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Retardation effects in nonrelativistic two-photon electron bremsstrahlung in the Coulomb field
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We investigate the deviations from the dipole approximation for the two-photon bremsstrahlung cross
sectiona,, corresponding to the observation of the emitted photbos not the scattered electhom coinci-
dence, which has been the subject of recent experiments. Our analysis is for the Coulomb field, and it is done
in the Born approximation. We find that retardation effects are important, even in the lower energ{8rahge
keV) of the Hippler experiments, but not in the particular configuration for which experiments were performed.
Using the simple analytic expression that we derive, including retardation, in the nonrelativistic Born approxi-
mation, we show that, in the incident electron energy range 10-50 keV, the differences between the relativistic
Born (Smirnov's approachand nonrelativistic dipole approximation results are mainly retardation effects.

PACS numbe(s): 34.80—i

I. INTRODUCTION plain the discrepancy between theory and experiment. We
also note that early large discrepancies at high enefgdies

The emission of two photons in coincidence in anwere later established to represent consequences of other
electron-atom collision, not corresponding to transition ra-physical processes.
diation, detected for the first time by Altman and Quaflels This situation indicates that further theoretical investiga-
is the subject of new experimental investigati¢Bs 4]. The tion is needed in order to understand the different competing
present situation has been reviewed receffily]. The re- effects: screening, retardation, relativity, and the descrip-
sults for thex45° geometry[3], and the new data for the tion of the atomic field beyond the Born approximation. The
+90° geometry{4], at incident electron energy of 75 keV, analysis in this paper is limited to the Coulomb field case. At
were found to be consistent with the predictions of the relathe energies involved in the experiments performed up to
tivistic Born approximation(BR) for the case of the Cou- now, to judge from the one-photon cases, screening effects
lomb field (Smirnov's equation$7]). The use of a nonrela- would not be expected to be of dominant importance. Here
tivistic dipole approximation approachCNRD), treating \ve will exhibit situations in which retardation effects are
exactly the _Coulomb field effects, led to a different situation:importam and dominate the relativistic effects.
the theoretical results are in the same range as the experi- |n gne-photon processes relativistic and retardation effects

Tjg£a| data tforlghﬁEQO _geon:et:]ry[&9] buttnc?[';] f?f t?ﬁ have been studied somewhat systematically, particularly in
e Shes e e case of phoirizaon,ut 80 I ige-pton s
tant than Coulomb field effects. It has been suggekiel strahlung. As the number of independent parameters in a

that, in the electron energy range investigated experime two-photon bremsstrahlung experiment is much larger, a sys-

tally, retardation effects might be important. The strong de-emati(.: analysis here would rgquirg extgnsiye in\{estigatiorjs,
pendence of the difference between BR and CNRD results éﬁ’h'Ch IS prob_ably premature in a_5|tuat|on in which expert-.

these energies on the photon detection geometry raises tﬁéents are still scarce but there is some prospect for addi-
question of the relative importance of retardation and relativiional results. Our purpose here is to explore some sample
istic effects, particularly as one begins to consider regimes i§@ses, including some relevant to the existing experiments, to
which Coulomb field effects should not be neglected. obtain a preliminary idea as to the nature of the effects.

We note that a |arge discrepancy between theory and ex- The main tool of our analysis is the Born approximation.
periment was found in the case of Hippler’s experim@jt  The Born approximation is appropriate if both incident and
at the much lower electron energies of 8—12 keV, wherescattered electrons have energies for whi@ip, with p the
Coulomb field effects beyond the Born approximation areelectron momentum, is much smaller than 1. However, our
expected to be larger. The experimental values are mucéxpectation is that the insights we gain regarding the relative
larger than the theoretical values obtained utilizing full non-importance of retardation effects and relativity will be help-
relativistic dipole Coulomb predictions. Two very recent in- ful beyond the Born regimes. In particular we will demon-
dependent dipole calculatioh®l,12, which treat the case of strate that, as in one-photon bremsstrahlung, the region of
the Kr atom(using a screened potential in Born approxima-validity of Born approximation is extended by the Elwert
tion or in radial integrals obtain even lower results than in factor (see Sec. I)l. Depending on the electron and photon
the Coulomb case. The contribution from the target electrorenergies, we compare three versions of the Born approxima-
excitation, evaluated in Ref11], is small and does not ex- tion:
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(i) full-relativistic Born approximatioriBR), which also  thus anticipate that the Coulomb results discussed here can

includes retardation; indicate the expected magnitude of cross sections in current
(i) nonrelativistic Born approximation, with retardation experiments.

