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Thomas double scattering in electron capture from oriented molecular hydrogen
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Electron capture from hydrogen molecules by protons is treated using the second-order Born
approximation. Differential cross sections in the fixed-nuclei approximation for specific molecular
orientations and for an equally weighted averaging over all orientations are presented for incident
energies of 2.5 and 10 MeV. A Hartree-Fock molecular wave function and linearized-propagator
approximation are employed to evaluate the amplitude. An approximate factoring of the amplitude
into double scattering and diffraction (arising from the two target nuclei) components is shown to
give a poor description of high-velocity molecular capture.

PACS number(s): 34.70.+e, 34.90.+q, 34.50.Gb, 82.30.Fi

I. INTRODUCTION

The double-scattering mechanism of high-velocity elec-
tron capture from atoms has been much studied [1-6].
The Thomas peak in the differential cross section, located
at a scattering angle of 0.47 mrad for incident protons, is
the signature of this two-step process where the electron
scatters first off the projectile and then off the target ion,
both collisions occurring at ~ 60°. When the target par-
ticle is a molecule, the possibility arises of interference
occurring between the (second) scattering of the electron
off either of the molecular nuclei. Since the first collision
is with the projectile, the peak location is not altered
when the target is a molecule; however, the peak shape
and height may be. Study of the double-scattering mech-
anism in ion-molecule collisions is of particular interest
because the prominent signature of the mechanism in the
cross section allows the interplay of the mechanism with
the diffraction aspect to be more cleanly investigated.

The second-order Born (B2) approximation to the ex-
act electron capture amplitude is applied to collisions of
protons on hydrogen molecules [7]. The B2 amplitude
is known to represent the double-scattering mechanism
quantum mechanically to lowest order [2]. A Hartree-
Fock wave function (HF) giving a good molecular energy
and equilibrium separation [8] and a screened electron—
molecular-core (two-center) potential derived from it
are employed. Comparison is made with a single-(
molecular-orbital model. The free propagator is evalu-
ated in a form linearized in the bound-state momentum
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variables [3]. Further, an approximate evaluation of the
amplitude is considered which relies, in part, on the large
size of the momentum transfer in comparison with the
magnitude of the internuclear separation. This approx-
imate version of the amplitude effectively separates the
double-scattering aspect of the capture event from the
diffraction aspect, thereby serving as a basis for compar-
ison for the full B2 amplitude—the modification of the
mechanism from the atomic case can be studied. Addi-
tionally, direct comparison with the atomic cross section
is made.

At the high incident velocities considered in the present
study, viz., 10 and 20 a.u. (2.5 and 10 MeV), the molecule
does not have time to vibrate or rotate appreciably, owing
to the short collision times involved [9]. Thus, the use of
the fixed-nuclei approximation allows the capture ampli-
tude to be taken as depending parametrically on the in-
ternuclear coordinate R. Presently, no experimental data
exist for capture from oriented hydrogen molecules, but
the measurement of such cross sections, or of those for
random orientations, is under development by two groups
[10,11]. Previously, the Thomas mechanism has been
studied experimentally in proton-hydrogen and proton-
helium collisions [12]. To compare with cross sections
obtained from a beam of protons incident on a gas of
randomly oriented hydrogen molecules, an average can
be made of all the fixed R cross sections. In its sim-
plest form, this average can be taken by weighting equally
the cross sections calculated at the experimental (equilib-
rium) value of the internuclear distance R, for a discrete
set of selected orientations.

The plan of the paper is the following. The second-
order Born formalism is introduced and the amplitude
reduced in Sec. II. Section III A presents calculated re-
sults for various molecular orientations. Section III B
presents results averaged over all molecular orientations
and compares them with the atomic case. Concluding
remarks are made in Sec. IV. Atomic units are used.
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A plane-wave state ¢x of momentum k and coordinate
vector r is normalized as ¢y (r) = e’*T.

II. SECOND-ORDER BORN APPROXIMATION

The capture of an electron from a hydrogen molecule
by a fast proton is considered assuming an effective one-
electron model. At high velocities, the collision occurs
so quickly that the molecule does not have time to ro-
tate or vibrate appreciably [9]. Consequently, the fixed-
nuclei approximation is assumed in the treatment of the
collision in which the transition amplitude’s dependence
on the internuclear coordinate vector R connecting the
two nuclei is taken as constant during the collision. The
experimental value of the internuclear separation R, is
used. The exact transition amplitude for electron capture
(in post form) is [13]

A(R) = (®¢|V|T]), (1)

where the dependence on the molecular orientation
through the internuclear coordinate vector R is noted.
The contribution of the internuclear potential (for the
atomic case) to the second-order Born approximation has
been shown to be negligible at forward scattering angles
[6], if terms of the order of the electron mass over the
heavy-particle masses are neglected. This analysis is car-
ried over to the present case. Thus, the initial and final
perturbations reduce to the single interactions
Vi = Vpe(rp), Vi = Vre(R,rr), (2)

where rp and rr denote the electron’s position relative
to the projectile-ion and target-ion centers of mass, re-
spectively.

