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We analyze intensity and statistical properties of lasers without population inversion in a closed three-level
V-type system. We derive the threshold condition and examine the intensity dependence on various system
parameters. Unlike other inversionless laser systems that generate amplitude-squeezed light, the intensity
fluctuation of the inversionless laser from the three-level V-type system is above the shot-noise limit in a wide
parameter range studied here.

PACS number~s!: 42.55.Ah, 42.50.Hz, 32.80.Bx

I. INTRODUCTION

Recently considerable attention has been directed to the
study of lasing without the requirement of population inver-
sion ~LWI !. Quite a few models have been proposed, and the
conditions for the onset of lasing action have been examined
@1–10#. Experimentally, laser action related to a noninverted
population in a strongly driven two-level system has been
demonstrated before@11–13#, and light amplification without
population inversion in multilevel atomic systems has been
reported in a number of recent publications@14–18#. Inter-
estingly, the optical coherence and quantum interference as-
sociated with the light amplification may lead to unusual
statistical properties in inversionless lasers. Agarwal showed
that lasers without inversion may have a narrower linewidth
than that of conventional lasers@19#. Gheri and Walls@20#
found that amplitude-squeezed light can be generated in an
inversionless, three-levelL system. Amplitude-squeezed las-
ing may also be found in a four-level cyclic atomic system
pumped by a single coherent field@21#.

Sub-Poissonian photon statistics have been measured in
diode lasers with noise-suppressed pump current@22#. Re-
cently it has been shown that sub-Poissonian light can also
be generated by dynamic pump noise suppression@23–26#.
The basic principle is that the recycling of many incoherent
steps leads to highly regular pumping, and results in sub-
Poissonian photon statistics. In an inversionless laser, two
factors may contribute to the noise deduction: first, the fast
coherent cycling of electrons between states connected by a
two-phonon scattering process leads to the highly regulated
absorption and emission processes; second the disappearance
of the population inversion leads to a depleted atomic popu-
lation in the upper lasing state, which decreases the sponta-
neous emission noises. The combination of these two mecha-
nisms can reduce the laser amplitude noise to below the shot
noise limit. For laser without inversion in the three-levelL
system, overall the maximum amplitude squeezing of 50% is
predicted@20#. For the four-level inversionless system, the
amplitude squeezing may reach a level of more than 50%
below the shot-noise limit@21#. Naturally, a question arises:
does an inversionless laser always generate amplitude-
squeezed light? In this paper, we present an analysis of laser

intensity and statistical properties of an inversionless three-
level V system, and show that under reasonable operating
conditions, no amplitude-squeezed light can be generated in
the inversionless V system.

II. THREE-LEVEL V-TYPE SYSTEM

Our model consists of an ensemble ofN closed three-
level V-type atoms confined in an optical cavity with photon
loss rate 2k. The atoms have ground stateu1&, and excited
statesu2& and u3&, as illustrated in Fig. 1. The transition
u1&↔u2& of frequencyv21 is driven by a strong coherent
field of frequencyv1 with Rabi frequency 2V. The transi-
tion u1&↔u3& of frequencyv31 is incoherently pumped with
a rateL. g is the cavity-atom coupling coefficient. 2g i j is
the spontaneous decay rate from stateu i & to stateu j &. We
treat classically the external coherent field which drives the
transition u1&↔u2&, but keep the cavity field quantized. In
the electric-dipole and rotating-wave approximations, the
system Hamiltonian~setting\51) can be written as

Ĥ5(
j51

N

$v31ŝ33j1v21ŝ22j1V~e2 iv1tŝ21j1eiv1tŝ12j !%

1(
j51

N

g~ âŝ31j1â†ŝ13j !1vcâ
†â, ~1!

FIG. 1. V-type three-level model for lasing without population
inversion.u3&→u1& is the lasing transition.
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where

ŝ12j5e2 ikW1•r
W
j u1 j&^2 j u, ŝ13j5e2 ikWc•r

W
j u1 j&^3 j u,

ŝ23j5e2 i ~kWc2kW1!•rW j u2j&^3 j u ~ j512N!,

and together with their Hermitian conjugates are the atomic
raising or lowering operators with their phase factors for the
j th atom.kW1 (kW c) is thek vector of the external driving field
~cavity field!. smmj5umj&^mj u (m51–3, j51–N! are the
atomic population operators for thej th atom.â (â†) is the
annihilation~creation! operator for the cavity photons.V lm is
the transition frequency from stateu l & to stateum&. We define
the collective atomic polarization and population operators
Jlm as

Ĵlm5(
j51

N

ŝ lm j ~ l,m5123!. ~2!

