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Electric-field effects on the X =2 Feshbach resonances (both resonance positions and widths) of H
are investigated theoretically using a method of complex-coordinate rotation. Products of Slater orbitals
are used to represent the two-electron wave functions, with l,„=6employed for the individual elec-
tron. Block matrices with up to L,„=6(I states) are used. Convergence behavior for the resonance pa-
rameters (resonance energy and width) is examined by using different values of L,„. Results for the
electric-field efFects on the nearly degenerate 'P'(1) and 'S'(2) states are given, as well as the efFects on
the nearby 'D'(1) state.

PACS number(s): 32.80.Dz, 32.60.+ i

I. INTRODUCTION II. THEORY AND WAVE FUNCTIONS

This work presents a theoretical investigation of
electric-field effects on the X =2 Feshbach resonances of
H . The method of complex-coordinate rotation [1,2] is
used. The field efFects on the 'P'resonances in H have
been subjected to continuous experimental studies. In a
series of publications, the Stark effect on the lowest 'I"
Feshbach resonance of H below the %=2 hydrogen
threshold [3] and on the shape resonance above the N =2
hydrogen threshold have been investigated [4]. In addi-
tion, the field effects on the N =3 'P'(1) state were ob-
served [5], as well as on the 'P' states associated with
other high excitation thresholds [6]. On the theoretical
side, the field effects on the 1V =2 'P' shape resonance
were studied by Wendoloski and Reinhardt [7], and by
Du, Fabrikant, and Starace [8]. We have recently report-
ed a theoretical investigation of field effects on the X =3
'P'(1) resonance [9] by using a method of complex-
coordinate rotation [1,2]. As for the N =2 Feshbach res-
onances, since the 'P'(1) resonance lies at a position very
close to the second member of the 'S' state, the 'S'(2)
state, even a weak external electric field would cause a
strong mixing of these two states and result in splitting
the 'P'(1) state into two components. A third weak com-
ponent, which was also observed in the experiment, is a
result of the mixing of the 'P'(1) state with a nearby
'D'(1) state. A theoretical study [10]by using the stabili-
zation method has found qualitative agreement with the
experimental results for the resonance positions. Howev-
er, in Ref. [10] the resonance widths were not investigat-
ed. In the present work we employ the method of
complex-coordinate rotation such that the field efFects on
both the resonance positions and widths can be studied.
Furthermore, we include higher angular-momentum
states in our calculations to investigate the convergence
behaviors for the resonance parameters. Our results are
of experimental interest as the field effects on the reso-
nance widths have been observed [3,4].

The Stark effect of atoms or ions can be investigated by
using a method of complex-coordinate rotation [1,2].
The Hamiltonian of an atom in an external field is

p2 p2 (2)

~2 ~i2
(3)

where r, and r2 are the coordinates of the electrons with
respect to the nucleus and r&&=~r, r2~. Atomic —units
are used in our work with energy in Rydberg units. The
field strength is in Rydberg units and l Ry =2.57 X 10
eV/cm.

Under the inAuence of the field, the bound states of the
atoms or ions become quasibound states, and the elec-
trons will tunnel through the potential barrier formed by
the combined Coulomb and external electric fields. As a
result, the energies of such states become complex. The
real part of a complex energy represents the shifted reso-
nance position and the imaginary part can be related to
the lifetime of the quasibound state by the usual uncer-
tainty principle.

In the method of complex-coordinate rotation, the ra-
dial coordinates are transformed by

rare",
and the Hamiltonian can be written as

H(8)=Te ' + Ve ' +F re'

(4)

(5)

Complex eigenvalues are obtained by diagonalizing the

H =T+ V+F.r,
where F is the external field, and T and V are the usual
kinetic and potential operators, respectively. For the H
system, T and Vare given by
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transformed Hamiltonian,

E=&& IH(~)l@&&&@l@&

and the complex resonance energy is given by

E„,=E„—iI /2, (7)

4 = 2 g g C, i, rI, (ri)rji, (r2)Yi, ii, (1,2)S(o i, e2)
la, Ib ij

where

(8)

i), (r)=r 'exp( —g, r) . (9)

In Eq. (8), A is the antisymmetrizing operator, S is a
two-particle spin eigenfunction, and the g are individual
Slater orbitals. Y is the eigenfunction of the total angular
momentum L,

Y(, (q(1,2)= g QC(la, lb, L;mi„mii„M) Yi, (1)
mIg m

X Yi, (2), (10)

with C the Clebsch-Gordan coefficients.

where E, gives the shifted energy position, and I the res-
onance width with which the Stark broadening can be
studied. The method is valid for isolated resonances and
if the interaction with the background for such reso-
nances is not too strong. This method was used by
Reinhardt and co-workers to examine the Stark effect of
hydrogen. They have examined the effect on the hydro-
gen ground state [11] and the % =2 excited states [12].
The field effects on the 'P' shape resonance in H lying
above the X=2 hydrogen threshold were also studied [7].
Recently, we have carried out an investigation of
electric-field effects on the N =3 'P'(1) resonance of H
by using a method of complex-coordinate rotation [9].