In the second-order Born approximation, the outgoing-
wave initial scattering state is written as

|2 (R)) ~ [T5,(R)) = [1 + Gg (E)Vee]|2:(R)), (3)

where Eq. (2) has been used and the free Green operator
is given by

-1
G3(B) = (B+ 2 Vi, + &V, +in) (4)

with g = mMrz/(m + Mr) =~ m and n — 0+. The to-
tal collision energy is E = Z%‘Kf +eg = ﬁK? + ey,
where the three-body reduced masses are v; = Mp(m +
MT)/(m + Mp + MT) ~ MPMT/(MP + MT) and vy =
MT(m + Mp)/(m + Mp + MT) ~ MPMT/(MP + MT)
with m, Mp, and Mt the electron, and projectile-ion
and target-ion masses, respectively. The initial and final
asymptotic scattering states ®; and ®; in Egs. (1) and
(8) are given in coordinate representation by

®;(R,rr, R7) = ¢x.(R7)9: (R, r7),
®4(rp,Rp) = ¢x,(Rp)ds(rp). ()
In Eq. (5), the projectile’s position relative to the target

center of mass is denoted by R p, the target ion’s position
relative to the electron—projectile-ion center of mass is
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denoted by R, and the initial and final heavy-particle
wave vectors are K; and K¢. The initial molecular and
final atomic bound-state wave functions are ¢;(R) and
¢y, respectively, and the corresponding energies are ¢;
and €y.

Define the Fourier transform of a function f(r) as

Fk) = (2m)~3/2 / dr e~ f(r). (6)

If the influence of the second electron is incorporated in
the treatment, the electron-target-ion potential [Eq. (2)]
becomes the sum of the two electron-nucleus potentials
and the screened potential derived from the static charge
distribution of the other electron

VTE(R, rr) = —Zr (ll‘T + R/2|_1 + |I‘T - R/2|A1)
+/dr s (R, 1)[% | — | L. 7)

The electron-projectile interaction is Vpe(rp) =
—Zp/rp. The Fourier transform of the electron-target-
ion potential Eq. (7) can be evaluated to give

Vre(R,k) = [—2Zr(2/7)*? cos(1k - R)
AR, K)]/K, ®)

where p(R k) denotes the Fourier transform of the single-
occupation electronic charge density. Because of the
cylindrical symmetry of the distribution, the ¢, integra-
tion in the transform of p can be done to give the real
equation

(R, k) = (2m)" /2 / ~ drr?

0
x/ d6, sin, |¢:(R, 7, 6,)[2
1]

x cos(kr cos 0, cos §,.)
x Jo(kr sin 6 sin6,.). (9)

This expression for p is evaluated using a double numer-
ical integration [14]. Having now established the quanti-
ties in the formalism which depend on R, explicit note of
this dependence is suppressed in the further development
below. As another check beyond the numerical conver-
gence of the results of the program used for Eq. (9) it was
verified that the small k limit gives the value (27)~3/2,
representing the normalization of the wave function.

Using Eq. (6) for the bound-state wave functions and
integrating the heavy-particle motion, the second-order
Born amplitude can be put into the form

Ap2 = Ap1 + A2, (10)
where the first-order Born amplitude is
Ap1 = —47°(J? — 2¢:)[5 (K)]* 6:(~T) (11)
and the second-order amplitude is
Az = [ dicydi 7 ep)]" Vie(Oes + 3) G (B)
xVpe(ks — K) ¢i(k;) (12)
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with

GHE)=[e— L(ki+ks+ )% +in] " (13)
and € = %vz —v-k; + ¢;. The momentum transfers ex-
perienced by the target and projectile ions, respectively,
are denoted here by J = aK; — K¢ and K = gK; — K;.
Each is the sum of components parallel and perpendicu-
lar to the projectile velocity v: K = —%v + (es —€5) /v,
Jy = —%v + (e — &i)/v; K, for K, —K, for J. For
the calculations reported below, K is taken along the
positive z axis, @k = 0°; J is then along the negative =
axis. Momentum conservation for the process takes the
form K + J + v = 0 [15]. Figure 1, which is not to scale,
shows the relative orientations and defines the angles of
the molecular axis R, the momentum transfers K and J,
and v. The positive z direction in the laboratory frame
is taken along v.