Considering the closure of the system, we have
J111J221J335N. We then choose the operators in a vector
form with normal ordering such that

âW5~ â1 ,â2 ,â3 , . . . ,â10!

5~ â,â†,Ĵ12,Ĵ13,Ĵ23,Ĵ22,Ĵ33,Ĵ23
† ,Ĵ13

† ,Ĵ12
† !. ~3!

The P representation in the ten-dimensional complex phase
space can be defined as

P~aW ,t !5Tr$r̂~ t !dc~aW 2aW !%, ~4!

where

dc~aW 2âW !5)
i51

10

d2~a i2â i !, ~5!

anda i is the expectation value of operatorâ i . In the rotating
frame and with the use of the standard procedure@27#, we
derive the Fokker-Plank equation

]P~aW ,t !

]t
5TrH ]r̂~ t !

]t
dc~aW 2âW !J

5H 2
]

]am
Am~aW !1

1

2

]2

]am]an
Dmn~aW !J P~aW ,t !.

~6!

We then transform the Fokker-Planck equation~6! with
positive-definite diffusion matrixDmn(âW ) into a set of sto-
chastic differential equations. The stochastic differential
equations are

daW

dt
5AW ~aW !1FW ~ t !, ~7!

where the noise correlation termFi satisfies

^Fi~ t !&50 ~ i51210! ~8a!

and

^Fi~ t !F j~ t8!&5Di j ~aW !d~ t2t8! ~ i , j51210!. ~8b!

Di j are the diffusion coefficients derived from the Fokker-
Plank equation~6!. Explicitly, the stochastic differential
equations are

da1

dt
52@k1 i ~vc2v l !#a12 iga41F1 ,

da2

dt
52@k2 i ~vc2v l !#a21 iga91F2 ,

da3

dt
52~g211L/21 iD1!a31 iV~2a61a72N!

1 iga1a81F3 ,

da4

dt
52~g311L1 iD2!a41 iga1~2a71a62N!

1 iVa51F4 ,

da5

dt
52@g211g311L/21 i ~D22D1!#a52 iga1a10

1 iVa41F5 ,

da6

dt
522g21a61 iV~a32a10!1F6 ,

da7

dt
5LN2La622~L1g31!a71 ig~a2a42a1a9!1F7 ,

da8

dt
52@g211g311L/22 i ~D22D1!#a8

1 iga2a32 iVa91F8 ,

da9

dt
52~g311L2 iD2!a92 iga2~2a71a62N!

2 iVa81F9 ,

da10

dt
52~g211L/22 iD1!a102 iV~2a61a72N!

2 iga2a51F10. ~9!

In Eqs.~9!, D15v212v l , D25v312v l , vc is the resonant
frequency of the empty cavity, andv l is the lasing frequency.
For the convenience of the calculation,V andg are chosen
to have real values.

A. Steady-state inversionless laser intensity

Neglecting the noise correlation operatorsFi and setting
the derivatives to zero in Eqs.~9!, the steady-state laser in-
tensity defined asI[g2a2a1 and atomic population distri-
bution are obtained by solving the resulting semiclassical,
deterministic equations. We consider the resonant coherent
pumping (D120) and assume that the cavity is tuned to the
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resonant frequency of the lasing transitionu1&↔u3&. Then,
the dispersive response Re(J31) vanishes and the lasing fre-
quencyv l5vc5v31. From the semiclassical equations of
the laser system, we obtain the solution for the steady-state
laser intensity above the lasing threshold as

I[ng25
2B1AB224g2AC

2A
, ~10!

wheren[a2a1 is the number of photons in the cavity. The
parametersA, B, andC are

A5
2g21k

V@g31~L/21g211g31!1g21~L1g31!#
,

B5
Ng2g21g31

V@g31~L/21g311g21!1g21~L1g31!#
1

Vk~3L217Lg3112Lg2112g31
2 12g21g31!

2~L1g31!@g31~L/21g311g21!1g21~L1g31!#

1
kg21@~L1g31!

