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Self-induced modulation and compression of an ultracold atomic cloud in
a nonlinear atomic cavity
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We consider a sample of ultracold atoms inside an atomic cavity and driven by a laser field. We show
that this field acts e6'ectively as a nonlinear "light crystal" for the intracavity atomic wave, which in turn
can cause self-modulation and compression of ultracold atomic wave packets. The analogy to the con-
ventional compression technique of optical pulses in a nonlinear optical cavity is discussed.

PACS number(s): 42.50.Vk, 32.80.—t

I. INTRODUCTION

Atom optics, which exploits the wavelike nature of
atoms, has led in recent years to a number of develop-
ments, including the prediction and demonstration of
atom interferometers [1—3], atomic gratings [4,5], atomic
mirrors [6,7], and atomic cavities [8—10]. In combina-
tion with recent progress in atomic cooling and trapping,
this work has recently been extended to include many-
atorn eItects for ultracold atoms. In the ultracold regime,
it is best to think of the atoms as a quantum field. The
analogy between the matter fields of ultracold atoms and
the electromagnetic fields of conventional optics has led
to an extension of atom-optics research toward the study
of the quantum statistics of ultracold atoms as well as
nonlinear atom optics [11—21].

In this paper, we apply the general formalism of non-
linear atom optics to the analysis of a potential geometry
which yields modulation and compression of an ultracold
atomic cloud. Specifically, we consider an ultracold
atomic cloud trapped in a cavity formed by two spatially
separated atomic mirrors in the longitudinal direction x
of the atomic center-of-mass motion, and a harmonic
trap in the transverse direction. In addition, a laser beam
perpendicular to the cavity axis induces an efFective non-
linear atomic interaction via photon exchange and ab-
sorption. A schematic diagram of this arrangement is
shown in Fig. 1. The cavity is perpendicular to the direc-
tion of the earth s gravitational field, so that its longitudi-
nal modes are not affected by the earth's gravity. The
purpose of the harmonic trap in the transverse direction
is to prevent the atoms from falling out of the cavity due
to gravity. The transverse confinement could be provided
by, for example, a magneto-optical trap. The remainder
of this paper is organized as follows. Section II reviews
the general formalism of nonlinear atom optics and
discusses the modes of the atomic cavity under considera-
tion. Section III then analyzes the self-induced modula-
tion and compression of an ultracold atomic cloud in the

nonliner atomic cavity. Finally, Sec. IV gives our sum-
mary and conclusions.

II. GENERAL FORMALISM
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FIG. 1. Schematic diagram of the nonlinear atomic cavity.

A general quantum field theory of ultracold atoms in-
teracting with a light wave has been recently developed
[11—13, 15, 16, 19]. The basic idea of this theory is to
treat the ultracold atomic ensemble as an X-component
vector quantum field, each component corresponding to
one of the electronic states of the atoms. For example, in
the case of two-level atoms, this would be a two-
component field %(r)='P, (r) I)+%&(r) 2) with I) and
~2) denoting the inter~al ground state and excited atomic
state, and 0', (r ) and 0'z(r ) being the corresponding atom-
ic field operators. Further, the ground state ~1) is as-
sumed to be the lowest-energy state of the atoms so that
it does not decay spontaneously. When the ultracold
atomic ensemble interacts with a laser beam, the dynamic
evolution of the ensemble can be described either by a
vector nonlinear stochastic Schrodinger equation
[12,15,16] or by a nonlinear master equation [19]. We
adopt the former point of view in the present paper.

When the atoms are confined inside a cavity, their in-
teraction time with the laser beam can be significantly
longer than the times characterizing their dipole interac-
tion with light, namely, the inverse spontaneous emission
rate of the excited states, the inverse atom-field detun-
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ings, and the inverse Rabi frequencies of the various tran-
sitions under consideration. Assuming then detunings
large enough that the excited states can be adiabatically
eliminated, the dynamics of the ultracold atomic ensem-
ble is approximately determined by a reduced Heisenberg
equation of motion for the atomic ground-state quantum
field operation [12,15,16], which can be taken to be scalar
for the case of a nondegenerate ground state. This equa-
tion is of the general form

g2q2i' = — + V,„(r)+ V(r )+ Vz (r )