It has been shown that the Thomas-peak enhancement
derives from a singularity in Eq. (13), the momentum-
space counterpart of the free Green function Eq. (4) [3].
Consequently, the Green function can be approximated
by a form linear in the momentum variables:

GiHE)~ (a+ki K-k -T+in ™", (14)

with a = Z(v? — K% + 2¢5) and n — 0+. The singu-
larity occurs at @ = 0. Additionally, the momentum
dependencies of the potentials are neglected. If these ap-
proximations are made in Eq. (12), a quantity I can be
defined by

<l

FIG. 1. Diagram showing the relative orientations and
defining angles of the molecular axis (internuclear coordinate
vector) R, the momentum K transferred to the projectile, the
momentum J transferred to the target core, and the projec-
tile velocity v, which is taken along the positive z direction
in the laboratory frame (not to scale).

3901
Az ~ Vre(J) I Vpe(—K) (15)

with
1= [ digdic (36" GF(B) Bulks). (16)

The angular integration over k ¢ in Eq. (16) can be
straightforwardly performed; the remaining radial inte-
gration over k¢ can be done by completing the integration
contour in the upper half-plane and obtaining the residue
at +iZp, giving a quantity D! = (a+iZpJ +K-k;)7L.
Recall that the 1s hydrogenic wave function in momen-
tum space is ¢1,(k) = (232%)Y/2/n(k? + Z3)?. The k;
integration cannot be done in simple closed form, except
approximately as shown below. For the evaluation of the
momentum integral, it is convenient to introduce the in-
tegral representation

D' = / dz e®®P.
0
Equation (16) takes the form
I = —in(22p)%/? / dk; / dz e’=lotiZrJ+Kki) 4 (k)
0
= —i2n(nZp)3/? / dz e®(@tiZrN g (2K),  (17)
0

where the z and k; integrations have been interchanged,
which is valid since the integrand is asymptotically well
defined. Equation (17) is evaluated numerically. Thus,
the amplitude Eq. (10) consists in the use of Eq. (11) and
Eq. (15) with Egs. (8), (9), and (17). A computer pro-
gram written in C was used to perform the calculations.
The z integration was converged to six digits of accuracy.
Furthermore, the limit of the amplitude as R — 0 was
checked for reproduction of the atomic cross section. See
after Eq. (21) below.

The Hartree-Fock ¥, molecular wave function used is
close to the converged HF limit. It is a product of three-
function molecular orbitals [8]. The molecular orbital in
coordinate representation, which is used in Eq. (17), is
of the form

$i(r) = a15015(r) + @25P24(T) + a2p, P2p, (r),  (18)

where the o, symmetry orbitals are

$1s(r) = x1s(r + R/2) + x1.(r — R/2),
$2+(r) = X24(r + R/2) + x2.(r — R/2),
¢2Po (1') = X2po (l' + R/2) — X2po (r - R/Z)

The (normalized) Slater orbitals are [16]
X1a(r) = 2¢3/2e 6 Yoo,
X2o(r) = 2(¢5/3)"/?re™ " Yoo,
Xapo () = 2(¢3/3)!/*re™" Y10 (61, ¢1),

with Yoo = (1/47)Y/2 and Yi0(0-,¢,) = (3/47)1 /% cos b, .
Angles are defined relative to the internuclear axis R.
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The Hartree-Fock approximation gives the coefficients in
Eq. (18) as a1, = 0.43262, az, = 0.12381, and az,, =
0.02827. They are scaled so that the wave function is
normalized. The orbital exponents are also optimized in
the Hartree-Fock calculation to give (; = 1.378, (; =
1.176, and (3 = 1.820. The orbital energy found for the
ground state is &; = €1,, = —0.59443 a.u. (16.175 eV),
giving a total molecular energy of —1.1335 a.u. (30.295
eV), which is 96.5% of the experimental value.

The momentum-space representation of the wave func-
tion is

¢z(k) = als¢la (k) + a25¢23 (k) + a'ZPo ¢2po (k)7 (19)
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where the o, symmetry orbitals are
$14(k) = 2 cos(k - R/2)%1,(k),
$24(k) = 2 cos(k - R/2)X24(k),
$2p0 (k) = 2isin(k - R/2)Xap, (k).