21~L12g21!~L/21g311g21!#

V@g31~L/21g311g21!1g21~L1g31!#
,

C5
NV@2g31

2 2L~g212g31!#

2@g31~L/21g311g21!1g21~L1g31!#
1

N@g31g21~L/21g311g21!~L12g21!#

2V@g31~L/21g311g21!1g21~L1g31!#

1

V~3L14g31!~L/21g311g21!1
l21

V
~L12g21!~L1g31!~L/21g311g21!

2g2@g31~L/21g311g21!1g21~L1g31!#
kS L1g311

V2

L/21g311g21
D .

Here we define the laser intensityI as the steady-state photon
numbern inside the cavity multiplied by the squared cavity-
atom coupling coefficientg. SinceA.0 andB.0, a non-
trivial solution for the laser intensity requiresC,0. The first
two terms inC containing the atomic numberN are domi-
nant when the laser operates above the threshold. This im-
mediately gives the required minimum value of the Rabi
frequency of the pump laser, i.e.,

V.S g31g21~L12g21!~L/21g311g21!

L~g212g31!22g31
2 D 1/2, ~11!

assuming that the necessary condition for the existence of
inversionless gain,L(g212g31).2l31

2 , is satisfied by the
system@9#. Then, in general, the onset of the inversionless
lasing requires fulfillment of the inequality~11! and also the
threshold condition for the total number of atoms inside the
cavity. In the limit of a strong driving field, i.e.,V@L, g i j
( i , j51–3!, and theg @the inequality~11! is satisfied#, the
threshold number of atomsNth is

Nth5
kV2~3L14g31!

g2@L~g212g31!22g31
2 #

. ~12!

Below the threshold and for small laser intensities above the
threshold, we obtain the atomic population distribution as
follows:

J115J225
L12g31

3L14g31
N, ~13!

J335
L

3L14g31
N. ~14!

Jii ( i51–3! is the atomic population in stateu i &. Since
J11.J33 andJ22.J33, there is no population inversion in the
basis of the bare atomic states. It is straightforward to derive
the population distribution in the dressed states@28#. For the
on-resonance coherent pump fieldv1 , the dressed states are
simply

u1&5
1

A2
~ u1&1u2&) with the energyE15V, ~15!

and

u2&5
1

A2
~ u1&2u2&) with the energyE252V.

~16!

The dressed-state population distributions areJ115J22

5J115J22. Then we haveJ33,J11 and J33,J22 in the
dressed-state basis. Thus population inversion cannot happen
in either the bare atomic states (u1&, u2&, and u3&) or the
dressed atomic states (u1&, u2&, and u3&). The laser can
only start from light amplification by coherence@9#. This is
expected for the present pumping scheme. Since the three-
level system is closed and the incoherent pumpu1&↔u3& and
the coherent pumpu1&↔u2& are both reversible, population
inversion cannot be created between statesu1& and u3& or
states u1& and u2&. In order words, one always obtains
J11>J33 andJ11>J22 @29#. Far above the threshold, the num-
ber of atoms in the cavity,N, is much larger thanNth, and
the laser intensity approaches the saturation limitI s :

I s[ng25
V2@L~g212g31!22g31

2 #

2g31g21
. ~17!
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I s is independent ofN and proportional to the intensity of the
strong external driving field. WhenV@L, g i j ( i , j51–3!,
and g, the coherent cycling of electrons between
u2&↔u1&↔u3&, may dominate the incoherent spontaneous
emission processesu2&→u1& and u3&→u1&. The population
distribution for the laser far above the threshold is given by

J115
N~2g21g311Lg21!

2@g31~L/21g211g31!1g21~L1g31!#
, ~18!

J225
Ng31~L/21g211g31!

g31~L/21g211g31!1g21~L1g31!
, ~19!

J335
NLg21

2@g31~L/21g211g31!1g21~L1g31!#
. ~20!

Again, the population distribution satisfiesJ332J11,0 and
J222J11,0, and no population inversion can occur through-
out the laser operating range. It is interesting to note that as
the inversionless laser reaches the saturation regime, the
atomic population at the upper lasing state,J33, is greater
than that at or below the threshold. Note that this differs from
conventional lasers in which the upper lasing state popula-
tion below the threshold is greater than the above the thresh-
old. Figure 2 shows the typical behavior of the three-level
V-type inversionless laser~the laser intensity and the popu-
lation distribution! as the number of atoms in the cavity in-

creases from the threshold to the saturation regime. As the
laser intensity builds up quickly above the threshold, the
atomic populationJ11 and J33 slowly increase while the
atomic populationJ22 decreases. Well above the threshold,
the population distribution does not change appreciably. Un-
der the normal operating conditions, one always has
J11.J22.J33, i.e., LWI is valid from below the threshold to
well above the threshold.

