PHYSICAL REVIEW A

VOLUME 52, NUMBER 6

DECEMBER 1995

Electromagnetic field quantization in absorbing dielectrics

Reza Matloob and Rodney Loudon
Department of Physics, University of Essex, Colchester CO4 3SQ, England

Stephen M. Barnett and John Jeffers
Department of Physics and Applied Physics, University of Strathclyde, Glasgow G4 ONG, Scotland
(Received 27 June 1995)

The electromagnetic field is quantized in dielectric media that show both loss and dispersion. The complex
dielectric function of the medium is assumed to be a known function and the loss is modeled by Langevin
forces in the forms of noise current operators. The noise current correlation function is related to the assumed
dielectric function by the fluctuation-dissipation theorem. Field quantization is carried out for the infinite
homogeneous dielectric, the semi-infinite dielectric, and the dielectric slab, where the fields in the second and
third cases are restricted to propagation perpendicular to the dielectric surfaces. The forms of the vector
potential operator are obtained in the different spatial regions for all three geometries, and in each case the
required canonical commutation relation for the vector potential and its conjugate generalized momentum
operator is verified. The spatial dependence of the vacuum field fluctuations is calculated for the two dielectric

geometries that have surfaces.

PACS number(s): 42.50.—p, 12.20.—m

L. INTRODUCTION

The growth in experiments on quantum optical processes
that take place inside material media has stimulated the de-
velopment of techniques for the quantization of the electro-
magnetic field in dielectrics. There have been several presen-
tations of the quantization procedure for various special
cases of the general problem. The treatments have mainly
considered lossless dielectrics in which the dielectric func-
tion &(r,w) is real, and they cover nondispersive inhomoge-
neous materials with interfaces, in which e(r,w) is indepen-
dent of w [1-3], dispersive homogeneous materials in which
e(r,w) is independent of r [4,5], and, more generally, disper-
sive inhomogeneous materials [6,7]. The quantization has
been carried out explicitly for simple geometries of nondis-
persive media, such as semi-infinite samples [8—10] and
slabs [11], and quantum-optical effects at dielectric interfaces
have been investigated [12]. The general features of quantum
electrodynamics in the presence of dielectrics have also been
studied, with detailed applications to processes in specific
geometries of material media [13], and with a careful deri-
vation of the multipolar form of the Hamiltonian based on
the canonical quantization procedure [14]. These derivations
assume a known phenomenological form for the dielectric
function, but the theory has also been developed for micro-
scopic models in which the oscillator variables of the dielec-
tric are explicitly included, so that the form of the dielectric
function is itself determined by the model; the quantization
procedure employs the coupled polariton modes of the inter-
acting field-oscillator system, and results have been obtained
for both homogeneous [15] and inhomogeneous media [16].

A dielectric that shows dispersion must inevitably be
lossy, in accordance with the Kramers-Kronig relations, and
it is intrinsically inconsistent to assume the presence of one
property without the other. However, the quantization of the
electromagnetic field in lossy, or absorptive, dielectrics is
considerably more complicated since the loss inevitably
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couples the field to a reservoir, whose oscillators act as noise
sources. A relatively simple representation of the loss mecha-
nism is provided by a distribution of fictitious optical beam
splitters in an otherwise lossless dielectric [17]; these remove
a portion of any incident field and also add a corresponding
portion of the reservoir noise fields. More fundamental mi-
croscopic models have also been employed to quantize the
field in terms of polariton and reservoir operators [18—20];
the complex dielectric function in these calculations is again
determined by the model, and the results obtained so far
apply to homogeneous media. They have been used to cal-
culate the vacuum field fluctuation in absorbing dielectrics
[21] and so to find the spontaneous emission rate for an
excited atom; the expression obtained agrees with that de-
rived from fluctuation-dissipation theory, where formal quan-
tization of the electromagnetic field is unnecessary. The
method has also been extended to obtain the field-field cor-
relation function between different space-time points in
terms of the complex permittivity of an arbitrary dielectric
material [22]. Another approach to the problem of quantiza-
tion in lossy dielectrics uses Langevin forces to represent the
noise, and this method has been applied to calculation of
quantum-optical processes in dielectric slabs [23,24] and of
Casimir effects in absorbing media [25].

The aim of the present paper is a more comprehensive
treatment of electromagnetic field quantization in dispersive
and absorbing dielectrics. The cases of an infinite homoge-
neous medium, a semi-infinite medium with a flat surface,
and a plane parallel slab of material are treated for light
beams that propagate perpendicular to the surface with plane
parallel wave fronts and a single linear polarization direction.
The three geometrical arrangements of dielectric are shown
schematically in Fig. 1; brief details of the quantization for
the first two have been given previously [26]. The method of
Langevin forces is used here, but it is shown where appro-
priate that the results agree with microscopic model calcula-
tions, beam splitter models, and Casimir force calculations.
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FIG. 1. Representations of the three spatial arrangements of di-
electric treated, showing notations for the destruction operators
used in the definitions of the vector potential operator, (a) infinite
homogeneous dielectric, (b) semi-infinite dielectric, and (c) dielec-
tric slab. Operators denoted by the same symbols are generally
given by different expressions in the three geometries.

The Langevin method has the advantages that it is valid for
an arbitrary dielectric function and that the avoidance of any
specific model for the dielectric material removes the need
for complicated diagonalization of material, reservoir, and
field variables. The forms of the quantized field expressions
in the different spatial regions are determined for each geo-
metrical arrangement of dielectric, and it is demonstrated
that the canonical commutation requirements are satisfied.
This demonstration provides a rather stringent test of the
accuracy of our calculations [9]. The present paper is re-
stricted to the formal quantization of the electromagnetic
field and the evaluation of vacuum fluctuation spectra. The
resulting operator expressions are easy to use, and they pro-
vide all possible information needed to calculate the devel-
opment of measurable properties of light beams as they
propagate through the dielectric samples.

II. PRELIMINARIES

The dielectric function &(x,w) for the three spatial ar-
rangements of material to be considered is equal to unity in
the free-space regions and is equal to e(w) in regions occu-
pied by the dielectric medium. The complex refractive index
n(w) is related to the material dielectric function £(w) in the
usual way,
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e(w)=[n(w)]?,

where n(w) is related to the real refractive index 7(w) and
extinction coefficient k(w) by

2.1

n(w)=n(w)+ik(w). 2.2)

These functions are defined for positive frequencies, but their
forms for negative frequencies are obtained from the cross-
ing relations [27]

e(~w)=e*(w), n(-w)=n*(w),

7(—w)=n(w), «(-w)=-«(w). (23)
The form of e(w) in the upper half of the complex w plane
is restricted by causality considerations to have neither poles

nor zeros. It also conforms to the limit [27]

e(w)—1 for w— in any manner. (2.4)

The function £(w)—1 has the nature of a generalized sus-
ceptibility, and its properties outlined above are shared by all
functions of similar nature, otherwise known as linear re-
sponse functions or Green functions [28].