The momentum-space Slater orbitals are

X10(k) = (2°¢F/m) /% (k* + ¢§)* Yoo,
%aa(k) = (25¢3/3m)Y/2(3¢3 — k) (k? + (2) ™ Yoo,

X2po (k) = —4i(3(2°¢3/3m) 2k (k? + (3) ™% Y10 (Ok, bx)-

KN T T T T T T T
Ry p +H,, 10 MeV, O = 90°, &y = 0°
104y /) i .
E B2-LPA, approximate 3
5 10°F E
p=1 o ]
8 B
o} i ]
5 106k =
N“O F
E
j’ L
S 107k ?
3 E
2 f ]
- 1 <
1
108 b
E ! E
- ] <
[ H ]
| 4
9 . 1/1
10%50 0.2 06 0.8

E T T T T T T T
EXv p+Hy 10MeV, Op = 90° &g = 90°
SN
104 & 3
E
4
8 10°F E
] o 3
&
iy
S 106k
5 f E
c ]
3 ]
2
107 F E
t_: 3
108 F -
C 1 1 A1 1 1 AN 1 3
0.0 0.2 0.4 0.6 0.8
6, ,, (mrad)

FIG. 2. Differential capture cross sections for protons incident at 10 MeV on hydrogen molecules at three orientations:
(a) For ®r = 0°, ®r = 0°, the results are for the second-order Born amplitude in the linearized-propagator approximation
(B2-LPA) using a Hartree-Fock (HF) or a single-{ molecular wave function, for the first-order Born (B1) approximation with
HF wave function, and for the approximate evaluation of the B2-LPA in Eq. (21); (b) for ©r = 90°, ®r = 0°, same as (a)
with the single-( curve omitted; (c) for ®©r = 90°, ®r = 90°, same as (a) with the single-( curve omitted.
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Equation (19) is used in the first-order Born amplitude
Eq. (11).

The fundamental modification of the capture ampli-
tude for a molecular H, target in comparison with that
for an atomic H target can be obtained by using a molec-
ular wave function consisting of the product molecular or-
bitals which are the sum of 1s atomic orbitals e ~¢IF+R/2| |
This construction has been carried out long ago, leading
to a variationally determined charge of { = 1.1930 [17].
The normalization factor for this function is N(R) =
(2 + 25)7/2, where S(R) = e “E[1 + (R + ((R)?/3].
While this orbital does not give a good dissociation en-
ergy for the molecule, it does give a good value for the
equilibrium separation of the nuclei of R = 1.38 a.u. (ver-
sus the experimental value 1.402).

Using this single-{ molecular orbital, the integral in
Eq. (17) becomes

I = _i23ﬂ2(czp)3/2N /oo dweiz(a—f—inJ)
0
« (e—C|=K+R/2| n e—(|zK—R/2|) ‘ (20)

This integral can be evaluated analytically if it is assumed
that zK > R/2 , so that |[tK+R/2| ~ zK £ R/2. Since
2K ~ v and R ~ 1, one needs at least £ ~ v~ ! as the re-
gion giving the main contribution to the integral I. This
is not achieved to good approximation, even for higher
velocities; nevertheless, an approximate amplitude is use-
ful for understanding the modification of the process. On
evaluating Eq. (20), one finds for Eq. (15) the simple ap-
proximate expression

A= 4% (2N)(¢Zp)%/? Ve (3) Ve (—K)

x cosh[2(¢K) -R][a+14i(ZpJ +CK)]7'.  (21)
-3.\\ . p+H, 10MeV
10 ” \,\ B2-LPA, HF: 3

Op =0°, ®p =0°
P Og = 90°, D =0°
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FIG. 3. Comparative differential capture cross sections cal-
culated using the B2-LPA for protons incident at 10 MeV
on hydrogen molecules at three orthogonal orientations:
Or = 0°, ®r = 0°; Or = 90°, &g = 0°; and Or = 90°,
$dr = 90°.
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In the united-atom limit where R — 0, one has 2N —
1, cosh(3(¢CK) - R] — 1, and in the potential Vre,
cos(3J - R) — 1. Thus, the second-order am-
plitude A, goes over explicitly to the atomic am-
plitude. The Thomas peak occurs at a« = 0.
A similar limit exists for Ap;. For the molecu-
lar case, although the peak location is not altered,
the magnitude and shape of the peak are affected
by the interference arising from the presence of the
cosh[1(¢K) - R] and cos(3J - R) factors in A,. (Also,
p can play a small role.)

