PHYSICAL REVIEW A VOLUME 53, NUMBER 3 MARCH 1996

Time-dependent close-coupling method for electron-impact ionization of hydrogen
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Electron-impact ionization of atomic hydrogen is studied by direct solution of a set of time-dependent
close-coupled partial differential equations. The close-coupled equations describe the propagation of a time-
evolving wave packet on a two-dimensional radial lattice. Following the collision, the wave packet is projected
onto stationary states of the target to obtain probabilities for elastic and inelastic scattering processes. loniza-
tion cross sections are calculated for varidu® partial waves and compared with previous theoretical meth-
ods.

PACS numbsds): 34.80.Dp

[. INTRODUCTION solution of the time-dependent close-coupled partial differ-
ential equations. The method is an extension of the recent
The calculation of accurate electron-impact excitation andvork of Wang and Callaway18,19 to the time-dependent

ionization cross sections for atoms remains a long-standing
problem in atomic collision physics. One of the most pow-
erful theoretical approaches is based on the solution of a set
of time-independent close-coupled differential equations for
the scattering wave functioii—3]. For excitation of bound
states at low energies the close-coupling method can be ex-
tremely accurate. Recently, efforts have focused on the ex-
tension of the close-coupling method to excitation and ion-
ization of bound states at intermediate energies, notably the
coupled-channels optical potential metHdgb], the interme-
diate energyR-matrix method[6,7], the converged close-
coupling method8,9], the variationall -matrix method 10],

the convergedl-matrix method[11], and the eigenchannel
R-matrix method 12,13. The recent methods all seek a bet-
ter representation of the continuum in the excitation process.

A second theoretical approach is based on the solution of
a set of time-independent close-coupled partial differential
equations for the scattering wave functid#]. The idea is
to include long-range correlation effects through the use of
two-dimensional radial wave functions for the excited and
scattered electrons. Recently, efforts have focused on the de-
velopment of humerical methods based on basis-set expan-
sions[15-17, finite differenceq418,19, and finite elements
[20,21]. Despite progress on the asymptotic three-body prob-
lem [22-24, the main limitation of this second close-
coupling method is matching to the boundary condition for
two free electrons.

A third theoretical approach is based on the solution of
time-dependent close-coupled partial differential equations
for the scattering wave function. As pointed out by Bottcher
[25], time evolution of a wave packet localized in space ob-
viates the need for answers to questions about the asymptotic
form of the wave function in position space or its singulari-
ties in momentum space. Recently the wave-packet approach
has been applied to the calculation of two-electron atom en-
ergies[26], atomic autoionizatiof27], ands-wave electron

r; (a.uw.)

scattering from hydrogef28]. FIG. 1.|P3r4,r,,t=0)|? for s=20.0 andwv=6.0: (a) flat con-

In this paper we formulate a completeS partial wave  tour map andb) 3D projection.
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FIG. 2. |P3Xry,r,,t=25)|? for E=30 eV in the Temkin-Poet FIG. 3. |P3(r,r,,t=25)|? for E=30 eV in the Temkin-Poet
model: (a) flat contour map andb) 3D projection. model: (a) flat contour map andb) 3D projection.

domain. We then calculate variodsS partial wave cross forms of the scattering potentials. It is important to under-
sections for the electron-impact ionization of hydrogen. Forstand the limitations of first-order perturbation theories, since
133 scattering, restricted te waves, we compare the cross- they still remain the only viable theoretical approach for
section results with numerous other methods. For &) many complex atoms and molecules.

33, P, and °P scattering, we compare the cross-section
results with those of the converged close-coupling method
[9]. Finally, we compare"S and 3P partial wave results
with ionization cross sections calculated in a first-order For electron scattering from a one-electron target atom,
distorted-wave approximation using pri@9] and pos{30]  the Hamiltonian(in atomic unit$ is given by

Il. THEORY

TABLE |. Electron-impact ionization cross sections for hydrogen in ¥8eTemkin-Poet model.