We consider electromagnetic waves that propagate paral-
lel to the x axis with their transverse electric and magnetic
vector operators E (x,t) and B’(x,t) parallel to the y and z
axes, respectively. The field operators satisfy Maxwell’s
equations in the forms

IE(x,t) dB(x,1)
ox ot

(2.5)

and

aD(x,t)
Jt

8é(x,t) _
ax

Mo + poj(x,1), (2.6)

where ﬁ(x,t) represents the electric displacement: The trans-
verse current operator f(x,t) plays the role of a Langevin
force associated with the noise sources. The forms of the
Maxwell equations given in (2.5) and (2.6) are identical to
those used by Lifshitz in his derivation of the Casimir force
between two parallel dielectric slabs (see the very clear dis-
cussion in Ref. [29]). An alternative and equivalent formula-
tion [19] expresses the current as a time derivative of a noise
reservoir polarization, which appears in the displacement
term in (2.6). The field operators are separated into positive
and negative frequency components in the usual way:

E(x,)=E*(x,t) +E(x,1),
) ) A (2.7)
B(x,t)=B*(x,t)+B (x,1),

and Fourier transform operators are defined according to

- 1 o N .
ET(x,t :———f dw&t (x,w)e ',
(x.1) Tl (x,w)
(2.8)
R 1 * ” )
Bt (x,t)= —f dw B (x,w)e 1,
(x,1) Bl (x,w)
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with similar separations and transforms for the displacement
and noise current operators. The negative frequency compo-
nents are given by the Hermitian conjugates of the positive
frequency operators.
The Fourier transform displacement operator is defined by
T (x,0)=g08(x,0) & (x,0), (2.9)
and the frequency domain Maxwell equations are obtained
from (2.5) and (2.6) as

A& (x, w)

=7 oot
Ix 0% (x,0)

(2.10)

and

OB x,w) iwe(x,w) , -
B e 2 Er(x,0)+ o (x,w).

@2.11)

It is convenient to express the field operators in terms of a
vector potential operator A(x,t), which has decompositions
similar to (2.7) and (2.8), using the relations

Eip"(x,w) = iw.z%'*(x,w),
R (2.12)
dAT (x,w)

Go+ —
B (x,w)= e

The first Maxwell equation (2.10) is automatically satis-
fied when these expressions are substituted, while the second
Maxwell equation (2.11) gives

P At X, w’e X, W) A ~
_ ( ) _ ( )(/Z““(x,w):,u,o/*(x,w).

ox? c?
(2.13)

The vector potential operator is given by standard Green-
function methods in the form

o

.,7é+(x,w)=Sj dx' Fx,x",0) (x',w), (2.14)

where S is an area of quantization in the y-z plane, perpen-
dicular to the direction of propagation, and the Green func-
tion is determined by solution of

3? w?e X,
(v et
ox

The Fourier-transform Green function defined by

g’(x,x’,w)=%5(x—x’). (2.15)

1 © .
y(x,k,w)=—~—f dx' A x,x',w)e™™ (2.16)
N2mJ -

is easily found for each spatial region, where &(x, w) has the
value unity or e(w), independent of x. It has the form

eth

Mo
L2 ws K —[w?s(x,w)/c?]’

Axk,w)= (2.17)
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and this result is used in the following sections to derive the
forms of the vector potential operator for the various geom-
etries of absorbing dielectric sample.

The form of the generalized momentum operator that is
conjugate to the vector potential in the quantized field theory
is determined by the well-known techniques of Lagrangian
mechanics. The Lagrangian densities of systems formed
from regions of dielectric that do not fill all of space are the
same as that derived for an unbounded dielectric [18], but
modified by appropriate restrictions on the spatial extent of
the matter that forms the sample. The resulting canonical
commutators have the same forms not only in free space and
in unbounded dielectric media, but also more generally in the
semi-infinite dielectric and the slab considered in the present
paper. It is convenient to assume a gauge in which only the
transverse part of the vector potential participates in the
quantization [30]. This could be the Coulomb gauge, in
which the conjugate momentum is —sOE(x,t) and the ca-
nonical commutation relation is

[A(x,),—&oE(x",0)]=(ih/S)8(x—x"), (2.18)
or the multipolar gauge, in which the conjugate momentum
is —ﬁ(x,t) and the canonical commutation relation is

[A(x,t),—D(x',0)]=(ikIS)S(x—x").  (2.19)
These two commutators are mutually consistent because, in a
fully microscopic treatment, soé and D differ by a contribu-
tion proportional to the variables of the dielectric material,
which commute with the vector potential A.

The field commutation relations are closely related to the
commutation properties of the noise current operator, or
Langevin force, in (2.13). For noise that is uncorrelated at
different positions and different frequencies, the latter com-
mutation relation has the form
[T (xw), (x,0)]=a(w)dx—x")w—w'), (2.20)
where the real function a@(w) is determined by the condition
that (2.20) should be consistent with (2.18) and (2.19). The
noise current operators are also assumed satisfy

L/A‘Jr(X,w)/A'Jr(x',w')]=£2_(x,w)(;2_(x’,w')]=0. (2.21)

III. INFINITE HOMOGENEOUS DIELECTRIC
A. Field quantization

We consider in this section the field quantization in an
absorbing dielectric medium that fills all of space. The di-
electric function is accordingly

e(x,w)=¢(w)=[n(w)]?

The coordinate-space Green function is obtained by contour
integration of (2.17) as

for all x. 3.1

1 o -
Ax,x" ,w)= ——f dkAx,k,w)e” **
( =] ks
: G2

iwn(w)\x—x’l)

exp( -

B 2ggcwn(w)S
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and a particular integral solution of (2.13) for the vector
potential operator is obtained with the use of (2.14) as

A (xw) = i f“ It ion(w)|x—x'|
He)= 2ggcwn(w) ) —w *oexp c
Xt (x! ). (3.3)

It is convenient to separate the vector potential operator
into rightwards and leftwards traveling contributions as

J%Jr(x,w):/%;(x,w)-F;@Z(x,w), (3.4)
where
- _ i x , ion(w)(x—x")
g (x,0)= 2ggcwn(w) f_wdx exp( c
X, (x",w) 3.5
and
. _ i © B ion(w)(x—x")
A (x,0)= __—_Zsocwn(w)fx dx exp( —
></:'+(x',w). (3.6)

These rightwards and leftwards vector potential operators
have the commutation properties

[ 2 (x,0), 25 (x,0")]=[ A4 (x,0), 2 (x,0')]

_ a(w)d(w—w')
- 8eicw’|n(w)|*k(w) 3.7)

and

[./Aé;(x,w),.;/ég(x, w')]= [J%Z(x,w),;é;(x,w’ )= ((), :
3.8

where (2.20) has been used.

It is advantageous for the calculations that follow, despite
the accompanying proliferation of symbols, to introduce
boson-type operators as replacements for the operators de-
fined above. We thus define a modified Langevin force op-
erator by

Fx,0)=/" (x,0)/Va(o),

whose commutation relation from (2.20) has the boson form

(3.9

[F(x,0).ff(x",0)]=8x—x")dw—w").

This local commutation property of the force operators also
holds for the bounded media considered in Secs. IV and V.
New operators for the vector potential are introduced by

(3.10)

172

a(w) 2](](',(1)),

8sgcw3[n(w)]zk(a))

A (x,w)= I=R,L,

(3.11)

where the Ax,w) operators also have boson-type commuta-
tion relations when they are evaluated at the same positions,
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[Z(x,0),00(x,0")]=[4(x,0),5(x,0")]= So-o),
(3.12)

[or(x,@),7 (x,0" ) =[5 (x,®),5k(x,0")]=0.

