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Photon statistics in spontaneous emission for the Dicke model in a lossless cavity
and the generation of the Fock state
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Using a perturbation method, constructed in terms of SU(2)-group representations, we investigate the time

evolution of the statistics of photons spontaneously emitted by a system of N identical two-level atoms

immersed in a single-mode ideal cavity with s atoms initially excited. The phenomenon of collective collapses
and revivals is discussed and the collapse and revival times, which are different for odd and even s, are

determined. It is shown for s extremely small compared to N that at appropriately chosen time instants the

model generates the s-photon-number state (Fock state).

PACS number(s): 42.50.Md, 42.50.Dv, 32.80.—t

I. INTRODUCTION

It is our aim here to study the situation when s initially
excited two-level atoms radiate spontaneously in the pres-
ence of N —s unexcited atoms in a lossless single-mode cav-
ity. The atoms are located within a distance much smaller
than the wavelength of the radiation. However, the coopera-
tive nature of spontaneous emission is assumed to result
from indirect atom-atom coupling via the field-mode only.
Such a system has been commonly referred to as the Dicke
model [1].Since the earliest numerical investigations [2] it
has been known to present two limit cases when it may be
treated as an almost "linear" system (equidistant eigenvalues
spectrum) [2]. The first case occurs for &~)oN, whereas the

other for.W(&N, where. A& is the excitation number, i.e., the
number of photons plus the number of excited atoms. Then
the motion of the model inside a subspace with a given ex-
citation number is truly periodic. These may be called
"strong-" and "weak-" field regimes, respectively. Obvi-

ously, the spontaneous emission of a partially inverted
atomic system with s(&N belongs to the latter.

The problem in question is exactly solvable for s ~ 8. The
first two cases, i.e. , s = 1 and s=2, are characterized by
equidistant eigenvalues spectra (independently of N) and are
described in terms of a two- and a three-level system, respec-
tively. The time evolution of such systems is periodic. Cum-
mings and Dorri [3] and Seke [4] have presented the solu-
tions for spontaneous emission from a system of N two-level
atoms in a cavity with only one atom initially inverted. Cum-
mings and Dorri [3] considered nonsymmetrical initial exci-
tation of the atomic system and showed that the effect of
radiation trapping (cooperative inhibition of radiation [5,6])
holds for atoms in equivalent as well as inequivalent mode
positions. If N becomes very large, the excited atom does not
radiate at all. Nonsymmetrical excitation occurs if one knows
which atom of the sample is excited. In such a case one atom
has to be excited separately and injected into the cavity con-
taining N 1 unexcited atoms. Seke [4—] performed calcula-

tions for symmetrical initial excitation. Then all the atoms
are supposed to experience the same field during the prepa-
ration of the initial state. As a result, the atomic state is a
coherent superposition of the states with the jth atom excited
and weighted with the same probability 1/N. Such states are
called Dicke states. In this case, the presence of N —1 unex-
cited atoms increases the short-time radiation rate N times,
compared to single-atom emission. The effect of the symme-
try properties of the initial state on the collective emission
rate has been discussed by Crubellier et al. [7], while the
effect of the spatial distribution of atoms of the sample on
spontaneous emission has been studied by Buzek [8].

The solution for s= 2 (N arbitrary) was found in Ref. [9].
The particular case s =N= 2 was presented by Shumovsky
et al. [10].Beginning from s=2 for finite N, the effect of
radiation trapping occurs for both symmetrical and nonsym-
metrical excitations [9]. If N is large, the excited atoms do
not radiate at all in the latter case [9].A sketch of the solu-
tion for s = 3 was proposed by Senitzky [6] and the complete
solution for the time evolution of the atomic inversion was
presented in Ref. [11].In general, the eigenvalues spectrum
is already unequidistant for s=3 and the eigenvalues are
incommensurate quantities. Since the system oscillates with
two incommensurate Rabi frequencies, the phenomenon of
quantum beats leads to modulated oscillations. The case
s = 3 is the first in the hierarchy of those having unequidis-
tant eigenvalues spectra. This unequidistance leads to the
phenomenon of collective collapses and revivals of the os-
cillations of the system. However, if s~3 is very small in
comparison with N, these spectra may be approximately
treated as equidistant [11—13].In this situation the condition
of weak-field regime is satisfied [2].