Time-dependent method Time-independent mefl&a4]
Energy(eV) Cross sections (102 cm?) Cross sections (102 cm?)
20.0 1.18 1.36
25.0 1.76 1.85
30.0 1.93 2.01
35.0 1.91 1.88
40.0 1.79 1.78
45.0 1.63 1.58

50.0 1.48 1.41
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TABLE Il. Electron-impact ionization cross sections for hydrogen in ¥#8eTemkin-Poet model.

Time-dependent method Time-dependent mefl&a4]
Energy(eV) Cross sections (108 cm?) Cross sections (10® cm?)
20.0 0.03 0.02
25.0 0.08 0.07
30.0 0.14 0.12
35.0 0.20 0.18
40.0 0.24 0.22
45.0 0.28 0.25
50.0 0.30 0.27
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FIG. 4. |P9Ci/2(r1,r2,t:25)|2 for E=30 eV for a three-channel close-coupling calculatit®: /,=/,=0, (b) /1=/,=1, and(c)
/1:/2:2.
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FIG. 5. |P911/2(r1,r2,t=25)|2 for E=30 eV for a three-channel close-coupling calculati®: /,=/,=0, (b) /1=/,=1, and(c)
/1:/2:2

1 1 Z Z 1 ~ ,\ A
L _ 7175k
H=—§V§— Evg—a—a+ m, (N W/l/z(rl,rz)—mlzmz CrnmpoY/m (1) Y, ,m,(r2), (3)

. . L andS are the total orbital and spin angular momentum of
where ther; andr, are the coordinates of the two electrons o systemY () is a spherical harmonic a,@(nl/z/os is a
! ! 1m

andZ is the atomic number. The total wave function may beCI bsch-Gord ffici E - 2 he ti
expanded in coupled spherical harmonics ebsch-Gordan coefficient. From projection onto the time-

dependent Schrodinger equation

J > A A
L - H LS —
Pb?/z(rl,rz,t) f W/j/z(rl!rZ)(H_IE v (rler!t)drler_ou

WE(rL = X Wy (T2, (2) @

1 o rars

we obtain the following set of time-dependent close-coupled
where partial differential equations for eadhS symmetry:
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TABLE III. Convergence of the close-coupling method foiS electron ionization of hydrogen at 30 eV
incident energy.

71/ pairs 'S cross sections (108 cm?) %S cross sections (10°® cm?)
s 1.93 0.14
s°+p? 2.82 0.31
s?+ p?+d? 2.90 0.33
ﬁpb?/z(r]JrZ!t) L T _ 1 az 1 (92 /1(/1+ 1)
i—(?t :T/l/z(rler)P/f/z(rler:t) /l/z(rl,rz)_—zﬁ_zm Zr%
y /ol 2 Z
+ /Z, V/l/z/i/é(rl’rZ) + 2( 22 )____ (6)
e 2r5 r. Iy
X P/i/é(rlvrz,t), (5)
where and the coupling operator is given py9]
|
Ve ) = (- DY 2 a2/ T D2/ D2/ D)(2/5+ D)
/1/2,/1/é 1:12 251 2 2 )
5 N (/0 N N[ NN (L 7 /) ,
>< .
~“ o 0 o/lo o of/|x 4 4 @)

We solve the time-dependent close-coupled equations ugor 200 uniform grid points over the range 0—40, there are
ing lattice techniques to obtain a discrete representation ajenerally bound radial orbitals up to=5 for each orbital
the radial wave functions and all operators on a two-angular momentur®’. The remaining orbitals have positive
dimensional grid. When finite-difference methods are emenergy and represent the continuum. Only the toarbitals
ployed, local operators become diagonal matrices and deare spectroscopic, i.e., compare well in energy and form with
rivative operators, such as the kinetic energy, have latticéhe known hydrogenic solutions.
representations in terms of banded matrices. For simplicity, The total wave function at time=0 is constructed as the
all calculations discussed here implement uniform mestantisymmetrized product of an incoming radial wave packet
spacing. for one electron and the lowest-energy bound stationary state
Stationary states of the one-electron target atom are comf the other electrofi25]. For L=0, then
structed by diagonalization of the matrix representation of
the radial single-particle Hamiltonian

1
Poo(r1.r2,t=0)= \@[gksm)ms(rz)
19 A(/+1) Z
h= t————. (8)

S 20r2 2r? r +(—1)%P1s(r1)Gks(r2) 1, (©)

TABLE IV. Electron-impact ionization cross sections &8 scattering from hydrogen.