The notation for these rightwards and leftwards operators is
illustrated in Fig. 1(a). They reproduce the vector potential
commutation relations (3.7) and (3.8), and they convert (3.5)
and (3.6) to

12 - . .,
ER(x’w):i<2w+(w)") f dx' exp(M_)c_))

- c
XJ(x' @) (3.13)
and
V2 ;o ) .,
alx,w)=i 20_’::(_“2) J dx’ exP( — z_cﬂz(_a_))c(—x_x_))

X f(x',w).

It will be seen that these operators provide very convenient
representations of the electromagnetic field variables.

(3.14)

B. Canonical commutation relation

In order to evaluate the canonical commutation relation
(2.18), with the electric field operator obtained from (2.12),
we need the commutation relations of the new operators
A x,w) at different positions. These are readily obtained from
(3.10), (3.13), and (3.14), and the results are

[ER(x,w),é;f,(x’,w')]= [2L(xlvw,)’2z(x’w)]
=dw—o")exp{lion(w)(x—x")
—owk(w)|x—x'|1/c} (3.15)

and

[2R('x!w)’;z(x,9w,)]
:[EL(X',(D,),;};(JC,(O)]

2k(w) (a)n(w)(x—xl))
sin
7(w)

3 a)K(a))(x—-x’))

c

=8 w—w')0(x—x")

c

X exp (3.16)

where #(x—x") is the unit step function. It is seen that, apart
from a phase factor in (3.15), the 2 and -, operators obey
independent boson commutation relations in the absence of
dielectric loss, when «(w) =0. However, the presence of loss
produces a decay of the like-operator commutators (3.15)
with spatial separation and a coupling of the leftwards and
rightwards operators in the commutator (3.16). The coupling
is caused by the interaction of these operators with common
noise sources associated with the absorption. A step function
occurs in (3.16) because the two kinds of waves only sample
the same noise sources when they are evaluated at positions
such that they have passed through a common region of the
dielectric. The physical requirements on the quantization
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procedure are, however, expressed not by the commutation
properties of these subsidiary operators but by the canonical
commutation relation (2.18), and with the use of (3.15) and
(3.16) this can be put in the form

—goE(x',1)]
=ifxdw (@)

0 8megcw’ p(w)k(w)

[A(x,1),

o explion(w)|x—x"|/c]
n(w)
exp[ —iwn*(w)|x—x'|/c]
n*(w)
The nature of the function a(w), which was introduced in
the commutation relation (2.20), is determined by the condi-

tion that the right-hand sides of (2.18) and (3.17) should be
identical. Consider the choice

(3.17)

a(w)=4deohw? n(w)rx(w)/S. (3.18)

Then with use of the crossing relations (2.3), (3.17) becomes
[A(x,1),~8oE(x',1)]

ik (= explion(w)|x—x"|/c]
h 27rch @ n(w)

, (3.19)

and with an application of the standard rules for contour
integration, this can be written

[/i(x,t),—soEA(x',t)]

explik(x—x")]
zwzsf d“’J (@)

(3.20)
where there are simple poles in the upper and lower halves of
the complex k plane at k= * wn(w)/c. It is now possible to
perform the integration over w; the w integrand is itself a
linear response function, closely related to the Green func-
tion in (2.17), with no poles in the upper half of the complex
o plane. The integral along the real o axis in (3.20) is there-
fore the negative of the integral around the semicircle at
infinity in the upper half plane, so putting w=p exp (i9), we
find [19]

[A(x,t),—soé(x',t)]=— hmj dﬂf dkp?e?i®
explik(x—x")]
k2c2_p2e2i0[n(peiz9)]2

_ih
27

f_m dk explik(x—x")]

— iﬁ !
——S—é(x—x ), (3.21)

where the property of the complex refractive index obtained
from (2.1) and (2.4), and a standard representation of the

delta function have been used. The required form (2.18) of
the canonical commutator is thus obtained from the quanti-
zation procedure outlined above, and the choice of a(w)
made in (3.18) is justified. The alternative form (2.19) of
canonical commutation relation is also satisfied, as it has the
same integral representation as (3.20) but with an additional
factor of £(w) in the integrand; the end result is exactly the
same as in (3.21) because £(w) has no poles in the upper
half plane and also satisfies (2.4).

The final form of the vector potential operator in a homo-
geneous medium in Fourier space, obtained from (3.11) and
(3.18), is

- fin(w) e
/g;r (x,w)= (W) o(x,w), I=R,L,

(3.22)

and the time-dependent form obtained with the use of (2.8)
and (3.4) is

5 e () 1”2
A" (x,0)= Jo dw(47reocw[n(w)]25)

X [or(x, w)+ o (x,0)]e 1" (3.23)
Corresponding expressions for the electric and magnetic field
operators are derived with the use of (2.12). The latter re-
quires the results

N 12
aﬁRE;;’w) lwniw)fR(x w)+z(72 'Z( ©) flx,w)
(3.24)
and
R 12
z?oLE;;,w) =_lwn£w)q(x w)_l(ZwK(w) Hx.).
(3.25)

which are readily obtained from (3.13) and (3.14). The field
operators are thus

N B . ﬁa)’r](w) 12
E(LO—J;“%Zﬁﬁﬁﬁzﬁﬁ)

X[ og(x, @)+ o (x,w)]e ! (3.26)

and

P+ [ hwn(w) " - ~ —iwt
B (x,t)=lfo dw Wg [or(x, @)=z (x,w)]e .
(3.27)

It would appear from the derivation of the expression
(3.23) for the vector potential operator, from the particular
integral (3.3) onwards, that the complete solution should also
include a complementary function contribution. However,
the destruction operators (3.13) and (3.14) that occur in
(3.23) can be written
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pe(raw) = ;R(xo,w)exp(m—_xfﬁ)

c
12 ) . ot

+i(2wlz(w)) J;de' exp(lwn(w)c(x x ))
Xf(x" @) (x>xp) (3.28)

and

Ax,0) = g @pexp — LI

2ok(w)\ 72 [x jon(w)(x—x")

+i( wlz %) ) L dx'exp(\—-mm wcx x )
Xf(x' ) (xg>x), (3.29)

which have the forms of complementary function plus par-
ticular integral. We note that in an infinite sample of absorb-
ing dielectric material, unlike the semi-infinite and slab
samples, there are no contributions to the solution from
waves incident from outside the dielectric. The forms de-
rived above are therefore complete and the degrees of free-
dom are specified by the continuum of noise currents. The
Hilbert space consists of the electromagnetic vacuum state,
denoted |0), and the excited states produced by application
of combinations of the fAT(x,w).

C. Vacuum field fluctuations

A straightforward application of the quantized field opera-
tor is provided by the derivation of the electric field fluctua-
tion in the vacuum state of the electromagnetic field. Con-
sider first the field-field correlation function in Fourier space,
obtained from (2.12) as

(Olc%(x,w)g(x’,w')lO):ww’(OI.;éJr(x,w)JA{f(x’,w’)IO)
(3.30)

when account is taken of the vanishing of terms in which
destruction operators act directly on the vacuum state |0).
Thus with the use of the form of the vector potential operator
from (3.22) and the commutation relations (3.15) and (3.16),
the field-field correlation function becomes

(0] Z(x,w) &(x",@")|0)

ho | explion(w)|x—x'|/c]

B 2gpcS

n(w)

exp[ —iwn*(w)|x—x'|/c]
n*(w)

Sw—w'). (3.31)

The correlation function can also be expressed in terms of
the coordinate space Green function (3.2) as

(0| &(x,0)&(x" ,0")|0)=2hw® Im[ A x.x",0)](w—o').
(3.32)

The value of the correlation function at a common spatial
position determines the power spectrum . x, w) of the field
fluctuations according to
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(0] &(x, ) &(x,0")|0)=A(x,0) S(w—w'). (3.33)

It follows from (3.31) and (3.32) that the power spectrum is
given by

Fry0) = o )

— 2 4
20cS (@2 2fw® ImAx,x,w).