Many various topics for the model have been considered
numerically. In particular, Seke and Rattay [14] studied
spontaneous and induced emission in the presence of a Fock
state field for different cavity damping. The influence of the
I ock state field on the radiatively decaying atomic system
was also discussed by Hasan et al. [15].Barnett and Knight
[16] studied collapses and revivals of an assemblage of two-
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level initially inverted atoms interacting with an initially co-
herent or chaotic quantum field in a high-Q cavity. Butler
and Drummond [17] showed that the collectivity of the sys-
tem enhances squeezing compared to the Jaynes-Cummings
model (JCM). The same problem without the rotating-wave
approximation was recently investigated by Seke [18]. In
turn, Li et al. [19] discussed the problem of higher-order
squeezing [20], while Drobny and Jex [21] discussed the
statistical properties of field modes in trilinear optical pro-
cesses. Quite recently this problem was considered by Fernee
et al. [22].

Bonifacio and Preparata [23] and Kumar and Mehta [24]
have presented an approximate solution for the time evolu-
tion of the system in question in terms of elliptic functions.
Recently, we have proposed another analytical approach to
the problem [11—13,25], consisting of the construction of a
perturbation theory in terms of SU(2)-group representations.

II. PERTURBATION APPROACH

Applying the perturbation method mentioned above, we
study a system of N identical two-level atoms interacting
with a single-mode quantized radiation field in an ideal cav-
ity from the point of view of photon-number statistics. Ini-
tially, s of these atoms are excited. The linear dimensions of
the atomic sample are assumed to be much smaller than the
wavelength of the radiation and all the atoms are treated as
being in equivalent-mode positions. However, the wave
functions of the atoms are assumed not to overlap. The co-
operative nature of spontaneous emission from the system is
then due to indirect atom-atom coupling via the field mode.

The electric-dipole Hamiltonian in the rotating-wave ap-
proximation for the system under consideration reads
(A, = 1)

H =
H fusee+ H 1

N

Hfee= &a a+ &„~ S3(j)
J= 1

is an integral of motion. This means that the system, initially
in a state with fixed eigenvalue of the operator ~, will never
leave the subspace corresponding to this excitation number
in the course of time evolution. The representation of the
group SU(2) acts in each subspace of this kind. The spectrum
of the eigenvalues of its generators is well known.

The basis vectors of the model read

Is, m) = Is —m). e lm)f, (2)

where
~ m)f denotes the Fock state of the field while

~s
—m), is the normalized symmetric Dicke state of the

atomic subsystem with s —I atoms excited. The dimension
of the subspace spanned by these vectors is s+ 1. In particu-
lar, the time evolution of the system in this subspace is re-
lated with the initial condition ~s,O) when s atoms are ini-
tially excited and no photon is present (spontaneous
emission).

Our perturbation approach [ll —13,25] was constructed
with the help of a small parameter e

e= (X—s/2+ 1/2)

e (s —1)(s—2)

In principle, not only should e be small but s/N as well.
However, as it is also the case in other problems solved by
perturbation methods, our approximate formulas work satis-
factorily well even for not small values of e and s/N. The
free part of the Hamiltonian (1) leads to an unimportant
phase factor in the transition amplitudes. Therefore, only the
interaction Hamiltonian H;„, was expanded in a power series
in e and its zeroth-order term, proportional to the generator
S„of the group SU(2), was treated as the unperturbed term.

