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Optimal control of optical pulse propagation in a medium of three-level systems
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We develop an optimal control technique (QCT) in order to design a secondary optical pulse that can control
the propagation of an arbitrary primary optical pulse in a medium consisting of three-level systems. The output

primary pulse shape can be manipulated by designing the shape of the secondary pulse. The OCT is shown to
be better than the earlier proposed pulse schemes for protecting the magnitude and shape of the primary pulse
from reshaping by the medium.

PACS number(s): 42.65.Re, 32.80.Qk, 42.50.Gy, 42.25.Bs

The cooperation of two optical pulses propagating in a
medium leads to a variety of quantum coherent phenomena
such as simulton propagation [1], Raman solitons [2], and

lasing without inversion [3].Recently, interest has been ex-
pressed in electromagnetically induced transparency (EIT)
[4], where the absorption of a primary pulse can be greatly
reduced by applying a strong controlling pulse. It was shown
that a superposition of the two pulses, termed as the dressed-
field pulse, was unchanged during the propagation [5].Hioe
and Grobe gave general analytic solutions for a pair of soli-
tary waves that can propagate through three- and five-level
systems with their shapes invariant [6].

The matched pulse scheme (MPS) proposed by Harris [4]
calls for the primary and the controlling pulses to have the
same shapes. Though the absorption of the primary pulse is
greatly reduced, it still suffers a front edge loss, and the
shape is distorted especially when the intensity of the con-
trolling pulse is limited. The solitary wave pairs of Hioe and
Grobe vary widely in shape, but they do not cover an arbi-
trary pulse shape. Furthermore, the medium is required to be
in particular initial states. A natural question is, given an
arbitrary incident primary pulse and initial states of the
sample (for example, all atoms being in their ground states),
how may one design a controlling pulse so that the primary
pulse suffers the least absorption and shape distortion during
the propagation? We will develop an optimal control tech-
nique (OCT) to solve this problem and compare the results
with the MPS.

Recently, there has been considerable interest in the con-
trol of atomic or molecular dynamics by appropriately de-
signed laser pulses for various purposes, such as population
inversion [7—9), population transfer [10,11], and selective
[12] and efficient [13,14] dissociation of molecules. In all
these works, the absorption and reshaping of the controlling
pulse by the atomic and molecular system are neglected. This
is valid for controlling the dynamics of a medium with low
atomic or molecular density. In many applications such as
optically driven unimolecular reactions in condensed media
or the gas phase with sufficient high density, the absorption
and reshaping of the controlling pulse cannot be neglected.
This reshaping of the field presents a major difficulty for
existing OCT codes for controlling field design. In this Rapid
Communication, we extend the OCT to systematically ac-
count for pulse absorption and reshaping by incorporating
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FIG. 1. A sketch of the atomic energy levels, connected by
resonant primary (Q~) and controlling (0,) pulses.

the Maxwell equations, which extends the design capabilities
of the OCT to optically dense media.

Recent experiments with the EIT have been performed in
an atomic gas [15] where the atoms can be modeled as a
three-level A system, shown in Fig. 1 [4,5,15]. In general, a
more complex multilevel system can arise, and here we dem-
onstrate the nature of control with a three-level A system. In
the slowly varying amplitude approximation and the
rotating-wave approximation, the Schrodinger-Maxwell
equations that describe the propagation of two pulses are
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~2), ~3). Level ~3) decays to other states (not ~1) and ~2))
with rate I'3. Note that we have used the moving frame,
where the dot denotes the derivative with respect to
r= t z—/c, with z, t being the spatial and time coordinates,
and c being the velocity of light. z' is the pulse penetration
distance measured in units of the primary pulse absorption
length; i.e., z'=uz, with u=8mk+p /I'3 being the ab-

sorption coefficient of the primary pulse. Here N is the
atomic density.

%e have assumed that both pulses have no phase modu-
lation and thus a;, Q~, are real. Phase modulation can be
included by allowing a;, Q~, to be complex in Eq. (1).The
extension of the OCT to include phase modulation is
straightforward.