In the present work, we use products of Slater orbitals
to represent the two-electron wave functions. The prod-
ucts of Slater orbitals are the following:

III. CALCULATIONS AND RESULTS

For the M =0 components of the Feshbach 'P'( 1) and
'S'(2) states, block matrices with up to L,„=4are used
to investigate the Stark mixing of such states. The block
matrices of 'S', 'P, 'D', 'I', and 'G' are coupled together
by the external dc fields. For the individual electron, we
use Slater-type orbitals of 15 s-type, 15 p-type, 10 d-type,
5 f-type and 5 g-type. The highest I value for the indivi-
dual electron is 1,„=4. The details of the wave function
are shown in Table I. These orbitals would couple to
form two-electron bases of 325 'S' states, 450 'P' states,
480 'D' states, 375 'I' states, and 285 'G' states. A total
of 1915 terms are used in the present investigation for the
M =0 components of the 'P'(1) and 'S'(2) resonances.
For the field-free case, we need to use the basis functions
that are capable of producing reasonably accurate reso-
nance parameters of E„and I . At the same time, we
cannot afford to employ too extensive basis sets since the
matrix sizes would increase rapidly when the individual
angular-momentum states are coupled together by the
external electric field. The use of the basis sets described
in Table I represents a compromise. The resonance pa-
rameters for the 'S'(2) state obtained using such a basis
set are E„=—0.2520393 Ry and I =0.0001797 Ry.
These are compared with Callaway's algebraic close-
coupling results of E„=—0.252 034 Ry and
I =0.000 182 Ry (Ref. [13]). Our earlier complex-
rotation results using a more extensive term wave func-
tion gave resonance parameters of E„=—0.252042 Ry
and I =0.000 176 Ry (Ref. [14]). Resonance parameters
for other calculations are shown in Table II. As for the
'P '( 1 ) state our field-tree resonance parameters are
E„=—0.2520999 Ry and I =2.33X10 Ry. They are
compared with Callaway's results of E,= —0.2520992
Ry and I' =2.73 X 10 Ry (Ref. [13]). Our earlier
complex-rotation results gave resonance parameters of
E„=—0.252099 6 Ry and I"=2.64X 10 Ry (Ref. [14]).

Using the wave functions described in Table I, we cal-
culate the field effects on the 'S'(2) and 'P'(1) states as

TABLE I. Parameters used in the Slater-orbital basis.

1=0 1=2 1=3 1=4

1.0
1.0
1.0
0.5
0.5
0.5
0.25
D.25
0.25
0.125
0.125
0.125
D.063
0.063
0.063

1.0
1.0
1.0
0.5
0.5
0.5
0.25
0.25
0.25
0.125
0.125
0.125
0.063
0.063
0.063

1.0
1.0
0.5
0.5
0.25
0.25
0.125
0.125
0.063
0.063

1.0
0.5
0.25
0.125
0.063

1.0
0.5
0.25
0.125
0.063
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TABLE II. Doubly excited Feshbach resonances of H
below the N =2 hydrogen threshold.

Ref. 2s3s 'S'(2)

—0.252 039 3
—0.252 034
—0.252 042
—0.252 035
—0.252 036

2s3p 'P'(1)

E,(Ry)—0.252 099 9
—0.252 099 2
—0.252 099 6
—0.252 099
—0.252 097

2p2 lac( 1 )

—0.255 883 5

—0.255 873 7

1.797 X 10
1.82 x 10
1.76 x 10-'
1.87 x 10-'
1.95 x 10-'

I (Ry)
2.33 X 10
2.73 x 10-'
2.64 x 10-'
3.44 x 10-'

6.325 x 10-'

6.334x 10

'Present calculation.
Callaway; algebraic close coupling [13].