The approximation used in evaluating Eq. (20) can be
employed, with parametric differentiation involved also,
to obtain an amplitude generalizing Eq. (21) when the
Hartree-Fock wave function is used in place of the single-
¢ function. Relative to what is shown in Figs. 2 and 6
below using Eq. (21), the approximate HF cross sections
differ only slightly. Thus, since the generalized expres-
sion is rather more complicated and not as intuitive, it is
not employed in the calculations reported below and not
discussed further.

The differential cross section, for a given internuclear
separation R and molecular orientation R, is given by

(da(R)) _ @+ (i)21ABz(R,KL)|2’ (22)
lab

dQ) T 27

where K| = 2pvsin(fc.m./2). The center-of-mass scat-
tering angle is related to the laboratory scattering angle
as Oc.m. = (1 + 7)01ap with 7 = m,/(2m,) = 3 for pro-
tons incident on hydrogen molecules; the reduced mass
is p = (2mp)my/(2mp + myp) = 2my, [11].

III. RESULTS AND DISCUSSION

In this section differential cross sections for electron
capture from hydrogen molecules by protons are pre-
sented. The experimental equilibrium internuclear sepa-
ration R = 1.402 au is used in the calculations. The cross
sections are calculated from 0 mrad to 0.7 mrad in 0.01
mrad intervals (71 total points). Section IIT A presents a
discussion of the cross sections for different R. Because
of the symmetry of the capture process for an inversion of
R, i.e., for Op — 180° —Ogr and P — 180° + PR, there
is no need to present cross sections for 180° < ®r < 360°.
The computer program has been checked at a number of
angle pairs, e.g., O®rp = 0° and Or = 180°; Or = 30°,
$r = 0° and Or = 150°, Pr = 180°; and Or = 30°,
Pr = 90° and Or = 150°, Pr = 270°, to ensure that
it gives, after full calculations, identical cross sections.
In Sec. III B, differential cross sections averaged over all
orientations are presented.

A. Capture from oriented molecules

Differential electron capture cross sections are shown
in Fig. 2 for protons incident at 10 MeV on hydrogen
molecules at three different orientations. This high en-
ergy corresponds to a velocity of about 20 a.u. First,
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in Fig. 2(a), for the molecule aligned along the projectile
velocity, i.e., for the angles ©g = 0°, Pr = 0°, the calcu-
lated results are for the second-order Born amplitude in
the linearized-propagator approximation (B2-LPA) with
HF and single-{ molecular wave functions, the first-order
Born (B1) approximation with HF wave function, and the
approximate evaluation of the B2-LPA given in Eq. (21).
The pronounced peak of the Thomas mechanism is read-
ily apparent at 0.47 mrad. It is seen that a single-{ molec-
ular orbital gives a substantially different cross section.
The differences between the HF and single-¢ results are
considerably larger than the similar differences found in
proton-helium collisions. This can be attributed to the
rather poor representation of the molecule provided by
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the single-( function [17]. The relative magnitudes and
positions of the B1 and B2 cross sections are comparable
to what are seen in proton-hydrogen atom collisions.

A significant result of the present work, and one that is
somewhat surprising in view of the discussion following
Eq. (20), is shown in Fig. 2(a). The approximate ampli-
tude separating double scattering and diffraction gives a
poor representation of molecular capture. As was noted
in the discussion after Eq. (21), this failure cannot be
attributed to the poor modeling of the molecule by the
single-¢ function. The cross section obtained using the
HF wave function Eq. (18) and similar approximate eval-
uation leading from Eq. (20) to Eq. (21) differs very little
from the plotted curve. Thus, fundamentally, the separa-
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FIG. 4. Comparative differential capture cross sections calculated using the B2-LPA for protons incident at 10 MeV on
hydrogen molecules at three sets of orientations: (a) ®r = 0°, ®r = 30°, 60°, 120°, and 150°; (b) Or = 90°, g = 30°, 60°,
120°, and 150°; and (c) ©r = 30°, 60°, 120°, and 150°, g = 90°.
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tion of the double-scattering aspect of the capture event
from the diffraction aspect is not a good approximation—
the two aspects do not evolve independently.