Let us denote by A, the eigenvalues of the system and

by A ~ the matrix elements of the transition from the basis
~s, m) to the eigenvector basis of the interaction Hamiltonian

H;„, . By standard perturbation methods, within an accuracy
of e, we found the following form of the eigenvalues [11—
13]:

N

H;„,=gg [atS +aS ],

where the photon creation a~ and annihilation a operators
satisfy the usual boson commutation rule [a,at]=1 andS, S+, and S3 are pseudospin lowering, raising, and
inversion operators of the jth atom, respectively, whereas
co denotes the frequency of the field mode while co, is the
atomic transition frequency. In what follows, we assume ex-
act resonance co= co . In the small sample approximation the
coupling coefficient g is the same for all the atoms. The
above Hamiltonian is a particular case of the trilinear Hamil-
tonian [2] describing inelastic Brillouin and Raman scatter-
ing and parametric conversion processes.

The excitation number operator ~

(3)

where A~ ~ are the zeroth-order eigenvalues

AI „l=(s—2p)A/2, O~p~s,

and the frequency 0 reads

0, =2 g/ v e= 2g v N s/2+ 1/2. —

In turn, within an accuracy of e we obtained

(4)

A~'„~= u' „+—((s —2p+ 1)[p(s—p+ 1)]"u'

—(s —2p —j)[(p+ 1)(s—p)]'"~' „+i]. (6)

where n' are the matrix elements of the transition from the
basis (2) to the basis of the eigenvectors of the zeroth-order
Hamiltonian Hi„,i [the components of the zeroth-order eigen-
vectors; see Eq. (8) of Ref. [25]]. Due to the form of the
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expansion parameter, the first-order (in general, odd-order)
corrections to the eigenvalues vanish. As long as the initial
state is an eigenstate of the excitation number operator, the
only value of s that contributes to the initial state and the
spectrum of the zeroth-order eigenvalues is equidistant irre-
spective of the ratio s/¹ In particular, for s = 1 and s = 2 all
higher-order corrections to the eigenvalues are equal to zero,
both these spectra are equidistant independently of N, and
the evolution of such systems is periodic. In turn, for s~3
the eigenvalues (3) contain a term nonlinear in p that de-
stroys the equidistance of the spectrum. However, as seen
from the formula (3), if s) 3 is extremely small in compari-
son with N, these spectra may be approximately treated as
equidistant (weak-field regime).

III. TIME EVOLUTION

The time evolution of the expectation value of any opera-
tor C9' bearing on the system is obtained with the standard
formula

(C) =(s,0~e'H ~'@'e 'H ~'~s, o).

For the expectation value of the kth power of the photon
number we have

(n'(t))= g g m'A, A„A „A e'&'." "i'-
p, q=O m=O

S S

=g A,'„g m"A'„
p=0 m=O

S S

+ g g AD„AD~cos[(A, ~
—A, „)t]

p=0 qWp

Xg mA „A
m=O

From Eqs. (3) and (6), in the second-order approximation for
the eigenvalues and in the first-order approximation for the
eigenvectors (subscript 21) we arrive at

s es(s —1)
(n(t))21

S

—X ~„' ' 1 ——I(s —2p)' —2p+1]
t =I

x cos[(A,",', —A,"„')t]—

Xcos[(AI i
2
—AI i)t]

where

p /si s t s-1 i
gS' 2'ip/

g(p) —p(2) p(2)SP-1 S P

36=& 1+
16 I.5(p —1)(P—s)+(s —1)(s—2)],

(10)

where 0 is given by Eq. (5). Due to the summation over p in
Eq. (8) we deal with a spread of the Dicke frequency caused
by the collectivity of the system and p labels the frequencies
of the spread. In the first-order approximation for the eigen-
vectors new transition frequencies A, „2—A, „ intervene.
Equation (8) contains the term that does not vanish under the
operation of time averaging: s/2 —es(s —1)/16. Owing to
the term connected with the first-order approximation for the
eigenvectors, its value is smaller than s/2 (except for s = 1)
which means that some portion of the energy is trapped in
the atomic subsystem. Hence, on the average, the probability
of finding the system with a smaller number of photons is
slightly greater than with a larger number of photons, al-
though the approximate solution allows the mean photon
number to reach the value s.

