV/amu!

s̃5
v1n
2

q f1n
s, Ẽ5

E

qv1n
keV/amu, ~12!

where v1n is expressed in atomic units. We note that
the claimed experimental cross-section uncertainties are
25–40 % for the Siq1 ions and 16–33% for the Cuq1 ions.
Within these uncertainties, the data also obey the scaling
relationship ~12!, except for the regionẼ,30 keV/amu,
where the deviations are large. The solid curve in the figure
represents the analytic fit to the data and is given by the
equation

s̃~Ẽ!5
A exp~2a/Ẽ150

1/2 !ln~e1gẼ150!

~11CẼ150
2b!Ẽ150

310217 cm2,

~13!

whereẼ1505Ẽ/150,e52.718 282 . . . , and thevalues of fit-
ting coefficients areA53.65, C50.26, a50.1, b52.15,
andg53.5. This function has asymptotic behavior in accor-
dance with Eq.~7! for Ẽ!Ẽm , and behaves asẼ21 lnẼ,
for Ẽ@Ẽm , where Ẽm.120–150 keV/amu. ForẼ>500

keV/amu, Eq.~13! describes also the scaled H1 impact ex-
citation data forn52 of Ref. @8# ~obtained with the symme-
trized eikonal approximation!, increased by 8% to merge the
2p experimental data withq>2 in the reduced energy range
300–500 keV/amu.

The experimental data of Refs.@1–3# for the
1 1S→n 1P (n53,4) transitions in He induced by multi-
charged ions withq52–45 are shown in Fig. 2.~The uncer-
tainties of the data are 20–30 %!. For Ẽ.300 keV/amu also
shown in this figure are the scaled proton impact experimen-
tal cross sections for the same transitions taken from Ref.
@22#, which agree~to within 3–5 %! with the first Born re-
sults@23#. The solid curve in Fig. 2 is a fit to the data with an
analytic expression of the form~13! and fitting coefficients
A53.60, C50.31, a50.10, b52.15, andg51.7. The
form of the scaled cross section for 1s→np transitions in He
is very similar to that for H, as evidenced by the closeness of
the values of fitting parameters and of the energyẼm of the
cross-section maximum. In the region ofẼ above 30 keV/
amu the ratios̃np~H!/s̃np~He! is almost constant and close to
the value (I He/IH)

1/2.1.34, whereIHe and IH are the ion-
ization potentials of He and H, respectively.

B. 1 1S˜n 1S and 11S˜n 1D transitions in He

The averaged~over their dispersion! experimental cross
sections for the 11S→n 1S (n53–5! transitions in He taken
from Ref.@2# are shown in Fig. 3 in the scaled form@see Eqs.
~2! and ~11!; Ẽ525h0 keV/amu#

s̃5
n3v1n

4

q
s, Ẽ5

E

qv1n
keV/amu. ~14!

In the region aboveẼ5200 keV/amu, the scaled proton im-
pact experimental data of Ref.@22# for n53 andn54 are
also shown, multiplied by a common factor of 0.78 to merge
the experimental data withq>2 in the reduced energy range
around 200 keV/amu. The figure shows that forẼ.60
keV/amu the data for the 41S excitation are systematically
~by about 30%! below those for the 31S and 51S states.

FIG. 1. Scaled excitation cross sections, Eq.
~12!, for 1s→np (n52–5! transitions in atomic
hydrogen. Open symbols represent the experi-
mental data of Ref.@4# for multicharged ion im-
pact; filled circles are the proton impact data of
Ref. @8#, multiplied by a factor of 1.08. The solid
curve is a fit to the data, Eq.~13!.
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However, the scaled proton impact 41S excitation cross sec-
tion does not show this anomaly. If it is not related to some
systematic experimental error, the deviation of the scaled
4 1S cross section forẼ.60 keV/amu from those for 31S
and 51S needs further investigation. The claimed uncertain-
ties of the experimental data for each individualn1S set of
data is about 20%. Within this uncertainty the scaled cross
sections in Fig. 3~except for 41S for Ẽ.60 keV/amu! can
be represented by the analytic function

s̃~Ẽ!5
AB

BẼ50
2b exp~a/Ẽ50

1/2!1AẼ50
310217 cm2, ~15!

whereẼ505Ẽ/50 and the fitting parameters have the values
A54.12, B52.45, anda50.1, andb51.7. This function
ensures the proper asymptotic behavior for bothẼ!Ẽm and
Ẽ@Ẽm, whereẼm.50–60 keV/amu.