+ Jd r'Q(r, r')p&(r')p, (r')+, (r ),

is the light-induced single-atom potential, Vii (r ) is a ran-
dom potential which accounts for the random scattering
of atoms due to spontaneous emission [12,16], and

fiy ~II(r)~ 5(5—iy/2)
2(5 +y /4)

X W(r r')—cos[kL (y —y') ] (2a)

is the two-body dipole-dipole interaction potential, which
originates from the photon exchange between ultracold
atoms during spontaneous emission. The function

where m is the atomic mass, V,„(r) is the external poten-
tial,

V(r)=iri~Q(r)~ (5—iy/2}/(45 +y )

cos(ki ~r r'~ )—
(kL /r —r'/)'

cos(kL /r —r'/) sin(kL r r'[)—
W(r r')= ———sin j9 +(1—3cos 0) +

4
(2b)

determines the spatial distribution of the dipole-dipole in-
teraction, and 0 is the angle between the dipole moment
p and the relative position vector r —r'. In expression
(2a), we have denoted the spontaneous emission rate of
the excited-state atoms y, the detuning of the laser beam
from the atomic resonance 6, the wave number of the
laser kL, and the Rabi frequency O(r ) =2p, E(r )/A', with
E(r) the field strength of the laser beam. Both the
single-atom potential V(r ) and the two-body interaction
potential Q(r, r') are non-Hermitian complex potentials,
their complex nature arising from the spontaneous decay
of the excited-state atoms. The imaginary parts of the
complex potentials and the random potential Vii(r ) ac-
count for the inelastic scattering of atoms into other in-
coherent channels [16,22] during the spontaneous emis-
sion. The external potential is assumed to have the form
V,„(r) = VL (x)+ VT(y, z). In this paper, we assume that
the atomic mirrors have perfect reAection, so that the
longitudinal potential has the property VL(x)=0 for
0(x (L, and VL(x)= oo at the two ends of the cavity
x =0 and x =L. The transverse potential has the form
VT(y, z) =mgy+mv (y +z )/2 with v denoting the
transverse trapping frequency of the atomic cavity, and
may be supplied by, e.g., a magneto-optical trap.

In general, the absorption of the laser beam by the ul-
tracold atoms will result in a spatial variation of the Rabi
frequency, which depends on the density distribution
p(r)=% (r)%(r) for the ultracold atomic ensemble. In
the regime of weak absorption and in the slowly varying
envelope approximation, the correct Rabi frequency due
to photon absorption has the form [15,16]

~n(r ) ~'= [n~(x, z)]'

+ + bulgy
9y Bz

+ —,'m v (y +z ) yT =ET' (4)

Equation (4) determines the transverse displaced
Hermite-Gaussian eigenmodes of the atomic cavity,

(2n+mn im i)
—1/2

nm

W,~
(y+g/v ) +z

exp
2W

y+g/v z

I

where Qo is the peak Rabi frequency determined by the
initial peak laser intensity, the function F (x,z) describes
the transverse profile of the laser beam incident perpen-
dicular to the cavity axis, and the laser wavelength is
denoted as A,L. In principle, Eqs. (1)—(3) completely
determine the dynamic evolution of the atomic cloud in
the nonlinear atomic cavity. It is, however, dificult in
general to obtain a direct solution of these equations.
Here we assume for simplicity that the external trans-
verse trapping potential VT(y, z) is sufficiently strong
compared to the two-body interaction that the transverse
center-of-mass motion is approximately determined by
the single-atom behavior. Under this assumption, we
have the eigenvalue problem for the transverse motion of
the atoms

3ArL
X 1—

42+ y2 2m'

X f 4 (x,y', z)%(x,y', z)dy' (3)

with the eigenvalues ET" =(n +m + —,
' )iriv —mg /2v .

The width of the ground transverse mode is defined as
WT=/i'/mv. From Eq. (5}, we see that the earth' s
gravity only results in a displacement of the atomic
center of mass in the y direction.
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III. SELF-INDUCED MODULATION
AND COMPRESSION