For a given incident primary pulse Q~(z' = O, r), we want
to design the incident controlling pulse Q,(z' =O, r) so that
the output primary pulse has the desired shape Q„(r) (refer-
ence pulse). For this purpose, we construct the following
objective functional:
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The variations of J with respect to a;(z', T) and Q~,(L, r)
must also vanish. This leads to the boundary conditions

where T is the pulse duration of the incident primary pulse
and L is the thickness of the sample measured in units of the
primary pulse absorption length. The first term measures the
deviation of the output primary pulse from the reference
pulse Q„(r), with w(r))0 being a weight function. The
second term is the cost of the fluence of the controlling
pulse, with P&0 being a weight factor. Since we want to
match the output primary pulse with the reference pulse
while keeping the cost as small as possible, we need to find
the optimal incident controlling pulse Q, (O, r) that mini-

mizes J. Lagrange multipliers X.J, j=1,2,3 and X~, are in-

troduced in an augmented cost functional J to include the
constraint of satisfying the Schrodinger-Maxwell equations

P.~(L, r) = [Q„(r) —Q~(L, r) ]w( r),

li.,(L, r) =0,

X,(z', T) =kz(z', T) =k3(z', T) =0.
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The coupled first-order partial differential equations (1), (4),
and (5) with the initial and boundary conditions can be
solved iteratively. The algorithm we used is as follows: (i)
Choose an initial trial controlling pulse Q, (O, r) over the
range 0~ r~ T (ii) Propa.gate the Schrodinger-Maxwell
equations, Eq. (1), from r=O, z'=0 to r=T, z'=L, with
the given initial conditions and time dependence of the two
pulses at z' = 0. (iii) Set up the boundary conditions from Eq.
(6) and propagate Eq. (4) from r= T, z' =L to r—0, z ' =0.
(iv) Update the new controlling pulse
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The new cost functional J may be minimized with no con-
straint except the initial condition a;(z', r=O) =a;p(z'),
i = 1,2,3. The necessary conditions for a solution are that the
variations of J with respect to a;(z', r), k;(z', r),
k~, (z', r), and Q~, (z', r) vanish. This leads to Eq. (1) and

where AT/BQ, (O, r) can be calculated from Eq. (5), and u is
a positive constant. A linear search is then made for the best
values of u for making Q,'(O, r) generate the minimum ob-
jective J. (v) Repeat (ii)—(iv) until Q,' converges and hope-
fully deviates very little from A, .

In our numerical calculations, we choose k, /k~=0. 6,
p,,= p~, I'3=0.5 cm ', L =50, and P=10 . The atoms
are assumed to be in level ~1) initially, i.e., a,p(z')=1,
a2p(z')=a3p(z')=0. The incident primary pulse Q~(0, r)
is confined between 0(r(T and equal to 0.1 sin(trr/T)
cm with T=5 ns. The weight function is chosen to be
w(r)=exp( —4v /T ). We chose to put more weight on
matching the output primary pulse Q~(L, r) and the refer-
ence pulse Q„(r) at short times, which is the most difficult to
match according to our experience.
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FIG. 2. (a) Incident primary pulse 0 (O, r) (solid line), out-

putprimary pulse from the OCT, 0 (L, r) (dashed line), and out-

put primary pulse from the MPS, 0 (L, r) (dotted line). (b) Con-

trolling pulse designed by the OCT, 0, (0, r).

FIG. 3. (a) Reduced incident primary pulse 0.90~(0,r) (solid
line) and the output primary pulse from the OCT, 0 (L, r)
(dashed line). (b) Controlling pulse designed by the OCT,

0, (O, r).

We first choose the reference pulse as Q„(r)=Q~(O, r);
i.e., we want the output primary pulse to be identical to the
incident one. In Fig. 2, we display the controlling pulse

0, (0, r) designed by the OCT [Fig. 2(b)], and the resulting

output primary pulse 0 (L, r) [Fig. 2(a), dashed line].
0 (L, r) matches the incident primary pulse A~(O, r) [solid
line in Fig. 2(a)] pretty well. Our numerical results also show
that the primary pulse is almost unchanged during the propa-
gation.

In the MPS, the controlling pulse II, (O, r) has an enve-

lope identical to the incident primary pulse; i.e., 0, (O, r)
=bQ~(O, r), with b being a constant. The resulting output
primary pulse Q~(L, r) can fit the incident one perfectly as

long as b is sufficiently large. However, in order for the
controlling pulse to be practical, we have to impose a con-
straint on its fluence. We therefore chose b such that

A, (O, r) has the same fluence as 0, (0, ); i.e., b
= fodr)Q, (O, r)~ /fodr)Q~(O, r)~ . The resulting output

primary pulse fI (L, r) from the MPS is shown by the

dotted line in Fig. 2(a). It has a sharp rising edge and does
not keep the symmetric form of the incident primary pulse.
The dashed line overall matches the solid line better, which
means that the OCT is better than the MPS in protecting the
magnitude and shape of the primary pulse.