(3.34)

This expression in terms of the imaginary part of the Green
function agrees with the standard form of the fluctuation-
dissipation theorem [28] (a difference of 27 from the theo-
rem given in this reference is the result of a different con-
vention for Fourier transforms). The same expression for the
field-field correlation function can therefore be obtained ei-
ther from the quantum-mechanical second-quantization pro-
cedure developed here or from the methods of statistical me-
chanics in which the required Green function is determined
classically.

The expression obtained from (3.33) and (3.34) can be
compared. with the transverse field-field correlation function
in a three-dimensional absorbing dielectric [21],

3

(01&7(r,w) &7 (r,w')|0)= nw)dw—w'),

(3.35)

3me c?

which is independent of the extinction coefficient x(w), in
contrast to the one-dimensional correlation function. The
three-dimensional field-field correlation function (3.35) de-
termines the rate of spontaneous emission by an excited atom
embedded in the absorbing dielectric. The one-dimensional
field-field correlation function obtained from (3.33) and
(3.34) similarly determines the rate of spontaneous emission
by an excited system whose radiation is restricted to electro-
magnetic field modes that propagate in only a single dimen-
sion, for example, an infinite two-dimensional dipole sheet
that is coherently excited over its entire area.

The noise-current correlation function is also readily cal-
culated with the use of (3.9), (3.10), and (3.18) in the form

(Oy(x,w)/:'(x',w')|0>:(280ﬁ/5)w2 Im[e(w)]

Xo(x—x")w—w'). (3.36)
This is another example of a correlation function that can be
obtained independently of the quantization procedure by an
application of the fluctuation-dissipation theorem [29].

D. Comparisons with previous work

The expression (3.23) for the vector potential operator is
precisely the same as the form obtained in Eq. (5.21) of Ref.
[19], except for the replacement of n(w) by |n(w)| in the
square-root factor in the integrand of (3.23), which corre-
sponds to an unimportant change in the phase of the destruc-
tion operators defined in (3.11). However, there are impor-
tant differences in the formalisms that lead to the two
expressions. The microscopic model of [19] has the advan-
tages that it derives the explicit diagonalization of the
coupled electromagnetic field, dielectric oscillator, and reser-
voir to construct the overall polariton modes of the system,
and the form of the dielectric function is derived in terms of
the parameters of the model. Much of the derivation in [19]
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considers a dielectric with a single resonance, but the expres-
sions obtained for the quantized fields are not so restricted,
as discussed at the end of Sec. IV in this reference. The
microscopic canonical quantization theory thus provides a
general self-consistent theory of the dielectric properties and
the electromagnetic field operators. On the other hand, the
Langevin force calculation presented above has the advan-
tage that it is simpler, in that the variables of the dielectric
medium need not be considered explicitly, and it is also gen-
eral, in that the dielectric function can have any form con-
sistent with causality requirements. However, the dielectric
function for a particular application is not provided by the
theory, and its form must be obtained from independent cal-
culations or experimental results.

The Langevin force approach has also been used in the
calculation of Casimir forces between a pair of absorbing
dielectric plates [25]. This work applies to a dielectric with a
single resonance and the field is quantized only in the re-
gions of free space around and between the plates. Neverthe-
less, the Langevin force operator within the dielectric is
needed to derive these field operators, and its form can be
compared with that derived here from (3.9) and (3.18). The
two expressions are found to be in exact agreement after
allowances are made for different units and normalization
conventions.

The simplest approach of all to the field quantization rep-
resents the absorption in the dielectric as being caused by a
distribution of beam splitters [17]. Each beam splitter re-
moves a small fraction of the intensity of a propagating light
beam and simultaneously couples a small fraction of vacuum
field into the beam, in such a way that the input and output
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mode operators at the beam splitter both satisfy boson com-
mutation relations. A continuously absorbing material is rep-
resented by the limit of a dense distribution of feeble beam
splitters. The beam splitter model was applied to propagation
in the positive direction and the relation between mode op-
erators at two different points is identical to that given in
(3.28). The relation between mode operators and the electro-
magnetic field operator, analogous to (3.26) was not ob-
tained, but the formalism is adequate for calculation of such
quantities as the effects of propagation on direct detection
noise and on the initial optical squeezing of a light beam

[17].
IV. SEMI-INFINITE DIELECTRIC

A. Field quantization

We consider in this section the field quantization in a
space that is half occupied by vacuum and half by an absorb-
ing dielectric medium. Brief details of the calculations have
been reported previously [26]. The dielectric function is now

e(w)=[n(w)]?

1 for x<O.

for x>0,

4.1

e(x,w)=

The vector potential operator is again determined by (2.13)
and (2.14), with a Green function obtained by solution of
(2.15). The particular integral part of the Fourier-transform
Green function is given by (2.17) but there are now also
complementary function parts, whose coefficients are deter-
mined by the usual electromagnetic boundary conditions at
the interface. A straightforward calculation leads to the result

clw e~ iwx/c
__to , x<O0,
L2ms n(w)+1 k+[own(w)/c]
Ax,k,w)= ) ) (4.2)
Lo (kc/w)+ 1 ezwn(w)x/c ezkx 0
Boas| n(w+1 K—[on(w)/c]? KE—lon(w)c?|” *7
and the corresponding coordinate-space Green function, with x’ assumed positive, is
- iw[n(w)x —x] 0 ~0
J— —_—_— < !
. 2gpcwS (@)exp c oo SR ’
Ax.x' w)= _ 4.3
Ax,x',w) R ion(w)(x+x") N ion(w)|x—x'] 0. =0 .3)
2ggcwn(w)S (@)exp ¢ exp c b T ’
I
where Green function (4.3) for x>0 are typical of interface sys-
tems. Thus the first term corresponds to communication be-
1 tween the points x and x’ via reflection in the interface,
T(w)= R(w)= n(w) (4.4) while the second term corresponds to direct communication
n(w)+1’ (w)+1 between the two points. The first term tends to zero in the

are the usual amplitude transmission and reflection coeffi-
cients, respectively, for light incident on the interface from
the vacuum. The corresponding coefficients for light incident
from the dielectric are, respectively, n(w)7T(w) and
—R(w). The two kinds of terms in the large brackets of the

limit wk(w)x/c>1, while the second term reproduces the
form (3.2) for an infinite homogeneous dielectric. The Green
functions given in (4.3) determine the electromagnetic field
quantization, but in order to calculate the vacuum field fluc-
tuation spectrum, we also need the corresponding expression
in the free space to the left of the interface,
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io(x+x') x=0, and its form is still given by (3.14). The contribution in
Axx',w)= m‘ R(w)exp| — e sr(x,w), which represents a rightwards-traveling wave in the

iwlx—x'
+ eXP(——lc l)] x<0, x'<0. (4.5

The expressions (4.3) and (4.5) agree with more general
Green functions derived for interfaces in three dimensions
[31].