Our main purpose is to study the nonlinear dynamics
of an ultracold atomic cloud loaded in the atomic cavity.
To simplify our discussion, we consider a simple case
where the transverse profile of the initial atomic cloud
matches the transverse ground mode (m =n =0) of the
atomic cavity given in Eq. (5). In a magneto-optical trap
this is the case if we assume that the atoms occupy the
ground mode prior to applying the laser field. In addi-
tion, to obtain a nonlinear interaction for an extended
time, we choose the incident laser beamwidth to fill the
atomic cavity so that the profile factor E(y, z)=1 in the
cavity. Under these assumptions, the three-dimensional
problem can be reduced to one dimension by introducing
the approximate expression of the atomic quantum field
operator

yields a reduced one-dimensional nonlinear Schrodinger
equation for the longitudinal envelope atomic quantum
field operator P(x, t),

ay ~ a +V()
Bt 2m

+ Vo 1 —i [1—~, P (x)P(x)0

—xzP (x)P(x)] P, (7a)

where Vo =iiiA205/(45 +y ), the characteristic length as-
sociated with the nonlinearity due to photon absorption
is

~, =3ALy /[(2~) ~ (45 +y )WT],

%i(r, t) =yT (y, z)$(x, t)exp( iET t/k—), (6)
and the characteristic length associated with the photon
exchange is determined by

this approximation being valid as long as the transverse
motion is confined to the ground mode. Substituting Eq.
(6) into Eqs. (1)—(3), in the ultracold regime [13,15,16],

~q= [yM,~/[4vr WT(o +y /4)]JP .

The parameter P has the definition

k~L (gy+kLg/v ) +g,P—= f dg„ f dg f dg, W(g)cos(g )exp
0 —oo —oo (kL WT )

(7b)

In the derivation of Eq. (7a), we have assumed that the
atomic field is slowly varying in the longitudinal direction
compared to the optical wavelength A,L. We point out
that the integral in the expression (7b) may be divergent
for the dipole-dipole interaction potential defined by Eq.
(2b). However, such a divergence can be avoided by not-
ing that the spatial orientation of the atomic dipole mo-
ment p is uncertain for real atomic samples. In this case,
the real long-range dipole-dipole interaction potential
should be given by integrating over angle 8 in Eq. (2b).
As a result, we have the function W(g)= —cos(g)/4g

I

which leads to a finite characteristic length ~&. In addi-
tion, we remark that if we had not made the single-
transverse-mode approximation (6), then we would be
faced with a three-dimensional nonlinear Schrodinger
equation including the transverse potential. This does
not pose any conceptual problems but here our intention
is to highlight the longitudinal dynamics in Eq. (7a).

To study nonlinear effects in the atomic cavity, we con-
sider a coherent ultracold atomic cloud composed of X
bosonic atoms in the macroscopic single quantum state
described by the wave function

f«, fdx, fd ~x~( „x„x.. . , ~x, )Pr'( x)P'( x) P'(x~) lO) .
1

X! (8)

For a large atom number %, and in the time-dependent
Hartree approximation, the envelope wave function
4&(x „x2, . . . , x~, t) then satisfies the c-number nonlinear
Schrodinger equation [23,15]

.~ 8@ fi 8
( )

Bt 2m Q~~

+ V 1 i [1——~(N —1)
l
@

l ]26

where ~=sc, +~& is the total characteristic length deter-
mined by the atomic nonlinearity. The physics implicit
in Eq. (9) is quite transparent. The imaginary part of the

linear potential accounts for the spontaneous emission
loss of ground-state atoms due to inelastic scattering of
atoms into other incoherent channels. The real part of
the nonlinear potential is analogous to the Kerr-type non-
linearity of conventional nonlinear optics; finally, the
imaginary part of the nonlinear potential is similar to the
self-saturation nonlinearity of conventional nonlinear op-
tics. Hence we conclude that the laser beam acts as a
nonlinear absorption "crystal" for the cold atomic wave
when the effects of spontaneous emission are included. In
view of this discussion, it is clear that the proposed non-
linear atomic cavity is analogous to a conventional opti-
cal cavity with saturable absorber [24]. Here the laser
beam plays the role of the saturation absorption cell for
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the atoms.
To solve Eq. (9), a direct method is to expand the en-

velope wave function @(x,t) in terms of the longitudinal
modes of the (linear) atomic cavity. For our numerical
simulations, we assume that an initial coherent ultracold
atomic cloud is released at the center of the atomic cavity
with velocity v 0=A'Ko/m along the x direction. If the
atomic cloud is prepared in a harmonic trap as a pure
state, we expect that the initial condition for Eq. (9) has
the form

@(x,0)=, exp —
z +iKox, (10)

1 (x L /2—)