The expectation value of the squared photon-number op-
erator in the approximation 21 reads

is simply equal to the binomial distribution function multi-
plied by s/2. In the zeroth-order approximation for the eigen-
vectors only the frequencies related to transitions between
two neighboring levels of the Hamiltonian (1) contribute to
the time evolution of the mean photon number

A, , —A, . This Dicke frequency involved in the main
term of Eq. (8) reads

s(3s+ 1) es(s —1)
(n'(t) ).t = Cq s ——(5s +s —6s —1ls p —sp +12spp g

+6p —19p +21p —8) cos[(A, t
—AI „i)t]— 1 ——(2s2+3s —5sp+2p2 —3p+3)

&& cos[(A, „—A, „)t]——(s —2p+ 1)(p —1)(p —2)cos[(A(~i —A& i)t]
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If the number of excited atoms satisfies the condition
s&&N, the pure zeroth-order approximation is sufficient to
describe the process, which is then periodic (subscript 00):

I I

0&'(N=s=80) - 6.79 ~

(n(t))pp= (1 —cosnt),
2

(12) 4,r, , +
+ ~ ~ + ~ t o 4 i owyo 1 4

Q&»(N=200, s=80) - 21.48
3 — r

(n (t))pp= —[I+3s 4sc—osnt+(s —1)cos2 nt],
8

where the frequency n is given by Eq. (5). For s=N= 1 the
results for the JCM are recovered.

IV. SECOND-ORDER REVIVALS

0
20 30 40

P
50 60

In this section we estimate the revival and collapse times
of the mean photon number (8). To start with, however, we
wish to present some general remarks about revivals, not
only concerned with the Dicke model. Let the index p label
different frequencies A~ of a spread, distributed with some
function peaked in the point p =p . As usual, we treat the
frequency as a continuous quantity and expand the disper-
sion curve 0, around the point p

n~» =n'"-'+ n'"-'( — )+n'"-'(p p)'+-
0 P Pm m

1d n~~~
~(p )

dp' ~ =J'm' (13)

One can check that the terms oscillating with the frequencies
n "+' and n "1 (I is an arbitrary integer) will also be
phased at Tz provided all higher-order nonlinear terms in the
expansion (13) are negligible. In this pure linear (harmonic)
approximation the revivals of the system are perfectly peri-
odic [27]. If higher-order derivatives in Eq. (13) are signifi-
cant, they additionally spread revivals arising from the linear
expansion and, in particular, lead to their incompleteness as
in the resonant coherent JCM [26] or, at another photon-
number distribution function, additionally contribute to the
emergence of ringing revivals as in the JCM coupled to an
initially strongly squeezed coherent field [28].

The behavior of an observable is quite different if the first

derivative of the frequency vanishes: 0, =0. In general,
one can consider revivals of the kth order if all frequenciesA, r = 1, 2, . . . k —1 are zero and the first nonvanishing

derivative is O,k™. Then the shape of the revivals obviously

The first term represents the rapid oscillations of this ficti-
tious system while the remaining terms represent their enve-

lope. If ~n,
" ~)~nk" ~, k=2, 3, . . . , the linear term is the

source of collapses and revivals of the oscillations. The re-
vival time is estimated by the standard argument [26] that at
least the oscillations with the nearest-neighbor frequencies,
contributing to the evolution with the greatest weights, are in
phase. In the linear approximation, irrespective of whether

p is an integer or half-integer, the following formula is
universal if both odd and even p's contribute to the evolution
(e.g. , the coherent JCM):

FIG. 1. Distribution C„' (12) (bar graph) and frequencies II"
(10) for N= 80 and 200, s = 80, and g = 1.

undergoes a modification. Moreover, the formula (14) is not
valid anymore. Additionally, the revival time has to be esti-
mated separately for integer and half-integer numbers of
p . The latter point is especially important as it leads to a
qualitatively different outlook on the phenomenon of reviv-

als. In particular, if the frequency Az is the first nonzero

one, we are faced with second-order revivals as in the JCM
in the presence of a nonlinear Kerr medium and the phenom-
ena caused by such anharmonicities have been termed "su-
perstructures" [29]. In fact, in our present investigations we
deal with collapses and revivals of this kind.

