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Inversionless lasing and photon statistics in a V-type atomic system
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We analyze intensity and statistical properties of lasers without population inversion in a closed three-level
V-type system. We derive the threshold condition and examine the intensity dependence on various system
parameters. Unlike other inversionless laser systems that generate amplitude-squeezed light, the intensity
fluctuation of the inversionless laser from the three-level V-type system is above the shot-noise limit in a wide
parameter range studied here.

PACS numbg(s): 42.55.Ah, 42.50.Hz, 32.80.Bx

I. INTRODUCTION intensity and statistical properties of an inversionless three-
level V system, and show that under reasonable operating
Recently considerable attention has been directed to theonditions, no amplitude-squeezed light can be generated in
study of lasing without the requirement of population inver-the inversionless V system.
sion (LWI). Quite a few models have been proposed, and the
conditions for the onset of lasing action have been examined

[1-10]. Experimentally, laser action related to a noninverted Il. THREE-LEVEL V-TYPE SYSTEM
population in a strongly driven two-level system has been )
demonstrated befofd1-13, and light amplification without Our model consists of an ensemble Wfclosed three-

population inversion in multilevel atomic systems has beerievel V-type atoms confined in an optical cavity with photon
reported in a number of recent publicatidigt—1§. Inter-  loss rate Z. The atoms have ground stgte), and excited
estingly, the optical coherence and quantum interference astates|2) and |3), as illustrated in Fig. 1. The transition
sociated with the light amplification may lead to unusual|1)«|2) of frequencyw,, is driven by a strong coherent
statistical properties in inversionless lasers. Agarwal showefleld of frequencyw; with Rabi frequency 2. The transi-
that lasers without inversion may have a narrower linewidthtion |1)«|3) of frequencyws; is incoherently pumped with
than that of conventional lasef49]. Gheri and Wall§20]  a rateA. g is the cavity-atom coupling coefficient.y3) is
found that amplitude-squeezed light can be generated in afe spontaneous decay rate from stajeto state|j). We
inversionless, three-level system. Amplitude-squeezed las- treat classically the external coherent field which drives the
ing may also be found in a four-level cyclic atomic systemtransition|1)«|2), but keep the cavity field quantized. In
pumped by a single coherent fielall]. the electric-dipole and rotating-wave approximations, the
Sub-Poissonian photon statistics have been measured §ystem HamiltoniarisettingZ=1) can be written as

diode lasers with noise-suppressed pump curf2gl. Re-
cently it has been shown that sub-Poissonian light can also
be generated by dynamic pump noise suppresiign-26. N
The basic principle is that the recycling of many incoherent H=

=1

{w31035+ w1025+ Q (€71 Gpy + €15 5)}
steps leads to highly regular pumping, and results in sub- ]
Poissonian photon statistics. In an inversionless laser, two N

factors may contribute to the noise deduction: first, the fast +, g(A0ay+aTo1y) + 0a'a, (1)
coherent cycling of electrons between states connected by a j=1

two-phonon scattering process leads to the highly regulated

absorption and emission processes; second the disappearance

of the population inversion leads to a depleted atomic popu- 3>

lation in the upper lasing state, which decreases the sponta-
neous emission noises. The combination of these two mecha-
nisms can reduce the laser amplitude noise to below the shot
noise limit. For laser without inversion in the three-level
system, overall the maximum amplitude squeezing of 50% is Q

predicted[20]. For the four-level inversionless system, the

amplitude squeezing may reach a level of more than 50% >

below the shot-noise limi{t21]. Naturally, a question arises:

does an inversionless laser always generate amplitude- FIG. 1. V-type three-level model for lasing without population
squeezed light? In this paper, we present an analysis of lasewversion.|3)—|1) is the lasing transition.

2>
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where (Fi(OF(t"))=Dyj(a)8(t—t") (i,j=1-10). (8h)
Ti=e MUN)(2)], og=e e T|1)(3;], Dj; are the diffusion coefficients derived from the Fokker-
. L Plank equation(6). Explicitly, the stochastic differential
oyg=e kK TI23(3]  (j=1-N), equations are
and together with their Hermitian conjugates are the atomic da, ) )
raising or lowering operators with their phase factors for the ar —[xti(wc—w)]a;—igastFy,
jth atom.k; (K.) is thek vector of the external driving field
(cavity field. omm=|m;)(m;| (m=1-3,j=1-N) are the day . ]
atomic population operators for thj¢h atom.a (a') is the i = [kmi(ecmw)]agtigagtFy,
annihilation(creatior) operator for the cavity photon&,,,, is
the transition frequency from stafe to statem). We define dag . _
the collective atomic polarization and population operators ~ —gp =~ (vt A/2+iA) as+iQ(2a6+ a7 —N)
Jim @s
N + iga1a8+ F3,
jlm:jzl a'lmj (Iam:l_s) (2) da4