( m. W„)'i 2W,

n= —n +10

1/2
2a (t)n

(n +no)m. x
sin

L

Substituting expression (11) into Eq. (9) and using the ini-
tial condition (10), we obtain a set of nonlinear coupled
equations for the intracavity cold atomic waves,

Ba„
a7.

n "0 . . y= —i n+ + a„—ic 1 —i a„
2no 2 " 25

+is 1 i y —ga„' + aa
.w

with the initial condition

2&m. W„
a„(0)=

+ —,'pa~*+ „a a, (12)
w

where 8'„ is the initial atomic beamwidth in the longitu-
dinal direction. Such a moving Gaussian wave packet
will initially excite several longitudinal modes of the
atomic cavity around an averaged mode index
no =KOL/n where no, although it does not need to be, is
assumed to be an integer for convenience. We can then
expand the envelope wave function in terms of the cavity
longitudinal modes in the normalized form

' 1/2

@(x,t) =

cloud po=(N —1)/~ W WT. Equation (12) is the basis
for our study of the intracavity dynamics of an ultracold
atomic cloud of bosonic atoms. Three typical cases are
considered in our simulations. In the first case, the laser
field is turned off and the atomic cloud experiences a
linear evolution in the atomic cavity. The result is shown
in Fig. 2. We see that the initial atomic cloud moves
from the center of the cavity to the right-end mirror and
then experiences repeated refIections between the two
cavity mirrors. At every reAection period m. , the spatial
distribution of the atomic cloud repeats its initial shape.

When the laser field is turned on, the motion of the
atomic cloud is affected by its interaction with light. In
terms of Eq. (12), this interaction leads to a loss and a
nonlinearity for the intracavity atomic wave. The magni-
tude of the loss and the nonlinearity of atoms can be con-
trolled by choosing both the laser and the atomic param-
eters appropriately. In the example shown here, we
choose a laser detuning large enough to reduce the ran-
dom scattering events of atoms into other incoherent
channels due to spontaneous emission and permit a negli-
gible loss of ground-state atoms in the cavity. In such an
off-resonance regime, the dipole-dipole interaction and
the atomic absorption are weakened as well. However, in
terms of expression (14), one can still obtain a consider-
able nonlinearity by choosing the appropriate peak densi-
ty and the transverse width of the atomic cloud. In this
case, the laser field just acts as a "nonlinear crystal" with
a Kerr-type nonlinearity for the intracavity atomic wave.
Such an atomic nonlinearity results in the self-phase
modulation of the intracavity atomic wave, which causes
the mixing of the cavity eigenmodes. In Fig. 3, we see
that due to nonlinear multimode mixing the spatial distri-
bution of the atomic cloud in the cavity no longer repeats
its initial shape at every reAection period m.. This is fur-
ther illustrated in Figs. 4(a) and 4(b), where we plot the
spatial distributions of the atomic cloud for a sequence of
normalized times separated by the interval vr Figure . 4(a)
shows that instead of the periodic recurrence of Fig. 2,
we now have a situation where the atomic cloud, after
several refiections, exhibits a multipeak structure. The
formation of such a multipeak atomic spatial pattern is
due to the self-modulation of the atomic wave in the pres-

2 N

(n +no)mx
X f dx @(x,0)sin

0
(13)

1.5

Here r=nokm t/mL is a dimensionless time,
c, = VomL /noh ~ is the normalized potential parame-
ter, and

g=v(N —1)/v'm W„

= [y /(45 +y ) ]pa(3 Wr A I /2&2vr+ 5PA I /vr y ) (14)

0.5

0 0

the dimensionless nonlinear characteristic length. In the
expression of the dimensionless nonlinear characteristic
length, we used the peak density of the ultracold atomic

FIG. 2. Dynamic evolution of a coherent ultracold atomic
cloud in a (laser-free) linear atomic cavity. The longitudinal
width of the initial atomic clouds is chosen as 8' =L /4&2.
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FIG. 5. Self-induced compression of the ultracold atomic
cloud in a nonlinear atomic cavity due to the presence of spon-
taneous emission. The laser and atomic parameters chosen for
the simulations are 5=10y, O'„—L/4&2, no=100,g=0.3, and
v=1. The various times are solid line (~=0), dashed line
(~=~), dotted line (~=2m ), and dash-dotted line (v =3m).