included(BNRR);
(iii) nonrelativistic Born dipolgwithout retardatioh ap- Il. THE MATRIX ELEMENT

proximation(BNRD). AND THE DIFFERENTIAL CROSS SECTION o,

For the first case, the equations derived by Smirnov ex-
press the cross sectian, corresponding to the observation
of all three final particle$see Eq.(9) here for exact defini-
tion] in two forms: (@) as a trace of a product gf matrices
[Eq. (A1) of [7]] and(b) as an elementary but extremely long
algebraic expression obtained after performing the tf&ce

The amplitude 7 of the two-photon bremsstrahlung of
an electron in a potentiaV is given by the Kramers-
Heisenberg-Waller 7 matrix element, between initial and
final electron full-continuum states with well-defined asymp-
totic behavior, corresponding to outgoing and incoming
spherical waves, respectively. The electron energies are de-

(3) of [7]]. An analytic calculation of the cross sectien o4 byE, E, and the asymptotic electron momenta by
[defined in Eq(10) herd, which refers to the detection of the B..5,. We Use electron wave functions normalized in the

two photons only, is not feasible. The BNRR approximationenergy and solid angle scales. The photon momenta are de-

is presented in this paper: the most differential cross seGygted byx, andk, and the polarization vectors k ands,.
tion, o5, has an extremely simple analytic expression in com-The electron spin is not considered.

parison with Smirnov’s equations; nevertheless, the angular The amplitude can always be written as

integration required when the scattered electron is not ob-

served is done numerically. The analytic expressions in the -

BNRD are very simple for boths ando,. The equations are M= .2, MijS1iSy; - @)
those derived in Ref.10]. '

By comparing the three versions of the Born approxima-n the Born approximation, we obtain
tion, we can identify the region of energy parameters in
yvhich the dipole approximation is not valid and yet relativ- Mij =78 +B1(Q1)(Pyi— k1) (Py;— K1) + B1(Q,)(py;
istic effects are not too important, so that the BNRR ap-
proach is acceptable. At the present stage of theory, this iden- — K2i) (P1j— K2j) T Ba(Q1) (Pai + K1) (P2 + ko))
tification of regimes is important, drawing attention to the ~
fact that the BNRD approximation has a very limited range T Ba(02)(Pai+ #31) (P rey;) + Q) (P~ #u1)
of val_ldlty and should not generally be used in examining X(Pgj+ K2j) + C(Q2) (P2 + k11 (P — Ka)), 2
experimental results.

In Sec. Il we consider the nonrelativistic matrix elementwhere the invariant amplitudes denotedBy, B,, andC are
for two-photon bremsstrahlung in the Coulomb field in theobtained fromB,, B,, andC, respectively, by interchanging
first-order Born approximatioBNRR), with retardation ef- the vectorsk; and «,. The values of the parametér are
fects included. A simple analytic formula, E(), together
with Egs.(4)—(7), specifies the amplitude in this approxima- O=E;—k;, Q,=E;—k, 3
tion. We define various differential cross sections. We ana-
lyze only the cross sectiom, [see Eq(10)], corresponding wherek, andk, are the photon energies.
to observation of the two photons but not the scattered elec- For the nuclear point Coulomb potential, we find
tron. This is the only cross section measured up to now

[1-4]. In Sec. lll we compare first BNRD with BNRR re- / X2z

sults at the incident electron energy of 10 keV, then BNRR = —mg 2aZ¢ \Np1P f (51+K2) —,

and BR results at 10 keV and higher energies. We conclude m* A% (A%=2p;-A)(A%+2p,-A)

that BNRD is not adequate at 10 keV, and we argue that 4

dipole approximation will probably not work even at lower

energies. The equations expressing BNRR can be used in the aZc \p1ip2 1 1

range 1050 keV, to the extent to which Born approximation S1=75_2 ~ ;2 (P1— K1— K2)? (p1—Kk1)*’

is valid, to describe the predictions of theory for the Cou- E,— m Q- om

lomb field case. € e )
When real atoms are under consideration, screening ef-

fects should be included. As a first guide for their order of

magnitude, one can think of the situation of one-photon _ aZC\p1p2 1 1 ®)

bremsstrahlung, as presented [i8]. The differences be- 2m°  A? (Dot k)2 (P1—Kk1)>’

tween screened and Coulomb results for the electron spec- Q- 2m, Q- 2m,

trum depend oZ and on the electron kinetic energies, for 50

keV electrons, for instance, far from the low-frequency re- —

gion, the relative difference is of the order of several percent BZ:aZ;: p12p2 ﬁl — _ ! —,

for Z=13 and about 20% faZ =92[13]. In all cases screen- 2w A - (P2t «2) E (P2t k1t x2)

ing reduces the cross section. In the Born approximation this 2mg ! 2m,

will be the case for two-photon bremsstrahlung, fd2]. We )