In Fig 2(b), for ®r = 90°, ®r = 0°, representing
capture from a molecule oriented perpendicularly to the
beam direction in the plane containing the transverse mo-
mentum transfer vector (the v-K plane), results using
the same amplitudes as in Fig. 2(a) are shown, except for
the single-( result. The single-( results are not shown be-
cause of the poor modeling of the molecule by the single-{
orbital relative to the accurate molecular-orbital results.
Diffraction effects are pronounced in this figure. (The
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sharp localized minima in the cross sections correspond
to zeros in the amplitudes; they do not appear exactly
as such because the cross sections are calculated at a
discrete set of projectile scattering angles and the plot
ordinates are on a logarithmic scale.) It is seen that the
B2 cross section still dominates the B1 cross section in
the Thomas peak region.

In Fig. 2(c), for Og = 90°, g = 90°, for the molecule
perpendicular to both the beam direction and the trans-
verse momentum transfer (recalling that K is along the
positive z axis), results are shown for the same ampli-
tudes, except for the omitted single-( curve. Here, it is
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FIG. 5. Differential capture cross sections for protons incident at 2.5 MeV on hydrogen molecules at three orientations: (a)
For ®r = 0°, ®r = 0°, the results are B2-LPA with HF or single-¢ molecular wave function, the B1 approximation with HF
wave function, and an approximate evaluation of the B2-LPA; (b) for ©r = 90°, ®r = 0°, same as (a) with the single-( curve
omitted; (c) for O©r = 90°, &g = 90°, same as (a) with the single-{ curve omitted.
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seen that the diffraction effects do not arise because the
variable part of the momentum transfer is perpendicular
to the plane of the two molecular nuclei. The approxi-
mate amplitude gives a somewhat better representation
of the capture at this orientation.

In Fig. 3, a direct comparison is shown for protons
incident at 10 MeV on hydrogen molecules of the HF
B2-LPA differential capture cross sections for the three
orthogonal orientations: ®r = 0°, Pr = 0°; Or = 90°,
dr = 0°; and Or = 90°, Pr = 90°. Around 0 mrad, the
results for the fully perpendicular orientation are about
30% higher than for the forward molecular alignment and
50% higher at the Thomas peak. These differences are
seen also in cross section for the approximate evaluation.
A consideration of Egs. (21) and (8) shows the likely
cause of the increase to be the cosine term in the potential
Vre.

To give a broader view of the variation of the cross sec-
tion versus molecular orientation, Fig. 4 presents differ-
ential capture cross sections calculated using the B2-LPA
for protons incident at 10 MeV for three sets of orienta-
tions: (a) Or = 0°, &g = 30°, 60°, 120°, and 150°;
(b) ®r = 90°, ®r = 30°, 60°, 120° , and 150°; and
(c) ®©r = 30°, 60° , 120°, and 150°, ®r = 90°. These
figures show how the diffraction varies as the molecular
orientation varies, a behavior resulting primarily from
the magnitude of the projection of K on R, which ap-
pears in the cosine term in V.. It is seen in Fig. 4(a),
in particular, that the Thomas peak may be little af-
fected, as for Og = 0°, &g = 30°, or it may contain a
“hole,” as for Or = 0°, &g = 60°. In addition to the
R inversion symmetry mentioned previously, two other
symmetries are apparent in Figs. 4(b) and 4(c). In the
first, for ®©r = 90°, the symmetry with respect to K is
shown. The cross sections for g = 30° and &g = 150°
and for ®r = 60° and ®r = 120° are identical. In the
second, for ®r = 90°, the symmetry as the molecule is
rotated in the plane perpendicular to K is shown. The
cross sections for &g = 30°, 60°, 120°, and 150° are very
similar, with those for the molecule aligned more along
the incident direction being slightly larger in the Thomas
peak region. Concerning Figs. 4(b) and 4(c), one should
note that the z integral of Eq. (17) also plays a role in
determining the K dependence of the amplitude.

Differential electron capture cross sections are now pre-
sented in Fig. 5 for protons incident at 2.5 MeV on hydro-
gen molecules at three different orientations. This inter-
mediate energy corresponds to a velocity of about 10 a.u.
For perspective, it may be noted that for protons on hy-
drogen atoms at this energy the Thomas peak is reduced
to just a shoulder (see below). For the molecule aligned
along the projectile velocity, i.e., for the angles Og = 0°,
®r = 0°, Fig. 5(a) shows calculated results obtained
using the B2-LPA with the HF and single-{ molecular
wave functions, the B1 approximation with the HF wave
function, and the approximate B2-LPA. Surprisingly, the
Thomas peak is still apparent at this energy. The single-¢
molecular orbital gives a substantially different cross sec-
tion, slightly more so than at 10 MeV. Again, the poor
representation of the molecule provided by the single-¢
function is the reason [17]. The relative magnitudes and

STEVEN ALSTON, THOMAS BRENNAN, AND FRANK BANNON

52

positions of the B1 and B2 cross sections are comparable
to what is seen in proton-hydrogen atom collisions. The
poor representation of capture given by the approximate
amplitude, which was seen in Fig. 2, is even poorer here,
giving only a shoulder instead of a Thomas peak (as in
the atomic case). The separation of the double-scattering
aspect of the capture event from the diffraction aspect is
an even worse approximation at the lower energy.