Before proceeding to a more detailed discussion let us
note what follows. The distribution C' has its maximum at

p = (s+ 1)/2 for odd s while for even s it reaches two iden-
tical maximal values at p =s/2 and p =(s+2)/2. The
Dicke frequency (10) has a form parabolic at p and reaches
its minimum (minima) at the same point (points) at which
the distribution has its maximum (maxima). Their plots for
s = 80 and N = 200 and N = 80 versus p are presented in Fig.
1. For clarity of the graph the values of the frequencies have
appropriately been diminished by the values presented on the
graph. From Eqs. (8) and (9) it is clear that the time evolu-
tion of the model is mainly governed by the eigenvectors
with the smallest absolute values of the eigenfrequencies
[16,30,31]. Studies of the coherent JCM have shown that its
most interesting dynamics occurs when the nonlinearity of
the Rabi frequency is slight. In the resonant JCM this takes
place for great numbers of initially coherent photons [26,32].
Here the source of the spread is different. However, simi-
larly, one can expect a regular dynamical behavior of the
system if the Dicke frequency is only slightly nonlinear in
the vicinity of the maximum of the binomial distribution
(Fig. 1, N=200, s=80). For a given s its nonlinearity di-
minishes as N grows. For s extremely sma11 in comparison
with N, the dispersion curve of the frequency (10) reduces to
a straight line and the time evolution of the system is peri-
odic (approximation 00). Distinct collapses and revivals
("the superstructures") become more evident with growing s
(but still less than N; Figs. 2 and 3). If s is comparable with
N, the nonlinearity of the Dicke frequency (10) becomes
significant and more noticeable; the frequency then varies
rapidly in the vicinity of the maximum of the binomial dis-
tribution (Fig. 1, s=N=80) and collapses and revivals of
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50 02 = 15g e /8= 15g /A . (15)
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FIG. 2. Superstructures for N= 200 and s= 50.

3900

[~(pm+1) g(p~)]Todd s fl Todd s
2 R (16)

If the above condition is satisfied then, in fact, all terms
engaged in the evolution acquire a common phase at this
time

Since the second-order derivative is p independent, for the
sake of simplicity the superscript at the frequency 02 has
been omitted. Revival occurs if at least the nearest-neighbor
terms of the spread, contributing to the evolution with the
greatest weights, oscillate in phase. For odd s, p is an in-

teger number. As mentioned, the contributions with

p=p ~1 are always in phase. Therefore we are interested
1n those with Q(~~+ ) and Q J'~ . They are in phase 1f

the oscillations are not as clear as in the case s~N. Com-
puter simulations show that the evolution is rather character-
ized by modulated oscillations )21]. By definition, our
method is unable to describe correctly the evolution of the
model for s=N. Contrary to the computer simulations it still

gives distinct collapses and revivals. Moreover, for N~ 10 if
s becomes very close to N, the formula (8) gives for some
time instants unphysical, slightly negative values of the mean
photon number (e.g. , if N= 20 this occurs for 17~s~20).

Now we shall estimate the revival time. To achieve this
goal we may neglect in Eq. (8) the contributions proportional
to approximately e and take into account only the terms
cosAp)r. Due to the form of the frequency function (10), or
as evident from Fig. 1, the pairs of the cosines functions with

the frequencies 0 and O~'+' ~ always oscillate in phase
and each constituent of the couple contributes to the evolu-
tion with the same weight. The Dicke frequency, considered
as a continuous function, has its minimum at

p =(s+1)/2, which simply means vanishing of its first-
order derivative in this point. Hence the appearance of reviv-
als has to be attributed to the second-order derivative of the
frequency. In fact, all higher-order derivatives of the Dicke
frequency (10) are equal to zero in the approximation con-
sidered and we deal here with pure second-order revivals

A(p)=A ""' +02(p —p ),

11
h

0

V

0(" ') —A(")=A W, %=2I(p —p )+I
where %denotes an integer, and completeness of the revivals
is expected, attributable to the vanishing of all higher-order
derivatives. From (16) the revival time reads

16m
T~ '= (N s/2+ 1/2) ' —.