1494 M. DONDERA, VIORICA FLORESCU, AND R. H. PRATT 53

where we denote bgi the momentum transfer from the ini- the process amplitude to the interchangexefand «,, that

tial electron to the nucleus: linear terms in photon momenta in the cross sectipmvill

T, appear only in the scalar produtt- («;+ ).
A=p;—pr— K1~ Ka. (8

In the dipole approximation, where we neglect the photon

wave functions in the matrix element, the amplitu@gs B, IIl. NUMERICAL RESULTS AND CONCLUSIONS

andC reduce to expressions in agreement with our previous The main purpose of our numerical work was to establish

caIchation[lO]. . ' .__the origin of the large discrepancies existing between BNRD

, Since our calculation has used the f_|rst B(_)rn appfox'ma[lo] and BR, as reported i8,4], and to show that there is an

tion, the onlyZ de_pendence of t_he amphtude IS cont_amed Inenergy range in which this discrepancy is caused by retarda-

the factoraZ, which leads to differential cross sections, as_; . . .

for instancecs and o, described below, proportional &7 tion effects, which therefore should be included in any at-
° ey i tempts to go beyond the Born approximation. To do this we

Our discussions of the importance of relativistic and retardah d the th ; fthe B S
tion effects in the Born approximation hence apply for any ave compare the three versions of the Born approxma_tlon,
described in Sec. I, namely, BNRD, BNRR, and BR, for five

and they continue to apply in the Elwert-Born approximation - ) . ) . '
(see next sectiopassuming the same version of the Elwert detection conflguratlons. In all of th_e c_onflguratlons consid-
factor is used throughout. ered, the emitted photons and the incident electron momen-
We list two of the multiply differential cross sections that tum are coplanar, as in the present experiments, and make
may be met in double bremsstrahlung experiments. The mo§dual anglest 6 with the incident electron. There are two
completely differential cross section, but with no observationreasons for analyzing only this type of configuratiori)
of electron spin and no photon polarization detection, is  the experimental configurations used up to now are of this
~ type, and(ii) little changes have been noticed in our calcu-
B d°c 1 ro kek, S |22 lations when other than coplanar geometries have been ex-
757 dk,dk,dQ,d0,d0, 2 E;mgc? k 4 |-#1" amined. The configurations we describe here, denoted by | to
(9) V, correspond t@=10°, 30°, 45°, 75°, and 90°, respectively.
Use of this sequence permits some understanding of the an-
The double bar means summation over the polarizations qfylar dependence of the cross section. We have examined the
the two photons. To measueg, a triple coincidence experi- range of incident electron energy, 1-100 keV, although cor-

ment(the scattered electron in coincidence with the emittedsctions to the Born approximation should be considered be-
photong is needed, in which the directions of the three Paroy 10 keV and relativistic effects by 50 keV.

ticles, and the energies of two of the particles, are recorded. \y, first jliustrate for a representative case the results of

For the two-photon-in-coincidence experiments, with they, . comparison between BNRD and BNRR at relatively low
scattered electron not observed, the quantity of interest is . -
energies, when relativistic effects can be neglected. The
do quantity represented in Fig. 1 is the ratio between BNRD and
04= mz f o5dQe. (10 _BNRR values foro,. The illustrated incident electron energy
is 10 keV. The values for the ratio,/T, are 0.1 and 0.5, in
We will analyze this differential cross section, which de-Figs. Xa and Xb), respectively. The five curves in each
pends on the two photon energigsandk, and on the scalar figure correspond to the five configurations mentioned be-

products fore. The ratio is shown as a function j/T,, with k, the
~ R other photon energy. The range of abscissa is different in the
N;-N,=cos®, nN;-p;=cosf,, N, P;=C0S¥H,. two panels here and in the following figures because of the