T (ya1t A+iAy))astiga(2a;+ ag—N)
Considering the closure of the system, we have )
J11+ 5o+ J33=N. We then choose the operators in a vector +iQas+Fy,

form with normal ordering such that

das . .
o . . R gt —[yart yaat AI2+i(A,— Ay Jas—igaia;g
a=(a1,a2,a3, P ,alo)
:(é!éTI:]121:]1313231322!33373231313’312)' (3) +iQa4+F5,
The P representation in the ten-dimensional complex phase %: _ ; _
space can be defined as dt 2yt Q(az—azg)+Fe,
P(a,t)=Tr{p(t)5°(a— @)}, @
ay .
where W=AN—Aa6—2(A+731)a7+|g(a2a4—a1a9)+F7,
10 g
> =~ ~ o
6C(a—a)=iljl &(ai—a), (5) d—t8:—[»y21+ yart AR2—i(A—Ap)]ag
ande; is the expectation value of operatey. In the rotating +igasaz—iQag+Fg,
frame and with the use of the standard proced@@d, we
derive the Fokker-Plank equation dag ) .
W:_(731+A_|A2)6¥9—|9012(2017+ ag—N)
IP(at) ) - .
ot :Tr[ ot (Sc(a_a) —iQa8+ Fg,
d .1 P R S dajg . .
= —EA#(Q)"-EWDMV(Q) P(a,t). W:_(721+A/2_IAl)alo_IQ(2a6+a7_N)
(6) —iga2a5+ FlO' (9)

We then transform the Fokker-Planck equati@) with In EQs.(9), A;=wy— w;, Ay=ws3;— w|, w. is the resonant
positive-definite diffusion matriDMV(Z) into a set of sto- frequency of the empty cavity, angl is the lasing frequency.
chastic differential equations. The stochastic differentialFor the convenience of the calculatidn,andg are chosen
equations are to have real values.

-

da_

dt

;&(&)4‘ If(t), 7) A. Steady-state inversionless laser intensity

Neglecting the noise correlation operatérsand setting
the derivatives to zero in Eq$9), the steady-state laser in-
tensity defined a$=ga,a; and atomic population distri-

(Fi())=0 (i=1-10) (89)  bution are obtained by solving the resulting semiclassical,
deterministic equations. We consider the resonant coherent
and pumping A;—0) and assume that the cavity is tuned to the

where the noise correlation terR) satisfies
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resonant frequency of the lasing transitidr) < |3). Then, —-B+B?—4g?AC
the dispersive response Reg() vanishes and the lasing fre- I=ng’= oA , (10

guency w,= w.= w3;. From the semiclassical equations of
the laser system, we obtain the solution for the steady-stat@heren=«a,a; is the number of photons in the cavity. The
laser intensity above the lasing threshold as parameterd\, B, andC are

_ 2951k
QY31 A2+ yp1t+ ¥3) + yor(A+ y3) ]’
B Ng?yzya N Qr(3A2+TA Y31+ 2A yor+ 295+ 2y21y31)
QL y3( A2+ vzt y20) + yar(A+ y3) ] 2(A + y3)[ v31( A2+ y31+ yo0) + vor(A + y30) ]
Kk Yorl (A+ 302+ (A +2y21) (A 12+ yz1+ y21) ]
Q[ y31( A2+ y31+ v21) + Yor(A + y30) |

c NQ[275— A( Y21~ ¥31)] N[ 31721 A2+ y31+ ¥20) (A + 2751 ]
2[ y3u( A2+ yzt yo0) + vor(A+ y39)]  2Q[ y32( A2+ y31+ v20) + yor(A + ¥30) ]

A

Ao
Q(3A+4y3) (A4 yg1+ y0) + ﬁl(A+27’21)(A+ Y30 (A12+ y31+ ¥21) 02

A2+ y31t+ ya1)

+ K A+ ’}/31+

207 yaa(A/2+ ya1+ y21) + yar(A + y3) ]