A particular integral solution for the vector potential op-
erator is now obtained by substitution of the Green function
into the integrand of (2.14). However, in contrast to the in-
finite homogeneous dielectric treated in Sec. III, the com-
plete form of the vector potential operator for the semi-
infinite dielectric includes a complementary-function part
that corresponds to a free field incident from the vacuum at
negative x towards the interface at x=0. It is convenient to

write the vector potential operator in the vacuum as
% 172
4mepcwS )

At (x,1)= J_:dw(

X[éR(w)eiwxlc+£}L(w)e—iwx/c]e*iwz, x<0,

(4.6)

where the rightwards-propagating incoming field, corre-
sponding to the contribution with destruction operator
2g(w) with commutator

[og(@),oh(w)]=w—w"), 4.7)

has its well-known free-space form [5]. The leftwards propa-
gating field, corresponding to the contribution with destruc-
tion operator 2;( ), has both a complementary function and
a particular integral part. The complete form of this operator,
determined by the usual electromagnetic boundary condi-
tions and by the Green function (4.3), is

2wn(w)1<(w)) 12

éL<w>=R<w>éR<w>+iT<w)( -

B ion(w)x"\ .
X | dx'exp — f(x', o). (4.8)
0
It is straightforward to show that this leftwards operator has
the simple commutation relation

[z(@),2(0")]= S(w—o"). 4.9)
The notation for incoming and outgoing field operators is
illustrated in Fig. 1(b). Expressions for the electric and mag-
netic field operators for x<<0 are very easily obtained from
(4.6) with the use of (2.12). The expression for the vector
potential operator in the vacuum half-space obtained from
(4.6) and (4.8) agrees with that used in calculations of the
Casimir force between a pair of absorbing dielectric plates
[25] when the plates are coalesced, shifted, and thickened to
form a semi-infinite slab, and account is taken of different
units and normalization conventions.

It is convenient to retain the form (3.23) for the vector
potential operator inside the dielectric. The contribution in
41 (x,w), which represents a leftwards-traveling wave in the
dielectric, is unaffected by the presence of the interface at

dielectric, has a complementary-function part determined by
the electromagnetic boundary conditions and a particular-
integral part determined by the Green function (4.3); the
complete expression for the operator is

n(w) .
r(x,w) ={ 1 T(w)zg(w)+i

2wk(w)|
[7(w)]" c

(iwn(w)x’)A
X S
c

fx" @)

|

—R(w) f dx' exp
0

+ dex’ exp( - M)f(x’,w)
0

c

X exp (4.10)

ion(w)x
c )

This expression reduces to the form (3.13) obtained for the
infinite homogeneous dielectric when wk(w)x/c>1, but in
general there are additional terms that result from the pres-
ence of the interface. It is readily verified that the operator
or(x,w) defined by (4.10) continues to satisfy the relation
(3.24), and the expressions (3.26) and (3.27) for the electric
and magnetic field operators remain valid for x>0 inside the
dielectric. The degrees of freedom for the semi-infinite di-
electric include the incoming field described by zz(w) in
addition to the continuum of noise currents, and the Hilbert
space is correspondingly augmented by the excitations of
this field.

The forms of the Green function for the semi-infinite di-
electric given in (4.2) and (4.3) are useful in themselves for
calculations of the electromagnetic vacuum-field fluctua-
tions, but if these are not required, the vector potential op-
erators can be calculated more directly by a straightforward
application of the boundary conditions [26]. The problem is
essentially that of finding the relation between input and out-
put operators at the interface [32]. Thus with the form of
A*(x,t) given in (4.6) for x<0 and the electric and mag-
netic field operators given in (3.26) and (3.27) for x>0, the
boundary conditions at x=0 give

12
ap(®)+ 2 (w)= %[ER(O,‘!’)*‘;L(O,CU)] (4.11)
and
ar(®) = zp(0)=[ ()] 2(0,0) = 2.(0,0)], (4.12)

where a minor change from Eq. (7) in [26] results from a
different choice of phase in the definition of the destruction
operator (see Sec. III D). These equations can be solved for
the output operators 2; () and Z(0,w) in terms of the input
operators zg(w) and 2 (0,w), regarded as known. The gen-
eral forms (4.8) and (4.10) of the unknown operators are then
easily rederived with the use of (3.14) and (3.28). Note that
the input operator - (x,w), which is expressed entirely in
terms of the noise operators for the absorbing dielectric ac-
cording to (3.14), replaces a free wave incident from + in
the case of a nonabsorbing dielectric [10].
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B. Canonical commutation relation

The evaluation of the canonical commutation relation
(2.18) is more complicated for the semi-infinite dielectric as
the field operators themselves have more complex structures
and there are two spatial regions to consider. Thus in the
vacuum, the basic operator commutation relations are given
by (4.7) and (4.9), with a cross commutator obtained by the
use of (4.8) as

[o1(®),oh(0")]= 80— o' )R(w). (4.13)
The commutation relations of the operators in the dielectric
are obtained from (3.10), (3.14), (4.7), and (4.10) as

[2R<x,w>,22<x',w')]=[2L(x',w'>’2£<x,w)]*=5(w—w'>[ —R(w)exp(

+60(x—x'

\2K((.())

[ER(X,(,()),%E(X/,U),)]

iwn(a))(x—x')—wK(w)lx——x'])

=é‘(w—w’)[ exp( "

) ] Yx+x")
+i——;§Z) [R(w)exp( ___—#zwn(wc(x ul
_R*(w)exp(_#iwn*(wz(x+x’))]]’ (4.14)

the corresponding relation for 7 (x,w) is the same as in
(3.15), and

iwn(w)(x-%—x'))
c

These commutation relations reduce to the forms (3.15) and
(3.16) appropriate to an infinite dielectric medium for points
far from the interface where wk(w)x/c>1. The operators
for the incoming waves on opposite sides of the interface
commute,

[or(w), 25 (x" ") ]=0, (4.16)

but the other pairs of operators in the vacuum and dielectric
half-spaces have the nonzero commutators

S (@) T*(w)
[aR(m,o;(x',w')k5<w—w'>"—~[(—;’()w)—71—,§’—
ion*(w)x'

o Y

[/;/L(w)1;z(x,’w,)]: 5((1)_(.0,)

X[7(@)]"*T(w)explion(w)x'/c],

(4.18)
and
T
o 1 -t T
ion(w)x’
Xexp(———c———), (4.19)

where the forms of the transmission and reflection coeffi-
cients given in (4.4) have been used in simplifying the last
result.