(11 constraint imposed by the energy conservation. While at
. R ) 6#=90° the ratio is near 1, which means negligible retardation
We have denoted by, and n, the unit vectors along the effects, for the other configurations these effects are impor-

photon directions. tant and change dramatically with the configuration, and in a
In dipole approximation the structure of the exact Cou-rather complicated wa16]. Thus, in Fig. 1 we illustrate the
lomb cross sectiow, is determined by five quantities: inadequacy of the dipole approximation in any configuration

but §=90°, which we generally find for electron energies
above 10 keV. The special situation of the latter configura-
+ 0.CoM cOH;COH, + o4cof6,c00,. (12)  tion can be explained by the fact that, as mentioned at the
end of Sec. Il, the linear terms in photon momenta in the
Simple dipole expressions are obtained in the Born approxieross sectiono, are proportional to the scalar product
mation[10]. Recently Koro[14] has also derived an analytic p;-(x;+ k,). When the photons’ directions are orthogonal
expression foro,, in the dipole approximation, written in to the incident electron momentum, this quantity vanishes.
terms of associated Legendre polynomials; his results agreehe retardation effects will also be small for vanishing
with ours[15]. K1+ K. Finally, we mention that within Born approxima-
The structure ofr, is much more complex when retarda- tion, however inadequat@xcepting the case of very o)
tion effects are included, because of the existence of two newelow T,=1 keV, we have found relative errors in the range
vectors, the two photon momenta, as can be judged from Eapf 20%, suggesting that retardation effects could be impor-
(2). Nevertheless, we can argue, based on the symmetry ¢ant even at this low energy.

4= 0o+ 0o(COL O, + C0Z0,) + 0,c0SO
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FIG. 1. The ratio between the
values of o, in the BNRD and
BNRR calculations foiT;=10 keV
and the five configurations | to V,
corresponding to9=10°, 30°, 45°,
75°, and 90°, respectively, as a func-
tion of ky/T,, for (8 ki/T,;=0.1
and(b) k;/T,=0.5.

BNRR

/o,

BNRD

0.0 ' 1 ] ] L ] L ' 0.0
0.0 0.2 0.4 0.6 0.8 0.0 0.1 0.2 0.3 0.4 0.5

kST, kST,

We have to be cautious about using Born approximatiorny;=0.48, and foik,/T,;=0.5 », increases from 0.715 to 2.15
in the low-energy range. To illustrate this aspect, we presenwith k,/T; increasing from 0.05 to 0.45; fd(,/T,=0.1, %,
Fig. 2, showing the ratio between the valuesogfin Born increases from 0.52 to 2.15 witty/T, increasing from 0.05
approximation andr, with Coulomb effects included, for to 0.85. This explains the trend of the curves and also the
Z=13, as in Ref[9], both in the dipole approximation. The difference between the upper and lower curves. The dashed
configurations considered are 1ll and V; the upper solidcyrves show how the use of Elwert factor
curves correspond tk,/T,;=0.1 and the lower solid ones to
k,/T,;=0.5. One sees that Born approximation predicts lower
values than the exact Coulomb calculation. For the Born ap-
proximation to apply, it is necessary fof;=aZ/p,; and fe
m=aZlp, to be much smaller than 1; also the final electron
energy should be high enough. In the case of Fig. 2,

_ M l—exp(—2ma)

= I—exp—277y) a3

reduces the discrepancy between Born and Coulomb results
in the nonrelativistic dipole approximation, as in the case of
single-photon bremsstrahlurid3]. The Elwert factor was
introduced by SommerfeldL7] in order to take into account
the deviations of the initial and final electron Coulomb con-
tinuum states from the plane waves. As these states are of the
same type in two-photon bremsstrahlung, it is reasonable to
use it in this case, too. Our results demonstrate the utility of
the Elwert factor in two-photon bremsstrahlung. With in-
creasing electron energies, the Born approximation becomes
fairly good.

Now we compare our BNRR results with those provided
by the relativistic Born(BR) equations in order to illustrate
the validity of our BNRR approximation and establish to
what extent BNRR results can be used at higher energies.
The numbers we use for BR, based on Smirnov’s equation,
Eqg. (Al) in Ref.[7], were obtained with a numerical code
described in[18]. This code was checked in a variety of
situations by comparison with numbers provided by Quarles
ko/T,. The lower solid line curves correspond kg/T,=0.5, the ~ [19] and Scofield20], based on independent numerical pro-
upper solid line curves té&,/T;=0.1. The labels Ill and V corre- Cedures. Retardation effects are, of course, included in such
spond tod=45° and 90°, respectively. The dashed curves are obcalculations. We present in Fig. 3 the ratio between results
tained by multiplying with the electron Elwert factdg [see Eq. obtained with BNRR and with BR for, as a function of
(13)]. k,/T,. Each curve corresponds to a different valueTof