Time-dependent method Time-independent mefl$85]
Energy(eV) Cross sections (138 cm?) Cross sections (10 cm?)
20.0 2.17 2.72
25.0 2.89 3.00
30.0 2.90 291
35.0 2.79 2.73
40.0 2.57 2.53
45.0 2.29 2.23

50.0 2.08 1.94
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TABLE V. Electron-impact ionization cross sections 8 scattering from hydrogen.

Time-dependent method Time-independent metffgyas]
Energy(eV) Cross sections (102 cm?) Cross sections (10® cm?)
20.0 0.09 0.06
25.0 0.22 0.22
30.0 0.33 0.33
35.0 0.44 0.45
40.0 0.53 0.50
45.0 0.57 0.53
50.0 0.61 0.55
and forL#0 and/ =L, () = ot e “‘S>2/2W2h;(kr), (11

P 3(r,,r,,t=0)=+% r)P1(15), . . . L .
/oMl )= VE G (T)P(r) k is the linear momentuns is the localization radius of the

wave packet,w is the width of the wave packet, and
h,(kr) is an asymptotic Hankel function, i.e.,

P6o(r1.12,t=0)=(= 133 Pi(r)g(ra), (10 hy(kr)=e *el™"2
For a givenLS symmetry, the time evolution of the

Where coupled equations is given by
Pi(t+At) T11+Via Vio e Vin Py (1)
. =expy —I . . ) . At . ) (12
Pn(t+AL) Vi1 e <o+ TanTVan Pn(t)

where At is a small time step andN is the number of

o~ 7.5 /1/» pairs. The dimension o, is equal to the number of
£ 5 points on a two-dimensional lattidé and the dimension of
(5 6 I the matricesT;; and V; is equal to NXN. Typically
9_; -~ 125
o - e
b
T 45 o 1F
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FIG. 6. Electron-impact ionization of hydrogen in thg sym- FIG. 7. Electron-impact ionization of hydrogen in tA8 sym-

metry. Solid curve, distorted-wave method, prior form; dashedmetry. Solid curve: distorted-wave method, prior form; dashed
curve, distorted-wave method, post form; cross marks: time-curve: distorted-wave method, post form; cross marks, time-
dependent close-coupling method. dependent close-coupling method.
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FIG. 8. |P}(1/2(r1,r2,t=25)\2 for E=30 eV for a six-channel close-coupling calculati¢a: /,=0,/,=1; (b) /1=1,/,=2; and(c)

/1:2,/2:3

N=40 000. We approximate the exponential operator by a
Taylor-series expansion, generally retaining 10—20 terms de-
pending on the time step. The Taylor series is not explicitly
unitary, but in practice, the norm of the wave function can be
conserved to high precision.

The spin-averaged electron-impact ionization cross sec-
tion is given by[28]

LS
ion»

v
aionszEs (2L+1)(2S+1)p (13)

where

In the above equationg,
andgp
bound statez)n/m(F) and the other electron in the continuum.

LS
n,”/,m

P=1— 2 ¢
n,”/,m

n,”/,m n’,/’,m’

XKWLS(Fy,F 2,0 s (T1) ol T2)) 2. (14)

1S is the probability for ionization

LS is the probability of finding only one electron in a

n/m
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FIG. 9. |P}11/2(r1,r2,t=25)\2 for E=30 eV for a six-channel close-coupling calculati¢a: /,=0,/,=1; (b) /1=1,/,=2; and(c)
/1:2,/'2:3.