Here we define the laser intensltys the steady-state photon J;; (i=1-3) is the atomic population in statg). Since
numbern inside the cavity multiplied by the squared cavity- J,,>J3; andJ,,> Js3, there is no population inversion in the
atom coupling coefficieng. SinceA>0 andB>0, a non-  hasis of the bare atomic states. It is straightforward to derive
trivial solution for the laser intensity requir€s<0. The first  the population distribution in the dressed std@8]. For the

two terms inC containing the atomic numbe\ are domi-  on-resonance coherent pump field, the dressed states are
nant when the laser operates above the threshold. This ingimply
mediately gives the required minimum value of the Rabi

frequency of the pump laser, i.e., 1
" |+>:E(|1>+|2>) with the energyE, =Q, (15
Q> ¥31Y21( A+ 2y20) (A12+ y31+ v29) (11)
A(Y1— v3) — 275 , and
assuming that the necessary condition for the existence of 1
inversionless gainA (y,— ys1)>2\3,, is satisfied by the |_>:E (]1y—1]2)) with the energyE_=—Q.

system[9]. Then, in general, the onset of the inversionless 16
lasing requires fulfilment of the inequali}l1) and also the (16)
threshold condition for the total number of atoms inside theThe dressed-state population distributions dre, =J__

cgyity. In the limit of a stro_ng driving fielq, i.eQ%A, Yij =J;,=J5. Then we havely<J, . andJs<J__ in the
(i,j=1-3, and theg [the inequality(11) is satisfied, the  yressed-state basis. Thus population inversion cannot happen
threshold number of atormsy, is in either the bare atomic statefl}, |2), and|3)) or the

2 dressed atomic state$H), |—), and|3)). The laser can
h=—3 Q7 (8A +4y3) . (12) only start from light amplification by coheren¢8]. This is
9TA(y21— v3) — 2734l expected for the present pumping scheme. Since the three-
. N level system is closed and the incoherent pufjp-|3) and
Below the threshold and for small laser intensities above théne coherent pumfil)—|2) are both reversible, population
threshold, we obtain the atomic population distribution aspyersion cannot be created between stadsand |3) or
follows: states|1) and |2). In order words, one always obtains
J11=J33andd = J,,[29]. Far above the threshold, the num-

Jllz\]zzzw , (13 ber of atoms in the cavity\, is much larger thaiNth, and
BA+4yy the laser intensity approaches the saturation lligtit
A o QLA (v~ v3) — 2734

(14 ls=ng

(17)

Jaz==————N
¥ 3A+4yy 2y31721
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100 : ; ; : creases from the threshold to the saturation regime. As the
laser intensity builds up quickly above the threshold, the
atomic populationd;; and Jsz; slowly increase while the
atomic populationl,, decreases. Well above the threshold,
(a) the population distribution does not change appreciably. Un-
der the normal operating conditions, one always has
J11>J95> a3, i.e., LWI is valid from below the threshold to
well above the threshold.

n(gh,)*

B. Statistical properties

L

0 2000 4000 6000 8000 10000 To calculate the statistical properties of the laser field, we
) follow the procedure described by Rej@0]. Above the
N(g/v,) threshold (large N values, the quantum fluctuations
(ocl/\/ﬁ) are small, so we can treat them as linear perturba-
Pl ‘ ’ ‘ tions. Assuminge; = a;.o+ de; (i=1-10 wherea; q is the
—7, steady-state solution to Eg®), we calculate the small fluc-
--------- . tuations around the steady-state expectation values of the
—_] atomic and field operators. The linearized stochastic differ-
ential equations describe the fluctuations in the field and
atomic variables to first order and can be written as

Normalized Population J'
(=1
W

—
e et e et e e et et e s — d(SC_; . ..
Foureemrmsenmmemrmmnee e aessamenmnacnae e aes RN W:M(QO)5Q+ F(t), (21)

0 ‘ ’ ‘ ‘ where
0 2000 4000 6000 8000 10000

N(g/Y31)2 M (_) ) 0"AI
ii\&)= - .
g (9(1] &:&0

FIG. 2. (a) Calculated steady-state laser intensity @&bdnor-

malized population distribution versus the number of atdina a h imati lects the ph iati f th
V-type, three-level inversionless laser. The chosen parameters a%r% IZ)r(l soﬁﬁigﬂToaéolg)e%ﬁg Timiti Fheaiﬁg%rfla}t!so\r:a(lji €
'}/21:6'}/31, AZZ}\gl, Q:15’y31, andK=O.ly31. p q =

dation to the inverse of the laser linewidth. Since the laser
linewidth is very small, the laser phase diffuses very slowly
in comparison with processes relevant to the laser intensity.
The amplitude squeezing spectrum is define@3a%

I is independent ol and proportional to the intensity of the
strong external driving field. Whe@> A, y;; (i,j=1-3),
and g, the coherent cycling of electrons between
|2)<|1)<|3), may dominate the incoherent spontaneous "

emission processg®)—|1) and|3)—|1). The population V(X'w):f (X(t+7),X(t))e'*d T, (22)
distribution for the laser far above the threshold is given by -