The averaged~over the experimental dispersion! data of
Refs. @2,3# for the transitions 11S→n 1D (n53–5! in He
are shown in Fig. 4 in the reduced form~14!. Plotted on this
figure are also the scaled proton impact data~multiplied by a
factor of 1.5! from Ref.@22# for the 11S→4 1D transition in
the regionẼ.200 keV/amu. The solid line in the figure is a
fit to the data~having an experimental uncertainty of 20%!
with the expression~15! with the values of the fitting param-
etersA54.81, B52.45, a50.15, b515.5, and an overall

FIG. 2. Scaled excitation cross sections, Eq.
~12!, for 1 1S→n 1P (n53,4) transitions in He.
The symbols represent the experimental data of
Refs.@1–3#, except for the filled circles (3p) and
filled inverted triangles (4p), which represent the
experimental proton impact data, Ref.@22#. The
solid curve is a fit to the data with Eq.~13!.

FIG. 3. Scaled excitation cross sections, Eq.~14!, for
1 1S→n 1S (n53–5! transitions in He. The open symbols repre-
sent the experimental data from Refs.@1–3#; the closed symbols are
the proton impact data~from Ref. @22#!, multiplied by a factor of
0.78. The solid curve is a fit to the data with Eq.~15!.

FIG. 4. Scaled excitation cross sections, Eq.~14!, for
1 1S→n 1D (n53–5! transitions in He. The open symbols are for
the experimental data from Refs.@1–3#, the closed triangles are the
proton impact experimental data for 41D from Ref.@22#, multiplied
by a factor of 1.5. The solid curve is a fit to the data with Eq.~15!.
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multiplicative factor of 0.615. The maximum of the scaled
cross section appears at the same energy as in the case of
1 1S→n 1S transitions (Ẽm.50–60 keV/amu!. In the region
Ẽ,Ẽm the experimental data show a weakn dependence
~the deviations from the fit are, however, still within the
claimed experimental uncertainties of 20%!, which origi-
nates from the undetermined functionx(v,q,n0 ,n) in Eq.
~7!. ~A similar, but somewhat weaker,n dependence ofs̃ can
be observed also for the 1s→np transitions in H in the re-
gion Ẽ,Ẽm .) In the reduced energy regionẼ>50 keV/amu,
the scaled cross sectionss̃(1S) ands̃(1D) shown in Figs. 3
and 4, respectively, are mutually related by
s̃(1D).0.615s̃(1S). The constant ratio of these two scaled
cross sections indicates the existence of a~still unrevealed! L
scaling ofs̃(1L) (LÞ1) in this region.

V. q DEPENDENCE OF THE EXCITATION CROSS
SECTION FOR FIXED ENERGY

The scaling relationships~12! and ~14!, particularly the
energy scaling functionh05v2/qv1n , can be useful in shed-
ding more light on the so-called ‘‘saturation’’ problem for the
excitation cross section with increasingq for a fixed collision
energy E. The problem has been originally formulated
@15,16# within a second-order perturbational approach~using
the Schwinger variational principle!, and recently investi-
gated in more detail using the finite-difference solution of
time-dependent Schro¨dinger equation@11# and the close-
coupling method@12#, with a single-center~target! expansion
basis in both cases. It is obvious that a perturbational ap-
proach that does not simultaneously treat bothv2 andq as
large parameters cannot lead to a correct result. Namely, with
increasingq for a given~large! value ofv2, one necessarily
passes through the region of validity of dipole approximation
and thereafter ultimately enters the adiabatic region, where
the proper expansion parameter isv2/qv. In the adiabatic
region, the dominant behavior of the excitation cross section
is @cf. Eq. ~7!# s;exp@2a(qv1n)