In Fig. 5(b), for Or = 90°, &g = 0°, for the molecule
perpendicular to the beam direction in the plane contain-
ing K, results using the same amplitudes as in Fig. 5(a)
are shown, except for omitted single-( result. The diffrac-
tion effects are pronounced in this figure also, but occur
half as frequently since the momentum transfer is roughly
half of its value at the high energy. It is seen, however,
that the B2 cross section still dominates the B1 cross
section in the Thomas peak region. In Fig. 5(c), for
Or = 90°, &g = 90°, for the molecule perpendicular
to both the beam direction and K , results are shown
for the same amplitudes, except for the omitted single-¢
curve. Here, the diffraction effects do not arise because
the variable part of the momentum is perpendicular to
the plane of the two molecular nuclei. The approximate
amplitude does somewhat better at this orientation.

In Fig. 6, a direct comparison is shown for protons
incident at 2.5 MeV and the molecule of the HF B2-
LPA cross sections for the three orthogonal orientations:
@R = Oo, q)R = 00; OR = 900, @R = 00; and @R =
90°, &g = 90°. For the HF B2-LPA approximation, the
fully perpendicular results are about 20% higher than
those for the forward molecular alignment at 0 mrad and
marginally higher at the Thomas peak. These differences
are seen also in the cross sections for the approximate
amplitude.
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FIG. 6. Comparative differential capture cross sections
calculated using the B2-LPA for protons incident at 2.5
MeV on hydrogen molecules at three orthogonal orientations:
Or = 0°, Pp = 0° ; Or = 90°, Pr = 0°; and Or = 90°,
dr = 90°.
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Figure 7 presents differential capture cross sections cal-
culated using the B2-LPA for protons incident at 2.5 MeV
for three sets of orientations: (a) ®r = 0°, &g = 30°,
60°,120°, and 150°; (b) O = 90°, &g = 30°, 60°,
120°, and 150°; and (c) ©r = 30°, 60°, 120°, and 150°,
Pr = 90°. These figures show again how the diffraction
varies as the molecular orientation varies, but now with
less oscillation because of the smaller velocity. Figure
7(a) shows a forward-scattering angle dip for ©g = 60°,
Ogr = 120°, but the Thomas peak is largely unaffected,
or it may contain a “hole,” as for Og = 90°, &g = 30°.
In addition to the R inversion, the two other symmetries
are apparent in Figs. 7(b) and 7(c) also. In the first, for
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Or = 90°, the symmetry with respect to K is shown.
The cross sections for ®r = 30° and $r = 150° and for
Pr = 60° and Pr = 120° are identical. In the second,
for &g = 90°, the symmetry as the molecule is rotated in
the plane perpendicular to K is shown. The cross sec-
tions shown in Fig. 7(c) for ®g = 30° and 150° are very
different from those for ®g = 60° and 120°. Those for
the molecule aligned more along the incident direction
are some 50 times larger.

B. Capture from randomly oriented molecules

For capture from a gas of randomly oriented molecules,
the calculated differential cross section in the adiabatic-
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FIG. 7. Comparative differential capture cross sections calculated using the B2-LPA for protons incident at 2.5 MeV on
hydrogen molecules at three sets of orientations: (a) ®r = 0°, ®r = 30°, 60°,120°, and 150°; (b) Or = 90°, $r = 30°, 60°,
120°, and 150°; and (c) ®r = 30°, 60°, 120°, and 150°, ®r = 90°.



3908

nuclei approximation should be averaged over all possible
orientations, both ®r and ®r. An equal weighting of all
orientations is used:

do I
&9 = dOR sin ©
<<d9)1ab> 47"/0 RemER

2 do(R) )
x do .
./(; R’ ( dQ lab

The integrals were found to be accurately evaluated us-
3

ing an extended Simpson’s ; rule for the specific angu-
lar values employed of ©Or = [0°(15°)180°] and &g =
[0°(30°)180°] with R = R.. The symmetry of the ampli-
tude for Or — 180° — Or and Pr — 180° + PR allows
the sum over & to go only up to 180°. The total num-
ber of points used in the sum is 7 x 13 = 91. Generally,
an additional nonuniform averaging may be performed
based on the particular vibrational- and rotational-state
occupations.