FIG. 3. Dynamic evolution of a coherent ultracold atomic
cloud in a laser-driven nonlinear atomic cavity. The laser de-
tuning is chosen to be large enough to give negligible spontane-
ous emission. The other parameters chosen for the simulation
are 8' =L/4&2, no=100,y=0. 3, and E.=1.

the atomic sample density. In terms of Eq. (9), the total
loss of the atomic cavity has the form

I (x)= V y/25%[1 tc(N —1)l@(x)l'] .

ence of the "light crystal. " This atomic self-modulation
is analogous to self-phase modulation of light waves in a
nonlinear optical crystal [25]. Further calculations show
that the nonlinear self-modulation behavior in the atomic
cavity is almost periodic. In Fig. 4(b), which extends Fig.
4(a) to longer times, we see that the multipeak structure
due to self-modulation eventually disappears, to reappear
again after some time. This "revival" is similar to the
modulation instability of conventional nonlinear optics
[26].

Since some loss of ground-state atoms to other in-
coherent channels always occurs due to spontaneous
emission, we finally simulate the intracavity atomic dy-
namics including the effects of spontaneous emission.
The results are plotted in Fig. 5, which displays the
compression of the spatial distribution of the atomic
cloud. The results are plotted in Fig. 5, which displays
the compression of the spatial distribution of the atomic
cloud. This compression is induced by the combined
effects of self-modulation and the intracavity atomic loss.
When spontaneous emission is not negligible, the atoms
in the cavity are partially scattered into incoherent chan-
nels by random photon recoil. The incoherently scat-
tered atoms account for the atomic cavity losses. As we
have seen in Eqs. (9) and (12), for an ultracold atomic
sample the atomic cavity losses depend nonlinearly on

14

Hence the cavity losses depend on the spatial distribution
of the atomic cloud. Figure 6 shows the spatial depen-
dence of the total cavity losses at different times. We see
that the edge of the atomic cloud experiences a larger loss
rate than the center of the cloud. As a result, a dip ap-
pears in the spatially dependent cavity loss rate. The
shape of the dip changes with time, due to the self-
modulation of the atomic density profile. This spatial dip
in the loss rate modifies the atomic cloud and narrows its
spatial distribution at the center of the atomic cavity.
This is similar to passive mode locking in a conventional
optical cavity with a nonlinear absorber [24], which can
be used to compress a coherent light pulse to generate an
ultrashort pulse. The only difference is that the compres-
sion of optical pulses is in the time domain whereas the
compression of the atomic cloud occurs in the spatial
domain.

IV. SUMMARY AND CONCLUSIONS

In conclusion, we have discussed a nonlinear atomic
cavity for ultracold atomic clouds. The atomic non-
linearity in the cavity is induced by the interaction of ul-
tracold atoms with an external laser field. To observe the
nonlinear atomic effect, the density of the atomic cloud
must be high enough to produce the two-body interaction
via photon absorption and exchange in the presence of
the laser field. As an example, we consider an ultracold
cloud of hydrogen atoms &H. The wavelength for the
transition 2S&&2

—
3P&&2 of hydrogen is A,l =0.6563 pm.
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FIG. 4. Self-induced modulation of the ultracold atomic
cloud in a nonlinear atomic cavity. The plotted spatial density
distributions correspond to a sequence of times varying (a) from
~=0 to 5m and (b) from ~=6m to 12~. All other parameters are
the same as in Fig. 3.

0.03
0 0.5

x/L

FIG. 6. Spatially dependent loss rate of the nonlinear atomic
cavity. The parameters are the same as in Fig. 5.
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If the laser frequency is detuned from the atomic reso-
nance by 5= 10y, and transverse confinement produces a
ground-state wave function with O'T=100 pm, then the
peak density for y=0. 3 as used in our calculations must
satisfy the condition poA, L =—', & 1 or p0=3. 5 X 10' cm
Under such a condition, the light wave acts as a non-
linear "crystal" for the intracavity "cold" atomic wave.

In summary, we have predicted the self-induced modu-
lation and compression of the spatial pattern of an ul-
tracold atomic cloud in a nonlinear atomic cavity. The
analogy to the conventional nonlinear optical cavity has
been established, and on that basis we conclude that, un-
der appropriate conditions, the nonlinear atomic cavity

can be employed to generate a short spatially coherent
atomic pulse via atomic mode locking.
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