The third term on the right-hand side of EG4) is the prob- R ls - = -
ability to find both electrons in bound states. The bound-state> J dra(P>(ry,r2,0| dn/m(r2))l
probabilities are given by m

. .. . _ o a7 ” LS
Wh/sm:j dr1|<\lf"s(rl,r2,t)|¢>n/m(r2))|2 _Zl 5(/1/L)J'0 drl{ fo drzp/l/(rl’rz’t)P"/(rZ)

(16)

2

— > NS, o (T Bm(T2)) P
nt.hm’ and

[ AR 0 g
> KPSy, ra,0 bnr s (M) dnsm(T2)P

= 2 KOS, 0 b (T b (1)) m
n,/" m’ , o o
(15) :6(/’/L)|:f0 drlJO dr2P5§/(rlar21t)

Angular reduction of the overlap integrals found in the above 2
equations is straightforward: X Pn’/’(rl)Pn/(rZ)} : 17
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TABLE VI. Convergence of the close-coupling method foiP electron ionization of hydrogen at 30 eV

incident energy.

/1/ 5 pairs P cross sections (10° cm?) 3P cross sections (10° cm?)
sp+ps 3.02 1.22
sp+ps+pd+dp 4.02 1.52
sp+ps+pd+dp+df+fd 4.07 1.56

where §(/1/ »/3) indicates an algebraic triangle relation.

Ill. TEMKIN-POET MODEL RESULTS

If we consider onlyL=0 and restrict the sum over
/1/ 5 pairs in Eq.(5) to just/;=/",=0, we obtain the time-
dependent partial differential equation

.apgg(rliert)
I—

o = [Tor1.r2)+ Voo F1.r2) IPGS(r1.F2.1),

(18)
where the operatov has the simple form
0 1
Voood1:r2)= P (19
>

creases the wave packet first collapses to the origin and then
rebounds outwards. At time=25.0 and 500 time steps, the
absolute value squared of a radial wave function v@th0
and E=30 eV is shown in Fig. 2, while the radial wave-
function density withS=1 andE=230 eV is shown in Fig. 3.
The surviving mounds along each axis represent elastic scat-
tering and excitation to low-lying bound excited states. The
wave-packet density in the vicinity of thg=r, ridge rep-
resents ionization. At every 20 time steps the bound and
continuum state probabilities of Eq4.4) and(15) are com-
puted. By the timeg=25.0 all the probabilities have settled
down to their final steady-state values and cross sections may
be calculated.

Electron-impact ionization cross sections for hydrogen in
the Temkin-Poet model are presented in Tables | and Il for a
number of incident energies. In Tables | and Il thé&s sym-

The time-independent version of the above equations wad€try time-dependent results are compared with the time-

first proposed by Temkifl4] and subsequently solved by
Poet [31-33. Since that time most new theoretical ap-

independent converged close-coupling results of Bray and
Stelbovics[8,34]. The 'S and 3S ionization cross sections

proaches to electron-atom scattering have found their firgeresented in the tables are also in good agreement with other

tests on what is now called the Temkin-Poet model.

A three-point finite-difference method was employed to

solve Eq.(18) on a 200< 200 lattice. Each radial direction

from 0—40 was spanned by a uniform mesh with spacing of
0.20. Due to the coarse grid spacing near the origin, the

bound-state energy for thesktate in a potential of- 1/ is

—13.5 eV. Of course, a much larger lattice size has the effect ;p0S(; . 1)
. . OO( 1:'2»
of correcting the bound-state energy spectrum. We are looki

ing forward, however, to solving E@5) with as many as six

coupled channels and a large lattice becomes computation-
ally expensive. The Temkin-Poet model serves as a good test

for determining minimum lattice sizes.
At time t=0 the wave packet was given a localization

recent Temkin-Poet model calculatiofis3,15,17,28

IV. 135 PARTIAL-WAVE RESULTS

We now considet. =0 and begin with the close-coupled
Set of partial differential equations given by

= Todr1.72)+Voo,0dT1.r2)IPo5(r 1.1 2.t)

+V30.141,F2)PI3(ry,ro,t)

+V80,2z("1,rz)ng(H,fz,t),

radius of 20.0 and a width of 6.0. The absolute value squared 9P{3(r 1, ,t)

of the initial radial wave function of E(9) is shown in Fig.