B. Statistical properties

To calculate the statistical properties of the laser field, we
follow the procedure described by Reid@30#. Above the
threshold ~large N values!, the quantum fluctuations
(}1/AN) are small, so we can treat them as linear perturba-
tions. Assuminga i5a i ;01da i ( i51–10! wherea i ;0 is the
steady-state solution to Eqs.~9!, we calculate the small fluc-
tuations around the steady-state expectation values of the
atomic and field operators. The linearized stochastic differ-
ential equations describe the fluctuations in the field and
atomic variables to first order and can be written as

ddaW

dt
5M ~aW 0!daW 1FW ~ t !, ~21!

where

Mi j ~aW 0!5
]Ai

]a j
U

aW 5aW 0

.

Such an approximation neglects the phase variation of the
complex solution to Eqs.~9!, and limits the time of its vali-
dation to the inverse of the laser linewidth. Since the laser
linewidth is very small, the laser phase diffuses very slowly
in comparison with processes relevant to the laser intensity.
The amplitude squeezing spectrum is defined as@30#

V~X,v!5E
2`

`

^X̂~ t1t!,X̂~ t !&eivtdt, ~22!

whereX(t)5aout1aout
† is the quadrature phase amplitude of

the cavity output field and̂X̂,Ŷ&5^X̂Ŷ&2^X̂&^Ŷ&. After a
Fourier transformation, the amplitude squeezing spectrum is
given by

V~X,v!5112k„S12~v!1S21~v!1S11~v!1S22~v!…,
~23!

where the spectral matrixS~v!

S~v!5„M ~aW 0!2 ivI …21D~aW 0!„M
T~aW 0!2 ivI …21.

~24!

If V(X,v),1, the laser output field is amplitude squeezed.
For small fluctuations, the classical amplitude of the laser
field can be treated as an in-phase local oscillator for the
quantum fluctuations, and the amplitude-squeezing spectrum
is equivalent to the intensity fluctuation spectrum. The output
intensity fluctuation spectrum of the laser is related to the
MandelQ parameter by@31,32#

FIG. 2. ~a! Calculated steady-state laser intensity and~b! nor-
malized population distribution versus the number of atomsN in a
V-type, three-level inversionless laser. The chosen parameters are
g2156g31, L52l31, V515g31, andk50.1g31.
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V~X,v!511Q
4kl

l21v2 , ~25!

wherel21 is the intensity correlation time for the laser and
is proportional tok. NegativeQ values (0,Q,20.5) cor-
respond to sub-Poissonian photon statistics, which is consis-
tent with the laser intensity squeezing@V(X,v),1#. We
have calculated numerically the laser intensity and the am-
plitude spectral variance as functions of various system pa-
rameters, and found that the intensity fluctuation is always
above the shot noise limit. Figure 3 shows the calculated
inversionless laser intensityI and the amplitude varianceV
versus the number of atoms confined in the cavity for several
g21 values. For a given incoherent pump rateL, the opti-
mized operation condition~both the laser intensity and the
corresponding fluctuation! of the V-type inversionless laser
occurs at intermediateg21 values. Although there is no popu-
lation inversion and light amplification is provided by the
atomic coherenceJ23 the amplitude varianceV of the inver-
sionless laser is above the shot-noise limit. This may be due
to the fact that the coherence termJ23 is associated with the
two excited statesu2& and u3&, and therefore is fully subject
to the quantum noises of the spontaneous emission. Also
notice that when the laser is above the threshold, the atomic
population in the upper lasing stateu3& increases somewhat.
The combined effects make the V-type inversionless laser
behave statistically just like a conventional inversion laser
that approaches Poissonian photon statistics (Q→0 or
V→1) when it is well above the threshold. Plotted in Fig. 4

are the intensity fluctuation spectrumV versus the frequency
v for several values of the incoherent pump rateL. All
curves in Fig. 4 give a positive MandelQ parameter@see Eq.
~25!#, indicating super-Poissonian photon statistics. The laser
intensity fluctuations are minimized at intermediateL val-
ues, but a smallerL value leads to a smaller linewidth in the
fluctuation spectrumV. At smallL values, the laser intensity
is small, which results in a largerV value; at largerL values,

FIG. 5. ~a! Calculated inversionless laser intensityI and~b! the
amplitude varianceV(v50) versusL. The normalized number of
atoms inside the cavity isN(g/g31)

2520 000. The unspecified pa-
rameters are the same as that in Fig. 2.