Since all atoms are initially in level ~1), the absorption of
the primary pulse is inevitable. Therefore the output primary
pulse is always smaller than the incident one and a complete
protection of its magnitude and shape is impossible. How-
ever, we can obtain a better protection of the pulse shape if
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FIG. 4. (a) Reference pulse confined to be nonzero between

0.1T(t(0.9T, Q„(r)=0.08 sin[(t —0.1T)m/(0. 8T)] (solid line),
and the output primary pulse from the OCT, Q (L, r) (dashed

line). (b) Controlling pulse designed by the OCT, 0, (0, r).
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we allow its magnitude to decrease (absorbed by the me-
dium) a little bit. For example, we can choose A„(r)
=0.9Q~(O, r). After all, it is usually the pulse shape rather
than its absolute magnitude that is important. The controlling
pulse designed by the OCT is displayed in Fig. 3(b), and the
resulting output primary pulse fl (L, r) is shown in Fig.
3(a) by the dashed line. The solid line in Fig. 3(a) is
0.90&(0,r) A.nearly perfect match is obtained. Note that in
the MPS, the best rnatch one can get is shown in Fig. 2(a) by
the dotted line.

Since there is a no limitation on the choice of the refer-
ence pulse A„(r) (as long as it is smaller than the incident
primary pulse), one should be able to manipulate the output
primary pulse shape by properly designing the controlling
pulse. We give one more example where Q„(r) is confined
between 0.1T(t(0.9T and equal to 0.08 sin[(r —0.1T)vr/

(0.8T)] cm . This reference pulse is obtained by compress-
ing both the magnitude and the duration of the incident pri-
mary pulse by 20%. The controlling pulse designed by the
OCT is displayed in Fig. 4(b), and the resulting output pri-
mary pulse f), (L, r) matches A„(r) almost perfectly [see
Fig. 4(a)].

Figures 2—4 show that the controlling pulses designed by
the OCT are nonzero at r= 0; i.e., there is an infinitely steep
rising edge, which is difficult to achieve practically. This
discontinuity at 7 =0 is due to the fact that we confined the
controlling pulse to be over the range O~t~T. In our nu-
merical calculation, we have assumed that all the atoms are
in level ~1) initially. For this special initial condition, the
controlling pulse, which is resonant with the ~2)-~3) transi-
tion, does not affect the atoms for r(0 (i.e., before the in-
cident of the primary pulse). Therefore we can assign an
arbitrary smooth rising edge that starts from some negative
time to the optimal controlling pulses shown in Figs. 2—4.
The creation of these smooth nanosecond controlling pulses
in the laboratory should be feasible with current pulse shap-

ing techniques [16], provided the overall bandwidth is not
too large and the carrier frequency is in an accessible region.

For general initial conditions, we need to confine the con-
trolling pulse over the range —To~ 7.~ T and set the range of
time integration in Eq. (2) from —To to T. For To suffi-
ciently large, we can obtain a controlling pulse with a
smooth rising edge starting from some negative time.

In summary, we develop an OCT for controlling the
propagation of a primary optical pulse using a secondary
controlling pulse. The absorption and reshaping of the con-
trolling pulse by the medium is automatically incorporated in
the OCT, which extends the powerful design capabilities of
OCT to optically dense media. For arbitrary initial conditions
of the medium and incident primary pulse shape, the OCT
designs the controlling pulse to obtain an arbitrary desired
output primary pulse. This procedure is especially useful for
complicated primary pulse shapes where design by physical
intuition fails. The OCT will provide the control pulse best
able to meet the desired primary pulse objective. With a con-
straint on the fluence, the controlling pulse designed by the
OCT is better than that of the MPS for protecting the shape
and magnitude of the primary pulse. One can obtain better
protection of the pulse shape if small absorptions are al-
lowed. Figures 2 and 3 show that the peak of the optimal
controlling pulse 0,. (0,7) precedes the peak of the primary
pulse. This counterintuitive order can be explained as fol-
lows: the two-photon transition from

~
1) to ~2) creates a trap

state that is immune to further absorption [4].Therefore the
absorption of the primary pulse is a minimum when the two-
photon transition (population transfer) is most effective,
which requires that the primary and the controlling pulses be
incident in counterintuitive order [10,17].
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