Sin
)

, (wn(w)(x—x >)exp(_w . @)

c C

The canonical commutation relations (2.18) and (2.19)
can now be evaluated with use of the expressions (3.23),
(3.26), and (4.6) for the vector potential and electric field
operators, together with the commutators given above. There
are four cases to check, with both positions x and x’ either in
the vacuum or in the dielectric. Consider first the canonical
commutator (2.18) with both positions in the dielectric. It is
straightforward to show that

[A(x,t),—&oE(x",1)]

N explion(w)(x+x")/c]
—ZWCSJ dw[—R(w) n(w)

— o0

explion(w)|x—x'|/c]

(@) }, x>0, x'>0. (4.20)

The integrals can be evaluated by the same methods as used
in (3.20) and (3.21), and indeed the second term in the large
bracket of (4.20) reproduces the same integral as (3.19),
which gives the desired result for the canonical commutator.
For the first term in the large bracket, we use the property
that R(w) defined in (4.4) is itself a linear response function,
which determines the reflected field produced by an incident
field. Thus, as mentioned after (2.3), causality requires that
the function can have no poles in the upper half of the com-
plex w-plane [33]. Furthermore, in view of (2.1) and (2.4),
R(w) has the property

R(w)—0 for w—oo. 4.21)

Thus, when the contribution of the first term in the large
curly brackets is evaluated by conversion to polar coordi-
nates as in (3.21), the integrand vanishes on the semicircle at
infinity, and this term is zero. The canonical commutator thus
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has the expected form (2.18). When both coordinate posi-
tions lie in the vacuum, the expression (4.20) is replaced by

[A(x,1),—8oE(x",1)]

o

B ih
= 277_Csf_mdw R(w)exp| —

io(x—x")
+exp — x<0, x'<0,

iw(x+x'))

c

(4.22)

but similar arguments show that the first term in the large
curly brackets makes no contribution and the desired result
(2.18) for the canonical commutator is produced by the sec-
ond term. When one position coordinate lies in the vacuum
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and the other in the dielectric, similar reasoning shows that
the canonical commutator vanishes. Thus (2.18) holds for the
entire quantized electromagnetic field associated with the
semi-infinite dielectric and the other form (2.19) of canonical
commutator follows from very similar derivations.

C. Vacuum field fluctuations

The contribution to the electromagnetic field fluctuations
from the modes that propagate perpendicular to the interface
is obtained with the use of the Green functions for the semi-
infinite dielectric given in (4.3) and (4.5). The power spec-
trum needed for substitution in (3.33) is determined by the
fluctuation-dissipation theorem in (3.34) as

hw R n(w)—1 2iwx . <0

,; o 0es R a1 R

Ax,w)=2hw” InHAx,x,0)= b 1 [n(w)—1 2ion(w)x (4.23)
gocS Re[ n(w)|n(w)+1 exp( c )+1”’ x=0.

The fluctuations are seen to be continuous through the inter-
face at x=0, and the result (3.34) for an infinite homoge-
neous medium is reproduced far inside the dielectric where
wk(w)x/c>1.

Figure 2 shows the spatial variation of the field fluctua-
tions in the vicinity of the interface for typical values of the
refractive index and extinction coefficient. The magnitude of
the fluctuation is normalized to its free-space value. The os-
cillations to the left of the interface are a consequence of the
partial standing-wave character of the excitation. The oscil-
lations to the right of the interface decay rapidly to the value
for the homogeneous dielectric given by (3.34). It should be
emphasized that the fluctuations illustrated are only those
associated with the modes that propagate perpendicular to
the interface. The total field fluctuation, including modes that
propagate in all directions, shows quite different behavior.
Thus, for example, even for a lossless dielectric, the
standing-wave form to the left of the interface is removed,
and the total fluctuation decays quite rapidly to its free-space
value [10].

V. DIELECTRIC SLAB

The form of the dielectric function for a slab of thickness
21 is

1 for x<—I,

e(w)=[n(w)]?

1 for I<x.

e(x,w)= for —I<x<l, (5.1)

The vector potential operator is once more determined by
(2.13) and (2.14), with the particular integral part of the Fou-
rier transform Green function given by (2.17). The comple-
mentary function parts of the Green function correspond to
waves that travel away from the slab on both sides and travel
in both directions in the slab interior. Their four coefficients
are determined by imposition of the usual electric and mag-
netic boundary conditions at the two surfaces of the slab. The
calculation is somewhat tedious but essentially straightfor-
ward, and the final expressions for the coordinate-space
Green function, with x’ assumed to lie between —/ and [,
are

o —
o© - (M)
T

relative vacuum fluctuation

o
o

)
(]

10

20
20x/c

FIG. 2. Spatial variation of the spectrum .{x,w) of vacuum
electric field fluctuations close to the surface of a semi-infinite di-
electric, normalized to its free-space value, for complex refractive
index n(w)=1.5+i0.3.
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i io[n(w)x'—x] 2[n(w)—1] iw[3n(w)—1]!
Ax.x' 0)= ——— e et A =
Ax,x',w) TegcwS { V(w)exp( + " ) W(w) D(w) Xp " (5.4)
iojn(w)x"+x
+ W(w)exp( #—]) ] , and
x<-—1, x>I (5.2)

D(w)=[n(w)+11>—[n(w)—1]% exp[4ivn(w)l/c]
where the upper and lower signs refer to the two ranges of x (5.5)

on the left and right of the slab, respectively,

consistent with notation used previously [34] for the spatial

V(w)= 2[n(w)+1] (iw[n(w)— 1]1) (5.3) modes of a lossless dielectric slab. The Green function for
@ D(w) xp c ’ ’ the interior of the slab is
|
L i [n(w)]2—1[ (iwn(w)(2l+x+x’)) (iwn(w)(2l—x—x')
Axx’, )= 2ggcwn(w)S D(w) [exp c exp c
[n(w)—l] [ ion(w)(4l+x—x") ion(w)(4l—x+x")
D(w) {exp B +exp -
ion(w)|x—x'|
expl ———— | —l<x<l, —I<x'<l. (5.6)

The structure of this Green function is typical of slab systems. Thus the first four terms correspond to communication between
the points x and x’ via the four distinct patterns of reflection in the slab surfaces, and the denominator D(w) results from
summation of multiple reflections of the same kinds. The final term corresponds to direct communication between the two

points.

The Green functions (5.2) and (5.6) determine the electromagnetic field quantization, but the calculation of vacuum field
fluctuations also requires the corresponding expressions for positions outside the slab, given by

[n(0)]*—1

i

—iw[2lx(x+x")]

Hxx' w)=

2e9c®S D(w)

|

where the upper and lower signs refer to the left and right of
the slab, respectively. The Green function for positions that
lie on opposite sides of the slab is not needed here. The slab
Green functions (5.2), (5.6), and (5.7) reduce to those for the
semi-infinite dielectric given in (4.3) and (4.5) when the co-
ordinate origin is shifted to the left-hand surface of the slab
and the limit [—cc is taken. Related forms of the Green
function, in the time domain and in Laplace transform space,
have been derived for the absorbing dielectric slab [23].

A particular integral solution for the vector potential op-
erator is now obtained by substitution of the Green function
given by (5.2) and (5.6) into the integrand of (2.14). The
complete solution also contains complementary function
parts that correspond to free fields incident on the slab sur-
faces from the regions of vacuum to its left and right. The
notation for the operators associated with the rightwards and
leftwards parts of the fields in the three spatial regions is
illustrated in Fig. 1(c). The operators for the incoming fields
on the left and right of the slab have the free-space commu-
tators

A

(iw|x—-x’|)] .
+exp——;‘— » XX

c

Jloof #2521

<—1I, x,x'>1, 5.7

ir()]=[F(0),Fi(0)]=8w—0'),
(5.8)

[éR(w)’

similar to (4.7), and the operators for the two kinds of in-
coming wave commute,

[2r(®), 2} (0")]=0, (5.9)

analogous to (4.16).
Consider first the complete fields exterior to the slab. The
field on the left can be written in a form similar to (4.6),

12 '
Ar (x,0)= f (4778 ch) [or(w)e™

+o(w)e i 9¥eleTiot x<—1,  (5.10)
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where the operator for the leftwards-propagating outgoing
field is given by

o1(@)=R(w)ig(w)+Ts(0) 7 (w)
,(an(w)fc(w)> 12
+i| ————

c
X J_lldx'[ V(w)cxp( W)

ion(w)x’