15g

For even s, if we treat the frequency as a continuous func-
tion, it takes a single extremum in the point p = (s+ 1)/2, as
for odd s, but now p is a half-integer. The two most heavily
weighted terms, corresponding to p=p ~ 1/2, are in phase
during the whole evolution and in order to estimate the re-
vival time, one has to discuss the contributions related to
p=p +1/2 and p=p +3/2,

3 1

[f1(p + 2 ) g(p + p )]TeveIl s 2 g Teven s
R 2 R

and finally we find

8~
T~e"" ' = (N s/2+ 1/2) 3'2—

15g
(18)

It is easily verified that also in this case all terms
p=p +(2I+ 1)/2 are in phase at this time instant. An in-

triguing feature of the model, overlooked by us earlier, is
apparent: for a given N and for the two nearest-neighbor s,
the revival time is almost twice as short for even s. In par-
ticular, for N=50 and s=11 the revival time amounts to

TR
' ——1011.5/g, whereas for N = 50 and s = 10 it is equal to

T~
'" '= 514/g, in excellent agreement with the graph (Fig.

3).
As seen from Fig. 3 in both cases of odd and even s, the

collapse times are equal to one half of the corresponding
revival times

T' '= T' '/2 T"'"'= T"'" '/2 (19)

0
0 1 05 21 0 315 420 525 630 735 840 945 I 050

gt

FIG. 3. Envelopes of the mean photon number for N=50:
s = 11, dashed line; s = 10, solid line.

To make this result clear and to explain for small even s the
significant amplitudes of "residual" oscillations in the quies-
cent period, we have to find which terms may acquire oppo-
site phases. As previously, we consider odd s first. With re-
gard to the symmetry of the problem, we take the differences
of the frequencies only in one wing of the binomial distribu-
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FIG. 4. Envelopes of the (a) mean photon number and (b) nor-

mally ordered variance for N = 9 and s = 3.
FIG. 5. Envelopes of the (a) mean photon number and (b) nor-

rnally ordered variance for N = 30 and s = 8.

tion. An attenuation of the oscillation amplitudes related to
cosO+)t would occur if at least the contributions

With respect to the general relation

[fI(p —1) II(p )]Todd s ~ Todd s
C 2 C

m

1)m
—r

r=0

tn tn I)—
were out of phase. Having determined the collapse time

Tc '
by the above condition, let us note that, in fact, all

nearest-neighbor contributions then acquire opposite phases

[A Pm " —A Pm " ' ]T' '=(2k —1)m,

from (20), after simple algebra, one gets

(s—2i
(21)

k = 1, 2, . . . , (s —1)/2.

In other words, all terms with odd p's are in phase at this
time and remain out of phase with those corresponding to
even p s. From the properties of the binomial distribution
one can check that the total statistical weights of these two
groups terms are identical. In consequence, the resulting os-
cillation amplitude vanishes, which is equivalent to

So the oscillations of the mean photon number, connected
with the zeroth-order approximation for the eigenvectors, do
not collapse totally now. The magnitude of 6 increases with

growing s (for large s it is approximately equal to vs/27r),
but the relative quantity 6/s decreases. Hence the amplitudes
of residual oscillations during the quiescent period, so sig-
nificant on the graphs for s = 4 and s = 6 (see Figs. 4 and 5
presented in Ref. [13]),monotonically diminish with grow-
ing s (Figs. 5 and 3) and, for instance, for s = 50 are already
unnoticeable on the scale of the graph (Fig. 2).