For protons incident at 10 MeV, Fig. 8 shows the differ-
ential capture cross sections obtained using the B2-LPA
with the HF wave function averaged over all calculated
R angles as in Eq. (23) or using the HF B2-LPA for
Or = 0°, &r = 0° or using the approximate B2-LPA av-
eraged over angles. Also, the B2-LPA results for protons
on hydrogen atoms, multiplied by a factor 2.67 to account
for the different Laboratory-frame transformation fac-
tors, are shown. Remarkably, this figure shows that the
averaged cross section differs relatively little from the one
for the molecule along the incident direction, the former
being at most 30% smaller in the forward direction. It is
surprising that the angular averaging does not broaden
or diminish the height of the Thomas peak. The posi-

(23)
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FIG. 8. For protons incident at 10 MeV on hydrogen
molecules, differential capture cross sections obtained using
the B2-LPA with the HF wave function, averaged over all R
angles according to Eq. (23) or for ©r = 0°, ®r = 0° alone,
and using an approximate evaluation of the B2-LPA, Eq. (21),
averaged over all angles; for protons on hydrogen atoms, cross

sections obtained using the B2-LPA, multiplied times 2.67.
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tion of the averaged approximate B2-LPA curve relative
to the full curve is similar to that seen for the molecule
along the incident direction, but, here, they tend to agree
in the forward direction. Interestingly, there is an extra
dip in the averaged HF and approximate B2-LPA cross
sections just before the Thomas peak. The origin of this
feature is not known, but it is apparently not entirely
an artifact of the approximate evaluation. The averaged
molecular and atomic cross sections are similar in shape,
but the atomic one is a factor 2 lower in the forward di-
rection and some 30% lower at the Thomas peak. Also,
the minimum in the atomic case is not nearly as deep.
The shape of the averaged approximate B2-LPA curve is
very close to that of the atomic curve, which is not too
unexpected since the molecular amplitude Eq. (21) con-
tains the atomic one, but the molecular effective charge
is 1.1, instead of 1. A final point is the more pronounced
Thomas peak behavior in the molecular case.

For protons incident at 2.5 MeV, Fig. 9 presents the
differential capture cross sections obtained using the
same approximations as for those shown in Fig. 8. In
this figure, the shapes of the two curves are very close,
but the averaged cross section differs considerably more
in magnitude from the one for the molecule along the
incident direction than was seen in Fig. 8; the averaged
curve is about 40% smaller in the forward direction and
30% smaller at the Thomas peak. The position of the
averaged approximate B2-LPA curve relative to the full
B2-LPA curve is similar to what was seen for the molecule
along the incident direction, but the two tend, again, to
agree in the forward direction. The atomic and aver-
aged molecular cross sections at this lower energy are
now of rather different shapes, with the former not hav-
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FIG. 9. For protons incident at 2.5 MeV on hydrogen
molecules, differential capture cross sections obtained using
the B2-LPA with the HF wave function, averaged over all R
angles according to Eq. (23) or for ©r = 0°, $r = 0° alone,
and using an approximate evaluation of the B2-LPA, Eq. (21),
averaged over all angles; for protons on hydrogen atoms, cross
sections obtained using the B2-LPA, multiplied times 2.67.
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ing a Thomas peak, only a shoulder. The atomic curve is
a factor of 2 smaller in the forward direction. At this en-
ergy also, the shape of the averaged approximate B2-LPA
curve is very close to that of the atomic curve, though
shifted upwards in the Thomas-peak region.

IV. CONCLUSION

In summary, it has been shown that a more pronounced
Thomas peak is found in the molecular case, even af-
ter averaging over molecular orientations. The approxi-
mation considered which separates the double-scattering
mechanism from the diffraction aspect of the capture
event leads to an atomiclike cross section which is too
high at the Thomas peak and which gives a very poor
representation of the molecular cross section. The two as-
pects of the capture process cannot be separated. Diffrac-
tion effects (the existence of deep minima) are readily
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apparent in the cross sections for a majority of molec-
ular orientations. The minima are mostly compensated
by cross sections at other orientations. The cross section
averaged over all orientations is found to be similar in
shape and somewhat smaller in comparison with the one
for the molecule oriented along the incident direction, at
both 10 MeV and at 2.5 MeV.
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