+W(w)exp(— )] f(x’,w), (5.11)

c

and (3.9) and (3.18) have been used. The amplitude trans-
mission and reflection coefficients for the slab are given by
[34]

Ty(w)= ‘Zl((::)) exp(2iw[n(cw)— 111) (5.12)
and
2 .
R(w)=— [n(l(;)()i) 1 . ( 3 2zwl)

X (5.13)

4iwn(w)l
1- exp(——c—) ]

These coefficients reduce to the corresponding expressions
(4.4) for the surface of a semi-infinite dielectric when [—
and account is taken of the different positions chosen for the
coordinate origins in the two cases. The field on the right of
the slab is similarly given by

A+ * h 2 iwx/c
A (x,t)= o do W [/R(w)e

+ 2 (w)e 0¥ eIt x>, (5.14)

n(w) R u
2R(x,w)z{ W[V(w)@(w)+ W(w)s(w)]+i

A

D(w) c

[n(w)—17? (iwn(w)(4l—x’))
exp

and

n(w)

A . [2wk(w) 12
(.jL(x’w)zl W[W(O))@R(@)+V(@)/L(w)]+l<_—‘C ) |:f dx’

[n(w)—17? (iwn(w)(4l+x’)
c

D(w)

2wk(0)\ Y [t ,
=22

flx', o)+ ledx/ exp( — M)f(x/,w)”exp( fﬂ’éw_)x>

}f‘(x’,w)+ fldx’ exp (
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where the operator for the rightwards-propagating outgoing
field is given by

172
P = Ro(w) 1)+ Tt 1 2212

X fl dx’[ V(w)exp( - _—iwn(w)x’)

c

ion(w)x'\] .
+W(w)exp(7) }f(x',w). (5.15)

It is again straightforward, but algebraically lengthy, to show
with the use of the forms of the coefficients (5.3), (5.4),
(5.12), and (5.13) that the outgoing field operators have the
simple free-space commutators

[n(@),21(0)]=[£r(0).Fh(0)]=8w—-0').  (5.16)

Expressions for the electric and magnetic field operators on
the left and right of the slab are readily obtained from (5.10)
and (5.14), respectively, with the use of (2.12). The expres-
sions for the vector potential operator on either side of the
slab obtained from (5.10), (5.11), (5.14), and (5.15) agree
with those used in calculations of the Casimir force between
a pair of absorbing dielectric plates [25] when the plates are
coalesced and account is taken of different units and normal-
ization conventions.

Consider now the complete field inside the dielectric slab,
which again has the same form as (3.23) but with new defi-
nitions of the left and right destruction operators. Thus with
use of the interior Green function (5.6) and addition of the
complementary function parts obtained from free fields inci-
dent on the slab from the vacua on its left and right, the
complete expressions for the operators inside the dielectric
are

c

[n(w)]*—1 ion(w)(2l+x")
D(w) (

c

(5.17)

1

c

] ( iwn(a))x)
exp| — ————|.

[n(w)]*—1 (iam(w)(Zl—x'))
exp

-y D(w)

ion(w)x’

C C

)f(x',a»

(5.18)



These expressions reduce to the forms (3.13) and (3.14) for
the infinite homogeneous dielectric and to the forms (4.10)
and (3.14) for the semi-infinite dielectric when appropriate
limits are taken. It is straightforwardly verified that (3.24)
and (3.25) hold for the redefined operators szx(x,w) and
21(x,w), respectively, and the forms of electric and magnetic
field operator given in (3.26) and (3.27) remain valid inside
the dielectric slab. More complicated forms of the quantized
field operators have been derived [24] for an atomic model
of a dielectric slab in which allowances are made for initial
excitations of the atoms and elevated material temperatures.

If the Green functions are not required, the field operators
can again be calculated more directly by straightforward ap-
plication of the usual boundary conditions. Thus with the
forms of the electric and magnetic field operators described
above, the boundary conditions at x=—1 give

[7(w)]"

So( @ e—iwl/c+ (W eiwl/cz
”R( ) “L( ) n(w)

X[ER(_l’w)+2L(_lvw)]
(5.19)

and

éR(w)e—-iml/c_éL(w)eiwl/cz[n(w)]I/Z

X[or(—1l,0)= o (—1,0)],
(5.20)

while the boundary conditions at x=1 give

[7(w)]"?

ZR(w)eiwI/c+ZL( w)e—iwllc: n(w)

[2r(l,w)+2(l,@)]
(5.21)

and

Zr(w)ec— 7 (w)e Ve =] p(0) ] tp(L,0) — 5 (1,®)].
(5.22)

The operators zx(x,w) and o (x,w) evaluated at x=—1 are
related to the same operators evaluated at x={ by (3.28) and
(3.29), respectively. The above four equations are therefore
sufficient to determine 4,(w), Zx(w), &(x,®), and
21(x,w) in terms of the independent input operators zz(w)
and ZL(w), and when this is done, the expressions (5.11),
(5.15), (5.17), and (5.18) are rederived.

The commutators of the six varieties of creation and de-
struction operator shown in Fig. 1(c) are readily calculated
from the above definitions. Some of these have quite simple
forms, as for example the results given in (5.8), (5.9), and
(5.15). The commutators of incoming with outgoing opera-
tors obtained from (5.11) and (5.15) are

[o(@),2k(0)]=[Fr(0),F](0")]= 80— o )Rs(w)
(5.23)
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FIG. 3. Spatial variation of the spectrum .“{x,w) of vacuum
electric field fluctuations in the vicinity of a dielectric slab, normal-
ized to its free-space value. The slab thickness is 2/ =20c/w and the
complex refractive index is n(w)=1.5+1:0.1.

and

[2u(0), £} (0)]=[Fr(w), k(w0 )]= 8w— ") Ts(w).
(5.24)

The outgoing wave operators on opposite sides of the slab
commute,

[on(w), A h(w")]=0, (5.25)

where this result follows with the use of (5.3), (5.4), (5.12),
and (5.13). The commutators of the operators ~z(x,w) and
21(x,w) given by (5.17) and (5.18) are more complicated and
their explicit forms are given in the Appendix. The degrees
of freedom for the dielectric slab include the incoming fields
associated with 2z(w) and Vs »(w) in addition to the con-
tinuum of noise currents, and the Hilbert space is augmented
by the excited states of these fields.

The canonical commutation relations (2.18) and (2.19) are
satisfied by the vector potential operators derived above for
the three spatial regions associated with the slab geometry.
The calculations needed to verify these relations are straight-
forward but very protracted, and brief details are given in the
Appendix.

The power spectrum of the vacuum field fluctuations is
again determined by the fluctuation-dissipation theorem
(3.34), where the required Green functions are given by (5.6)
and (5.7). Figure 3 shows the spatial variation of the fluctua-
tion spectrum, whose magnitude is normalized to its free-
space value. The figure resembles a reflected version of the
corresponding Fig. 2 for the semi-infinite dielectric, and the
spectrum for the dielectric slab shows similar features, with
undamped oscillatory behavior outside the dielectric and os-
cillations inside the slab that decay with distance from its
surfaces. The behavior in the central region of the slab de-
pends upon the way in which the damped oscillations from
its opposite sides interfere; for the parameters chosen in Fig.
3, about 9.5 periods of the oscillation fit into the thickness of
the slab, and a certain amount of constructive interference
occurs. As in Fig. 2, it should be emphasized that the fluc-
tuations illustrated are only those associated with the modes
that propagate perpendicular to the surfaces, and again even
the lossless slab shows a complete three-dimensional fluctua-
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tion spectrum whose oscillations decay with distance from
the surfaces, both within the slab and in the free-space re-
gions on either side [11].