1/2/v# and for a fixed colli-
sion velocitys decreases with increasingq. According to
the semiempirical expressions~13! and~15!, the decrease of
s with increasingq can be even enhanced by a preexponen-
tial factor qb, with b51.15 or 2.45 for Eqs.~13! and ~5!,
respectively. Therefore, the quasi-independence of the exci-
tation cross section ofq takes place in the region ofẼ, where
neither the perturbational nor he adiabatic description is ap-
propriate~i.e., in the strong-coupling region!. Indeed, both
the transientq independence and the decrease ofs with
increasingq in the adiabatic region ofẼ can be observed
already within the three-state DCC approximation. The
above remarks on theq behavior of the excitation cross sec-
tion for a fixed collision energy also apply to the ion-
ization cross section, as it follows from the DCC approxi-
mation for ionization@5# and from the correct ionization
cross-section scaling in the adiabatic region@24#,
s ion;q(v/q1/4)exp(2aq1/4/v), for largeq.

In Fig. 5 we show theq dependence of the cross section
for the transition 1s→2p in H for E5150, 300, 600, and
1200 keV/amu. The cross sections2p(E,q) has been deter-
mined by fitting Eq.~13! to the experimental data of Ref.@4#
for this transition only (A53.65, C50.39, a50.08,

b52.15, andg53.5). The theoretical data of Ref.@11# for
E5600 keV/amu are also shown. The figure shows that
s2p(q) has a maximum atqm.2.8125E keV/amu/150v2p ,
which corresponds to the value of reduced energy
Ẽ553.33 keV/amu. Since the uncertainty of experimental
data in this region is about 30%, the above prediction of
qm also has this uncertainty.

VI. CONCLUDING REMARKS

The approximate scalings~12! and ~14! for the dipole-
allowed and dipole-forbidden transitions, respectively, de-
scribe the available experimental data for H and He targets in
the region Ẽ.20–30 keV/amu rather successfully. The
physical assumption underlying these scalings is that for
both high and lowẼ there is a dominant excitation mecha-
nism ~not necessary direct! connecting the initial and final
state. ~Fulfillment of this assumption is essential to have
v1n in the denominator ofh0 .) For the regionẼ,Ẽm , it has
been assumed that the promotion mechanism is theQ1ss
superseries of hidden crossings~or an analogous series of
avoided crossings, in the case of incompletely stripped ions
and/or a many-electron target, such as He!. With the decrease
of collision energy, however, the population of molecular
states correlating with the final atomic state in the excitation
process may become possible also through superseries ‘‘ac-
tivated’’ by rotational orS-type transitions in the united-atom
region. If such ‘‘indirect’’ final-state population pathways be-
come dominant in the excitation process, then the parameter
v1n in h0 should be replaced byv in , wherei designates the
initial state of a superseries of crossings. Besides introducing
the need for redefiningh0 in such situations, these excitation
mechanisms may introduce additionalq andn dependences
in theg andh scaling functions and even generate structures
~new maxima! in the reduced excitation cross section in the
low-Ẽ region @7,9#. The large deviations ins̃(1P) for H in

FIG. 5. Ion charge dependence of 1s→2p excitation cross sec-
tion of H. The open symbols are results of the calculated based on
Eq. ~13!, with fitting coefficients determined from the experimental
data for this transition. The full circles are the results of calculations
in Ref. @11#.
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the regionẼ,30 keV/amu~see Fig. 1! and the small shoul-
der aroundẼ530 keV/amu ins̃(1P) for He in Fig. 2 could
have such origin.

The comparison of scaled cross sectionss̃(1P) for H and
He indicates a target core effect on the cross-section value.

The incorporation of this effect in the scaling needs further
investigation. The scaled cross sectionss̃(1S) ands̃(1D) for
He also indicate existence of anL scaling of scaled cross
sections for forbidden transitions in the reduced energy re-
gion aboveẼ.50 keV/amu, which still needs to be revealed.
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