I = [Tu(r1.r) + Vi 1) PR ra.0)

1. The two large mounds are due to the antisymmetrized

product wave function. The shape of each mound is deter-

mined by the wave-packet width in one direction and tke 1
bound-state orbital width in the other direction. As time in-

+V21,oc{r1'rz)ng'(rlvrz,t)

+V21,22(r1-rz)ng(rlyrz,t),

TABLE ViII. Electron-impact ionization cross sections foP scattering from hydrogen.

Time-dependent method

Time-independent metl$a5]

Energy(eV) Cross sections (102 cm?) Cross sections (102 cm?)
30.0 4.07 5.04
40.0 3.94 4.41
50.0 3.35 3.74
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TABLE VIII. Electron-impact ionization cross sections féP scattering from hydrogen.

Time-dependent method
Cross sections (102 cm?)

Energy(eV)

Time-independent mettgas]
Cross sections (13° cm?)

30.0
40.0
50.0

1.56
1.46
1.34

1.65
151
1.44

IP93(ry.ro.0)
I ot :[Tzz(rl,rz)+V32'22(I’1,rz)]ng(rl,rz,t)

+ng,oc(r1,fz)ch?(rllrz,t)
+V, 111,12 PIT(ry o0, (20)

where the operatorg have the simple forms

o 1
VOO,O({rlirZ):r_a
>

1r_
Vgoyll(rler): - \@r_v
>

1r2
Voo, 24T 1, )=\ﬁ—,
OO,Zi 1,12 sri

1 2r2

V9 (ryr)=—+ = =,
11.1471.72) - 5.3

4 [27 13
0 N =
Vii2dl1,r2)= \E,sri"‘ 245ri’

2r2 2r%
ng,zz(rl!rz)zc+7r_3+7r_5- (21
> >

Y
o

cmy’)
[+
|

-18

Cross Section (10

0 1 30 45 60 75
Energy (eV)

FIG. 10. Electron-impact ionization of hydrogen in the sym-

Using the general forms found in Eq&)—(7), the above
coupled equations can be extended to include not only the
s?, p?, andd? contributions, but higher? contributions.

The same 208200 lattice used in Sec. Il for the
Temkin-Poet model was employed to solve Ef)). At time
t=0 the initial radial wave function is given by E¢P) and
shown in Fig. 1. We note thatP%(r;,r,,t=0)
=P95(r1,r,,t=0)=0. At timet=25.0 and 2500 time steps,
the absolute value of a radial wave function wik-0 and
E=30 eV is shown in Fig. 4, while the radial wave-function
density withS=1 andE=30 eV is shown in Fig. 5. The
frames in both figures are for theé, p?, andd? radial wave
functions.

Electron-impact ionization cross sections fotS scatter-
ing from hydrogen are presented in Tables IlI-V. In Table llI
convergence is demonstrated as a function of the number of
close-coupled equations for tHe’S partial-wave cross sec-
tions at 30 eV incident energy. The rapid convergence in
terms of /1/, pairs is not unexpected. In first-order
distorted-wave calculations for the ionization cross section,
the number of ejected energy partial waves is generally small
for all energies. Of course, in both the close-coupling and
distorted-wave methods, the number of totaf partial
waves increases with higher incident energies. In Tables IV
and V the three-channel close-coupling calculations are com-
pared with the time-independent converged close-coupling
results of Bray and Stelbovid®,35] at several incident en-
ergies.

The time-dependent close-coupling cross sections for the
135 symmetries are compared with distorted-wave calcula-
tions in Figs. 6 and 7. The distorted-wave cross sections are

4

cm’)

3.2

-18

24 -

16

Cross Section (10

0 15 30 45 60 75
Energy (eV)

FIG. 11. Electron-impact ionization of hydrogen in thie sym-

metry. Solid curve, distorted-wave method, prior form; dashedmetry. Solid curve, distorted-wave method, prior form; dashed
curve, distorted-wave method, post form; cross marks, timecurve, distorted-wave method, post form; cross marks, time-

dependent close-coupling method.

dependent close-coupling method.
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—~ 100 The time-dependent close-coupling cross sections for the
“‘E L L3p symmetries are compared with distorted-wave calcula-
© ol tions in Figs. 10 and 11. Fdr=1 scattering, the post-form

e choice of the distorted-wave method is in better agreement
= with the more exact close-coupling method. We caution
: 60 against a choice for the best lowest-order distorted-wave
K] method, however, since there remain large contributions to
© a4 | the total ionization cross section from higher partial waves.
$ In fact, as shown in Fig. 12, the best agreement with the
@ a9 | experimental measuremenrio] of the total ionization cross

8 section for hydrogen is found with the prior form of the
6 0 distorted-wave method.