- N(2y217311 A ya1) 19 whereX(t) = ag,ct+ahy is the quadrature phase amplitude of
W2 yar( A2+ ypr+ ya0) + yoru A+ y3) 1’ the cavity output field andX,Y)=(XY)—(X)(Y). After a
Fourier transformation, the amplitude squeezing spectrum is
Ny3i(AI12+ yo1+ v31) given by

‘J22: A/2 A ’ (19)
Yl A2yt ys) F A s V(X, )= 1+ 26(S1s ) + Spa( @) + Syl ) + Sy ),
NA (23
J33: 721 . (20)
2[ Y31( A2+ yo1+ v30) + Yor( A+ y31) ]

Again, the population distribution satisfidgs—J;;<0 and . . .

J,,—J1;<0, and no population inversion can occur through- ~ S(@)=(M(ag)—iwl) D (ag)(MT(ag)—iwl) L.

out the laser operating range. It is interesting to note that as N - (29

the inversionless laser reaches the saturation regime, the

atomic population at the upper lasing stalg;, is greater If V(X,w)<1, the laser output field is amplitude squeezed.

than that at or below the threshold. Note that this differs fromFor small fluctuations, the classical amplitude of the laser

conventional lasers in which the upper lasing state populafield can be treated as an in-phase local oscillator for the
tion below the threshold is greater than the above the threstguantum fluctuations, and the amplitude-squeezing spectrum
old. Figure 2 shows the typical behavior of the three-levelis equivalent to the intensity fluctuation spectrum. The output

V-type inversionless lasdthe laser intensity and the popu- intensity fluctuation spectrum of the laser is related to the

lation distribution as the number of atoms in the cavity in- MandelQ parameter by31,32

where the spectral matri®(w)
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100 T T

0 Il ! | Il
0 2000 4000 6000 8000 10000
2
N(8/7,)

1.3

normalized

W/ 'Y31

FIG. 4. Calculated intensity fluctuation spectrimversus the
1, =%, frequencyw for several values of the incoherent pump rAteThe
number of atoms inside the cavity is
N(g/v31)?=20 000 and the Rabi frequen€y=20y,;. The other
parameters are the same as that in Fig. 2.

are the intensity fluctuation spectrvhversus the frequency

1 : ‘ \ : o for several values of the incoherent pump rate All
0 2000 4000 6000 8000 10000 curves in Fig. 4 give a positive Mand@ parametefsee Eq.
N(g/'y3 )2 (25)], indicating super-Poissonian photon statistics. The laser
1

intensity fluctuations are minimized at intermediateval-

ues, but a smallek value leads to a smaller linewidth in the

FIG. 3. (8 Calculated inversionless laser intenditand (b) the  fluctuation spectrunv. At small A values, the laser intensity
amplitude variance/(w=0) versus the number of atonsinside s small, which results in a largéf value; at largers values,

the cavity. The unspecified parameter are the same as that in Fig. 2.

4K\
V(X,w)=1+Qm, (25

where\ "1 is the intensity correlation time for the laser and
is proportional tox. NegativeQ values (6<Q< —0.5) cor-
respond to sub-Poissonian photon statistics, which is consis-
tent with the laser intensity squeezify (X,w)<1]. We
have calculated numerically the laser intensity and the am-
plitude spectral variance as functions of various system pa-
rameters, and found that the intensity fluctuation is always
above the shot noise limit. Figure 3 shows the calculated
inversionless laser intensityand the amplitude variancé
versus the number of atoms confined in the cavity for several
7,1 Values. For a given incoherent pump rate the opti-
mized operation conditiofboth the laser intensity and the
corresponding fluctuationof the V-type inversionless laser
occurs at intermediatg,, values. Although there is no popu-
lation inversion and light amplification is provided by the
atomic coherencé,; the amplitude varianc¥ of the inver-
sionless laser is above the shot-noise limit. This may be due
to the fact that the coherence tetsy, is associated with the
two excited statef?) and|3), and therefore is fully subject

to the quantum noises of the spontaneous emission. Also
notice that when the laser is above the threshold, the atomic
population in the upper lasing stdt@) increases somewhat.

n(g/v,,)’