CNRD
/o,

BNRD

ST 0.60 |

CNRD
/o, andf.c

BNRD

6*020-

FIG. 2. The ratio between the values of, in the BNRD
and CNRD approaches f&=13, T;=10 keV, as a function of
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© , values ofo, in BNRR and BR ap-
11 F T,=10keV 4 T,=10keV 111 proximations, as a function of
, , , , , , ] ko/T,, for k;/T;=0.1 and 0.5, for
1.0 s s 1.0 ; .
0.0 0.2 0.4 0.6 0.8 0.1 0.2 0.3 0.4 0.5 configurations Il and V: (8
16 — T T T T T T y 18 Kk,/T,;=0.1, 6=45°, (b) k,/T;=0.5,
.5 (©) ) (d ) 15 0=45°, (c) kq/T;=0.1, 6=90°, and
’ ~ (d) ki/T1=0.5, 6=90°. The three
14 F T —50keV J J 14 curves in each panel correspond to
x J ! T,=50keV 1 different values ofT,, indicated on
IQ 13} e [ - 1.3 the graphs.
o
g _12F - A i
) T,=20keV T,=20keV
1.1 F T,=10keV B - T=10kev 1.1
1.0 L A 'l 'l L 1 'l L 1-0
0.0 0.2 0.4 0.6 0.8 0.0 0.1 0.2 0.3 0.4 0.5
k2/-r1 k2/T1

Two configurationglll and V) and two values ok,/T; are ticularly their effect on the angular distribution of the emitted
considered. Now, in contrast to Fig. 1, the change with thgohotons. Our comparisons suggest that the dipole approxi-
configuration has become less impressive, showing that remation results for the distributions already cease to be cor-
tardation effects give the main difference between relativistiadect at electron energies as low as 1 keV. Retardation effects
and nonrelativistic results. AT;=10 keV, the relative error may be suppressed by picking configurations for which
for #=90° has become only 6%. The relative error is lessPi- (k1+ «2)=0. Because our analysis is based on Born ap-
than 15% afT;=20 keV for both configurations. We notice Proximation, perhaps improved in Elwert-Born approxima-
the weak dependence of the ratio on all the parameters wioN, its conclusions should be checked also by a study in-
have changed: ky/T;, k,/T;, andé. clud!ng _Coulomb fleld_ (_affgcts exactly.. This seems to be
Now, we remember that the most striking fact in Compar_feaS|bIe in the nonrelativistic case, but is a much more com-

ing BNRD and BR at energies of 70 keV, where the experi-P1€X problem in a relativistic treatment. _ _
ments of Quarles and co-workers are done, was the fact that 1€ BNRR nonrelativistic Born approach including retar-

BNRD predicts a larger cross-section for configuration \vdation, presented in Sec. Il of this paper, provides very
(=90°) than for configuration 1l(§=45°), as can be seen simple equations in comparison to the relativistic Born equa-
from Figs. 3, 4, and 6 of Ref10]. This is also true for the tions of Smimov. These BNRR equations lead to numerical

CNRD results. By switching to the BNRR approach, the situ-"eSults in error by less than 20% in the energy range 10 to 30

ation is reversed, in agreement with BR. While at 70 kevkeV and also at lower energies if the Elwert factor is in-

relativistic effects matter, they do not for the 8—12 keV in- cluded.

cident electron energy range of Hippler's experimgdit A

direct comparison with Hippler's data was presented in Fig.

1 of[10], based on a Coulomb nonrelativistic dipole approxi-

mation calculation, for the incident electron energy of 8.82

keV. But, as all these Hippler experiments were performed

for 6=90°, retardation effects are unimportant and do not The authors express thanks to C. A. Quarles for discus-

explain the disagreement between theory and experimemnsions and data obtained with the Smirnov equations, and to J.

For other geometries, retardation effects must be includedscofield for useful correspondence and unpublished data

even at these relatively low energies. We have studied theithin the Smirnov approach. We acknowledge the assis-

energy dependence of the ratio between the values, @t  tance of O. Toader, for providing the relativistic Born data

90° and 45°. The inversion in magnitude between the valueand for his numerical computer code for this approach, and

of o, at 45° and 90° occurs at approximately 40 keV. Wethe assistance of M. Marinescu and D. Shaffer for computa-

mention that BR calculationsl 8] show that at even higher tional questions. This work was supported by the National

energies near forward emission is favored. Academy of Science through a National Research Council
In conclusion, our analysis shows the importance of theRomanian Twinning Program and by the Romanian Ministry

retardation effects in two-photon bremsstrahlung, and paref Education.
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