0 15 30 45 60 75
Energy (eV) VI. SUMMARY

FIG. 12. Total electron-impact ionization cross section for hy- Based on the calculations presented in the previous sec-

drogen. Solid curve, distorted-wave method, prior form; dashec}lons’ the time-dependent close-coupling method does quite

curve, distorted-wave method, post form; solid circles, experimenta el in describing the dynamics f‘?””d In elegtron S.C"me”ng
measurementES6]. rom hydrogen. The method has its strength in a simple for-

mulation and a freedom from matching to boundary condi-
tions. The time evolution of the wave packet on the lattice

based on a triple partial-wave expansion of the first-ordeProvides a detailed picture of the short-time scattering dy-
scattering amplitude, including both direct and exchangd'@mics. By projecting the wave packet onto stationary states
terms. The prior form of the scattering amplituf29] re- of the target, a variety of inelastic scattering cross sections
quires the incident and scattered electrons to be calculated [R2Y be obtained. The ionization cross sections for various
a VN potential, while the bound and ejected electrons ard-S partial waves are in reasonable agreement with the cur-
calculated in &/N~1 potential. A post form of the scattering €Nt best th%orﬁncallre:?ullts. dh imi

amplitude[30] may also be formulated in which all electrons . We regard the calculations presented here as preliminary
are calculated in &N~ potential. ForL=0 scattering, the in regard to numerical procedures. To better support one-

post-form choice of distorted-wave method is in better agreeS/ECtTOn bound states a variable mesh spacing could be em-
ment with the more exact close-coupling method. ployed. Half the lattice points could be eliminated by re-
stricting the time propagation to the triangular region

r{<r,. The Taylor-series propagator could be replaced by a
more efficient method.
Finally, the time-dependent close-coupling calculations

The same 208 200 lattice used for thé=3S partial-wave &€ essentially numerical experiments on simple systems.
results was employed to solve E48)—(7) for L=1. At time The types (_Jf systems pould be_ extended through .the use of
t=0 the initial radial wave function is given by E€L0) with ~ COT€ potentials and a single active electron approximation. It
/=1. At time t=25.0 and 2500 time steps, the absolute!S |mport_ant, howevgr, to compare the_se numerical experi-
value of a radial wave function witB=0 andE=30 eV is ments with perturbation theory calculations to determine the
shown in Fig. 8, while the radial wave-function density with dqminant_ scatter_ing mechani;ms. Perturbgtion theory calcu-
S=1 andE=30 eV is shown in Fig. 9. Both are six-channel lations still remain the only viable theoretical approach for
close-coupling calculations, includirgp, ps, pd, dp, df, ~ many complex atoms and molecules.
andfd contributions. The frames in both figures are for the
sp, pd, anddf radial wave functions. Thes, dp, andfd
radial wave functions are the mirror images of #g pd,
anddf functions, respectively, the inversion axis being the We would like to thank Dr. Igor Bray of Flinders Univer-
r{=r, line. sity of South Australia, Dr. Wolfgang lhra of the Technical

Electron-impact ionization cross sections foiP scatter-  University of Munich, and Dr. Don H. Madison of the Uni-
ing from hydrogen are presented in Tables VI-VIII. In Table versity of Missouri at Rolla for several useful discussions.
VI convergence is demonstrated as a function of the numberhis work was supported in part by the National Science
of close-coupled equations for the partial wave cross sectionSoundation under Grant No. PHY-9122199 with Auburn
at 30 eV incident energy. Again the convergence is found tdJniversity and the Office of Basic Energy Sciences,
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