150

50

7, =673, (a)
""""" =30,
B T
4 8 12 16 20
A/’Y31

The combined effects make the V-type inversionless laser FiG. 5. (a) Calculated inversionless laser intensitand (b) the
behave statistically just like a conventional inversion lasemmplitude varianc&/(w=0) versusA. The normalized number of
that approaches Poissonian photon statistiG—0 or  atoms inside the cavity isl(g/y3;)?=20 000. The unspecified pa-
V—1) when it is well above the threshold. Plotted in Fig. 4 rameters are the same as that in Fig. 2.
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600 ‘ ; 300 . ; ;
(a) A=2v,,
. A=dy,
o N e AsbYy, o 200 T ]
o / ~ =
< 300 N 1 > = A=Y, =67,
7o) . \ - 31° 21 31
= L A=Yy 1, =67, (a)
= AN = 100 N 1
L Y o A=2‘YSI’ 721=10Y3l
\ ...........................
0 0 1 il 1 1
0 15 20 0 0.2 0.4 0.6 0.8 1
Ky
5 :
i 3 ; K —
4+ P g
>3- i K 2 e
) P/ >
W\ e _-a-/ 1 e A=Y =6,
................................... (b) - A=Y 1,6,
10 15 26 — A=y, 1,510y,
0 1 1 L 1 [
0 0.2 0.4 0.6 0.8 1

K/\(31
FIG. 6. (a) Calculated inversionless laser intenditand (b) the
amplitude variance/(w=0) versusy,,. The normalized number

of atoms inside the cavity ibl(g/y3;)?=20 000. The unspecified ) ) ) )
parameters are the same as that in Fig. 2. FIG. 7. (a) Calculated inversionless laser intenditand (b) the

amplitude varianc®/(w=0) versusk. The normalized number of

. o ) . atoms inside the cavity i8l(g/y3;)>=20 000. The unspecified pa-
the laser intensity is higher, but the random noises introduceg, \aters are the same as that in Fig. 2.

by the incoherent pump are much greater, which also leads

to a largerV value. This behavior is shown more systemati-

cally in Fig. 5, which plots the calculated laser intendity

and the amplitude variancé(w=0) versus the incoherent decay ratex with a fixed number of atom# inside the
pump rateA for severaly,, values. The laser intensityis a  cavity. As expected, the intensity fluctuatiovisncrease and
monotonically increasing function ok, but the amplitude the intensityl decreases with increasingvalues. Wherk
variance has a minimum value occurring at an intermediat@eaches zero, the intensity fluctuationsapproach the limit-

A value. Since the incoherent pumpexcites the atoms into  ing value 1. This is similar to Poissonian photon statistics for
the upper lasing state, the larger thevalue, the larger the conventional inversion lasers at the high-intensity limit. We
laser intensity. However, besides the spontaneous emissig{lso calculated the amplitude fluctuatiovisas a function of
from the upper lasing stai@), the incoherent pump causes the Rabi frequency) under various conditions, and found
dephasing of the atomic coherenkg that is responsible for 5ty is always greater than 1. The minimofvalues occur

gain in theV system. Once the laser is above the threshold, &; 5 intermediaté) value and after that the amplitude fluc-
larger A always adds more noises to the laser amp“t“detuations increase with increasity values

Figure 6 shows the calculated intensitynd the amplitude
varianceV versusvy,; with several incoherent pump rates
A for a fixed number of atomN inside the cavity. It is seen
that the inversionless laser only works at intermedigie
values for a given incoherent pump rdte As shown by Eq. . . o )
(12), a sufficiently largey,; is required in order for the/ We have calculated the mte_nsny and statistical properties
system to exhibit the inversionless gain. At a large;  ©f @ three—Ieng V-type mversmnlgss Iaser. Well above the
value, the inversionless gain is reduced and the lasing thresireshold, the inversionless laser intensity saturates, becomes
old is higher, so the laser intensity becomes smaller. Furtheindependent of the number of the atoms inside the cavity,
more, a largery,; adds more noises to the atomic coherenceand is proportional to the pump laser intensity. In contrast to
J,3, which increases the laser amplitude fluctuations. Therethe amplitude squeezing of the inversionless laser from a
fore the laser amplitude variance increases wjth after  three-levelA-type system, no amplitude squeezing is found
reaching above the threshold. Figure 7 shows the calculatdd the V-type inversionless laser. In both V andsystems,
intensity | and the amplitude variancé versus the cavity light amplification is induced by the atomic coherence gen-

[ll. CONCLUSION
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erated in a two-photon scattering process. The atomic cohetion for the inversionless laser from the three-level V-type
ence associated with the two ground states ik aystem is ~ system.

largely free from the influence of the quantum fluctuations

due to spontaneous emission. In a V system, the atomic co- ACKNOWLEDGMENTS
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