Hence some residual oscillations of the mean photon number
for small odd s in the quiescent period (Fig. 4) may solely be
attributed to the terms connected with the first-order approxi-
mation for the eigenvectors.

The discussion of the collapse time for even s follows the
same lines as above. There are also two groups of the terms
oscillating with opposite phases at Tc'" '. In this case, how-
ever, the two greatest equally weighted contributions with

p = s/2 and p = (s+ 2)/2 always remain in phase. Because of
the correlation of the greatest contributions, the summarized
weights of the two cosines with opposite signs are now dif-
ferent and this difference reads

V. PHOTON-NUMBER STATISTICS

Gt~'(t) =(atataa) =(n'(t)) —(n(t)), (22)

while the normalized second-order coherence degree g is

(23)

The second-order factorial moment of the photon-number
operator, i.e., the second-order normally ordered field corre-
lation function G, is, by definition,

s/2

A=2+ ( —1)2-pc„'.
p=1

(20)

where ([An(t)] )=(n (t))—(n(t)) is the photon-number
variance. A very convenient quantity, often used, is the nor-
mally ordered photon-number variance V



4200 M. KOZIEROWSKI AND S. M. CHUMAKOV 52

V(r)=Gt ~(t) —(n(t)) =([An(t)] ) —(n(t)). (24)

s
([An(t)] )00=—(1 —cos2 At).

8
(25)

The emitted field is sub-Poissonian for all times. In other
words, the equidistance of the eigenvalues spectra and van-
ishing of the first-order corrections to the eigenvectors are
the necessary conditions for having nonclassical field statis-
tics in the spontaneous emission of the Dicke model during
the whole evolution of the system. The atomic system then
behaves like an oscillator. This simple result is, in fact, non-

The values gt ~(1 or ((An) )((n) or simply V(0 indicate
sub-Poissonian fields. Such fields have no classical counter-
parts (for a review see Perina [33]).

At least two photons are necessary to have the second-
order correlation function (22) be nonzero. Hence it is obvi-
ous that for s = 1 this function is just equal to zero because of
the presence of one photon only at every atomic jump. In
turn, for s = 2 the number of photons in the cavity can be at
most equal to 2 and the normally ordered variance does not
exceed 0. The field remains sub-Poissonian during the whole
time evolution. However, for s = 3 the photon-number statis-
tics already oscillates, in general, between sub-Poissonian
and super-Poissonian. The graphs in Fig. 4 represent the en-
velopes of the oscillations of the mean photon number and
normally ordered variance (8), (11), and (24) for s= 3 and
N= 9. The mean photon number collapses and only residual
oscillations during the short quiescent period, related to the
first-order approximation for the eigenvectors, are present.
The oscillations of the variance do not reveal collapse but
only a decrease of their amplitude. When the oscillations of
the mean photon number completely revive the photon num-
ber statistics tends to be sub-Poissonian only (time intervals
around gt =75 and 150). The revival time of the oscillations
of the mean photon number, calculated from the formula
(17), is equal to TR=76lg, in full agreement with the graph.
Subsequent revivals will occur at t =kT~ (0=2,3, . . . ). The
oscillations of both quantities are of irregular nature during
collapses of (n) because of only the two-frequency beat
mechanism in this case. For the clarity of both graphs the
local maxima and minima in these time regions have been
cut out. In Fig. 5 the envelopes of the oscillations of the
same quantities are plotted for s = 8 and N= 30. The revival
time of the mean photon number given by the formula (18)
amounts to T~

'" '=228.5/g. In this case a greater number of
the frequencies (3) intervene. Therefore "residual" oscilla-
tions, the amplitudes of which are now significant (even s),
have a regular character. Approximately, in the time interval
85~g t ~ 135 the photon number statistics remains super-
Poissonian solely. The shift of the quasistationary value of
(n) below s/2=4 is well noticeable.