FIG. 3. ~a! Calculated inversionless laser intensityI and~b! the
amplitude varianceV(v50) versus the number of atomsN inside
the cavity. The unspecified parameter are the same as that in Fig. 2.

FIG. 4. Calculated intensity fluctuation spectrumV versus the
frequencyv for several values of the incoherent pump rateL. The
normalized number of atoms inside the cavity is
N(g/g31)

2520 000 and the Rabi frequencyV520g31. The other
parameters are the same as that in Fig. 2.
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the laser intensity is higher, but the random noises introduced
by the incoherent pumpL are much greater, which also leads
to a largerV value. This behavior is shown more systemati-
cally in Fig. 5, which plots the calculated laser intensityI
and the amplitude varianceV(v50) versus the incoherent
pump rateL for severalg21 values. The laser intensityI is a
monotonically increasing function ofL, but the amplitude
variance has a minimum value occurring at an intermediate
L value. Since the incoherent pumpL excites the atoms into
the upper lasing state, the larger theL value, the larger the
laser intensity. However, besides the spontaneous emission
from the upper lasing stateu3&, the incoherent pump causes
dephasing of the atomic coherenceJ23 that is responsible for
gain in theV system. Once the laser is above the threshold, a
larger L always adds more noises to the laser amplitude.
Figure 6 shows the calculated intensityI and the amplitude
varianceV versusg21 with several incoherent pump rates
L for a fixed number of atomsN inside the cavity. It is seen
that the inversionless laser only works at intermediateg21
values for a given incoherent pump rateL. As shown by Eq.
~12!, a sufficiently largeg21 is required in order for theV
system to exhibit the inversionless gain. At a largerg21
value, the inversionless gain is reduced and the lasing thresh-
old is higher, so the laser intensity becomes smaller. Further-
more, a largerg21 adds more noises to the atomic coherence
J23, which increases the laser amplitude fluctuations. There-
fore the laser amplitude variance increases withg21 after
reaching above the threshold. Figure 7 shows the calculated
intensity I and the amplitude varianceV versus the cavity

decay ratek with a fixed number of atomsN inside the
cavity. As expected, the intensity fluctuationsV increase and
the intensityI decreases with increasingk values. Whenk
reaches zero, the intensity fluctuationsV approach the limit-
ing value 1. This is similar to Poissonian photon statistics for
conventional inversion lasers at the high-intensity limit. We
also calculated the amplitude fluctuationsV as a function of
the Rabi frequencyV under various conditions, and found
thatV is always greater than 1. The minimumV values occur
at an intermediateV value and after that the amplitude fluc-
tuations increase with increasingV values.

III. CONCLUSION

We have calculated the intensity and statistical properties
of a three-level V-type inversionless laser. Well above the
threshold, the inversionless laser intensity saturates, becomes
independent of the number of the atoms inside the cavity,
and is proportional to the pump laser intensity. In contrast to
the amplitude squeezing of the inversionless laser from a
three-levelL-type system, no amplitude squeezing is found
in the V-type inversionless laser. In both V andL systems,
light amplification is induced by the atomic coherence gen-

FIG. 6. ~a! Calculated inversionless laser intensityI and~b! the
amplitude varianceV(v50) versusg21. The normalized number
of atoms inside the cavity isN(g/g31)

2520 000. The unspecified
parameters are the same as that in Fig. 2. FIG. 7. ~a! Calculated inversionless laser intensityI and~b! the

amplitude varianceV(v50) versusk. The normalized number of
atoms inside the cavity isN(g/g31)

2520 000. The unspecified pa-
rameters are the same as that in Fig. 2.
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erated in a two-photon scattering process. The atomic coher-
ence associated with the two ground states in aL system is
largely free from the influence of the quantum fluctuations
due to spontaneous emission. In a V system, the atomic co-
herence is generated between the two excited states and is
therefore fully subject to the quantum fluctuations from
spontaneous emission. This fact may explain why the ampli-
tude squeezing has not been found in the numerical calcula-

tion for the inversionless laser from the three-level V-type
system.
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