VI. CONCLUSIONS

We have presented expressions for the electromagnetic
field operators in absorbing media whose spatial distributions
take the forms of an infinite homogeneous dielectric, a semi-
infinite dielectric, and a dielectric slab. The three distribu-
tions are illustrated in Fig. 1, together with the notations for
the destruction operators that provide the most convenient
expressions for the quantized fields. The vector potential op-
erator inside the dielectric medium can always be written in
the form of (3.23), but the operators zx(x,w) and ; (x,®)
have the different expressions (3.13) and (3.14) for the infi-
nite homogeneous dielectric, (4.10) and (3.14) for the semi-
infinite dielectric, and (5.17) and (5.18) for the dielectric
slab. These expressions include contributions from the noise
operators f(x,w) associated with the dielectric loss mecha-
nisms, also from a rightwards incoming free field with de-
struction operator 2g(w) for the semi-infinite dielectric, and
from rightwards and leftwards incoming fields with destruc-
tion operators zx( ) and Z, (w), respectively, for the dielec-
tric slab. The vector potential operator in the vacuum to the
left of the dielectric can always be written in the form of
(4.6), where the operator ~x(w) is associated with an incom-
ing free field and the operator 2; () is given by the expres-
sion (4.8) for the semi-infinite dielectric and by (5.11) for the
dielectric slab. Finally, the vector potential operator to the
right of the dielectric slab is given by (5.14), where the op-
erator ZR(w) is given by the expression (5.15) and ZL( w) is
associated with an incoming free field. There are no incom-
ing free fields for the infinite homogeneous dielectric since
any electromagnetic wave launched from infinite distance is
totally absorbed.

The detailed expressions for the electromagnetic field op-
erators in terms of incoming fields and noise operators thus
depend on the local environment, and the commutators of the
destruction operators, listed above, with their conjugate cre-
ation operators are strongly influenced by the dielectric
boundaries. The operator commutators inside the dielectric
always simplify to the equal-space forms (3.12) at positions
separated from any boundary by distances large compared to
the characteristic decay length associated with the dielectric
absorption. Particular attention has been paid to the commu-
tator of the vector potential operator with its canonically con-
jugate momentum, given by (2.18) and (2.19) for two
choices of transverse gauge. While it follows from general
principles that the quantized field expressions must satisfy
these commutation relations, they are extremely useful in
providing verifications of the accuracies of the overall struc-
tures and detailed algebraic coefficients that occur in the field
operators [9]. All of the quantized field expressions derived
here conform to the canonical commutation relations.

The scope of the present paper is limited to the deriva-
tions of formal expressions for the field operators in the three
spatial arrangements of dielectric. However, the expressions
are easy to use in practical calculations, and they can be
applied immediately to such problems as the effects of
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propagation through absorbing dielectrics on light that ini-
tially displays nonclassical features, or to the mechanical ef-
fects of light on absorbing media. The quantization proce-
dure is also readily extended to other configurations of
dielectric media, for example different dielectrics in contact
or separated by free space. Although the Langevin force op-
erator is not derived here from any detailed model of the
dielectric loss mechanisms, in contrast to the calculations
reported in [19], all physical predictions of the theory are
determined in the usual way by expectation values of the
operators. With the usual assumptions of a noise reservoir
effectively in its zero temperature vacuum state for experi-
ments in the visible frequency region, the required expection
values can be found with use of the commutator (3.10) and
the basic results

(0]f(x, )]0y =(0|f*(x,®)[0)=0 (6.1)

and

(O] (x", ") f(x,)|0)=0. 6.2)

These simple conditions are sufficient for the extraction of
useful results from the theory.

The quantized field expressions are restricted to propaga-
tion in one dimension perpendicular to the dielectric sur-
faces, and these are adequate for a wide range of optical
systems, where plane parallel light beams are confined in
fibres or arranged to fall perpendicularly on material bodies.
However, a further range of observable effects, notably spon-
taneous emission by atoms close to dielectric surfaces or
vacuum field Casimir forces on dielectric surfaces, require a
quantized field theory that incorporates propagation in all
spatial directions. The extension of the one-dimensional
theory presented here to three dimensions is in progress, to-
gether with the applications of the one-dimensional theory
outlined above, and the results will be reported subsequently.
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APPENDIX

In this Appendix, we give further results for the operator
and field commutation relations associated with the dielectric
slab. Consider first the operators in the interior of the slab
defined in (5.17) and (5.18). Their commutators are obtained
with the use of (3.10), (5.8), and (5.9) in the forms
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ion(w)(x—x")—wok(w)|x—x’|

iwn(w)(x-—x'))

+{M(w)exp( -

[ER(x,w),é;Q(x’,w’)]=5(w—w’)[exp( -

. * ) . . + 5!
+M*(w)exp(lwn (wc)(x a )) —l;((::))[N(w)exp(—‘————mn(w)c(x a ))
—N*(w)exp(—w) ] (A1)
[2(x,0), 2 (6", @) 1=[( = x,0) 42", 0")] (42)
and
(e, 0. (3 0)]= [ (x,0),Fh(x" ') ] = 5<w—Aw'>[ - ) exp(Mx_))

_exp(_iwn*(wc)(x—x')) N N(w)exp(iwn(w)c(x-f-x'))+N*(w)exp(iwn*(wj(x+x’))
O apeng| ) g - T )
where
M(w):(n(lc;();)lﬁe (4iwn(w)l), A
N(w)=[n(;)()‘]:)—1 . (Ziwn(w)l) a9

and D(w) is given by (5.5).

The vector potential and electric field operators inside the dielectric slab are expressed in terms of sz(x,w) and Z; (x,w) by
(3.23) and (3.26), respectively. The value of the equal-time canonical commutator (2.18) in the slab is thus determined by the
commutation relations listed above, and it simplifies, after some algebra, to

o 4 1 (iwn(w)lx—x’|) M(w)[ (iwn(w)(x—x’))
dw + exp| —————————

o 5 ifh
[A(x,t),—soE(x’,t)]=2—;gg-f (@) exp

o c n(w) c
ion(w)(x—x") N(w) ion(w)(x+x") ion(w)(x+x")
+ - + + e I I
exp( - (@) exp p exp " (A6)
]
The functions M (w) and N(w) have no poles in the upper The canonical commutator is evaluated for positions out-
half of the Comp]ex w plane’ and they both tend to zero as side the slab with the use of the expressions for the vector
the frequency w tends to infinity. Thus, similar to the evalu- potential operator obtained from (5.10) and (5.14). The com-

mutator takes the same form as that for the exterior of the
semi-infinite dielectric given by (4.22), except that the re-
flection coefficient R(w) is replaced by the slab coefficient
Rg(w), and similar arguments lead to the required value

ation of (4.20), only the first term in the integrand of (A6)
makes a nonzero contribution. This remaining integral is
identical to that in (3.19), and the canonical commutator

therefore has the required value given by (2.18). given by (2.18).
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