In the zeroth-order approximation for both the eigenvec-
tors and eigenfrequencies from (12) one finds a rather inter-

esting result, namely, the time behavior of G0~0~(t),

(n(t))00, and V00(t) is identical. Only the oscillations am-

plitudes are different. The second-order coherence degree
(23) becomes time independent in this approximation

g pp
= 1 —1/s while the photon number variance has the(&)

form:

trivial. Namely, the spontaneous emission from a partially
inverted Dicke model is a potential source of generation of
the s-photon Fock state if s&&N. In fact, for time instants
such that At=(2k+1) m (k=0, 1, . . . ) the mean photon
number (12) amounts to s, whereas ((An) )00 is equal to
0. The latter is just the immanent feature of the photon-
number state, in this case the s-photon Fock state.

Photon-number states are commonly used in the descrip-
tion of quantum fields. On the other hand, their practical
realization is by no means a trivial task. Hong and Mandel
[34] have experimentally realized the one-photon state in
spontaneous parametric down-conversion. A highly excited
Fock state may be created in a kicked cavity into which
two-level atoms are injected [35].Brune et al. [36]have pro-
posed a method for the preparation of such a state based on
quantum nondemolition measurement. Quite recently, Leon-
ski and Tanas [37] have pointed to the possibility of obtain-
ing the one-photon state in a cavity periodically kicked with
classical pulses and containing a nonlinear Kerr medium,
while Liebman and Milburn [38] have proposed creating
number states in the micromaser using feedback. The spon-
taneous emission of the Dicke model in a cavity, if only a
small fraction of the total number of atoms is initially ex-
cited, also offers production of the s-photon number state.

VI. CONCLUSIONS

We have analytically investigated the time evolution of
the mean photon number and the photon-number statistics
for the process of spontaneous emission from a collection of
symmetrically excited two-level atoms in the presence of a
large number of the same unexcited atoms inside a high-Q
cavity. The photon-number evolution exhibits collapses and
revivals that are not related to the initial photon distribution
but arise from the cooperativity of the system. Therefore,
they differ strongly from the familiar collapses and revivals
of the coherent JCM by both their origin and shape. The
revival shape is reminiscent of "superstructures" or "strange
revivals" [29]. The collective revivals are very sensitive to
the parity of the initial number of atomic excitations and the
intriguing thing is that the collapse and revival times for the
odd initial number of exited atoms s are approximately twice
those for the nearest-neighbor even s. The collapse and re-
vival times are not mutually independent parameters (as they
are, e.g. , in the coherent JCM, where the collapse time is a
function of the photon-number distribution width). In our
case, the width of the binomial distribution does not affect
the collapse time. The collapse (revival) time becomes
shorter with growing s. For a given N and even s the great-
est collapse (revival) time obviously occurs for s = 4. There
is no odd number s for which at the same N the collapse
(revival) time would be at least equal to that time; as for any
odd s it is simply always greater than that corresponding to
s=4.

One way of preparing the initial state of the atomic sys-
tem considered here is as follows. First, let the system of the
unexcited atoms be effectively inverted by a vr pulse. This
fully inverted state is symmetric with respect to the permu-
tation of the atoms. The system starts to radiate before it
enters the cavity. The evolution goes through symmetric
states only. By controlling the time elapse between the in-
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verting irradiation and entering the cavity by the atoms we
can get the symmetric Dicke state of the system with a cer-
tain, greater or smaller, number of excited atoms. The above
controling we also understand as a measurement of the num-
ber of photons emitted by the system which permits determi-
nation of the number of atoms s that remain excited. In the
main measurements of the collapse (revival) times, signifi-
cantly different values are archieved for similarly prepared
systems, depending on the parity of s.

The photon-number statistics can be essentially sub-

Poissonian for a wide time range. Moreover, the field state
becomes almost a number state (with s photons) at some
time instants. Hence the Dicke model reveals the possibility
of generation of the number state of the electromagnetic
field.
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