'Ho: complex-rotation, configuration-interaction functions [14].
Chang and Tang: non variational configuration interaction

with finite 8-spline basis [15].
'Pathak et al. : R matrix [16].
iBhatia and Ho: complex-rotation, Hylleraas functions [17].

the field strength is increased from zero. Table III shows
our results. For the entries under the headings of 'P'(1)
and 'S'(2), it should be understood that the headings are
meant for the field-free case. When the field is nonzero,
the total angular momentum L is no longer a good quan-
tum number; the 'P'(1) and 'S'(2) are hence mixtures of
different angular-momentum states due to the coupling of
the external field. Table IV shows results for the 'P'(1)
state with M=+1. In this case, the 'S' states are no
longer relevant. We add 170 'P' states and 150 'H'
states. The total number of terms in the basis is 1910 for
M =+1.

Throughout this work for the investigation of Stark
mixing of the 'P'(1) and 'S'(2) states, block matrices
with up to 6 states are used for the M =0 components.
In order to examine the convergence behaviors for the
resonance parameters, we have performed calculations
with different L,„values. In general, when the field
strength is increased, states with higher angular momen-
tum would become more important since more channels
are open by the external field. For the strongest field
strength (E=0.0001 Ry) we have considered here, we
also carried out a calculation for L,„=3, and for
L,„=4 and l,„=3. Results are shown in Table V.
From such a test we estimate that the uncertainty in
width for the 'S'(2) state is within 25%%uo, and 7%%uo for the
'P'(1) state. The uncertainties in widths for weaker field
strengths are less than these estimates. For practical pur-
poses we have not extended beyond L,„=4 when the
wave function described in Table I is used. As compared
to the earlier work reported in the literature, using the
notation of [L,„,l,„, terms] the basis sets used in Ref.
[10] were [2,2,96]. In comparison, we use [4,4, 1915] for

-0.2515 I I I f I l I I I

-0.2517

-0.2519

-0.2521

-0.2523

-0.2525 I I I I I I t I

F(10 'Ry)
FICx. 1. Electric-field effects on the resonance energies of the

'P'(1) and 'S'(2) states.

the M=0 components of the 'S'(2) and 'P'(1) states.
As for the M=+1 components of the 'P' state, we use
basis sets of [4,4, 1910],compared to [2,2,74] used in Ref.
[10].

The field effects on the resonance positions for the
'P'(1) and 'S'(2) states are also shown in Fig. 1. Due to
the accidental near degeneracy for these two states, the
M =0 states exhibit a linear Stark effect, while the
M =+1 states decrease slowly as the external field
strengths are increased. Such effects were observed in the
laboratory by Gram et al. [3]. A theoretical investiga-
tion was carried out by Callaway and Rau [10] using a
stabilization method. Qualitative agreements were found
between theoretical resonance positions and those of ex-
perimental observations. In Ref. [10], however, the reso-
nance widths were not investigated. Furthermore, to our
knowledge, the electric-field effects on the resonance
widths of the 'S'(2) and 'P'(1) states have not been suc-
cessfully investigated using other ab initio theoretical
methods. The results reported in our present work pro-
vide a quantitative perspective for the field effects on the
X =2 Feshbach resonances for both resonance positions
and widths. Also in Fig. 1, our results indicate that the
'P'(1) resonance would lie lower than the 'S'(2) state.
As such, the M=+1 components would start out from
the lower state. Our finding is consistent with the experi-
mental observations [3,4].

The electric-field eff'ects on the widths for the 'S'(2)
and 'P'(1) states are shown in Table III and in Fig. 2. It
is seen that when the field is turned on, the width for the
'P'(1) state starts to increase while that for the 'S'(2)
state starts to decrease. Our finding of the initial de-
crease in width for the 'S'(2) state is consistent with the
experimental observations [3,4]. Furthermore, the in-
crease and decrease in widths for the 'P'(1) and 'S'(2)
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states, respectively, are nearly the same. In other words,
the widths for these two states are about to average each
other out even though in the field-free case the width for
the 'S'(2) state is about 80 times larger than that for the
'P'(1) state. When the external field reaches 8X 10 Ry
approximately, the two widths seem to stay constant and
roughly equal to each other until the field reaches about
2X 10 Ry. After that the width for the 'P'(1) state in-
creases more rapidly than that for the 'S'(2) state, and
overtakes the latter state when the field reaches about
F=2.5X10 Ry. The width for the 'S'(2) state stays
nearly constant until F=3X10 Ry. After that, the
width increases more rapidly for increasing field
strengths. Our finding of the "average intensity" for the
widths when the external field is turned on is consistent

with the study done by Bryant et a1. [4], who considered
a model problem with two nearly degenerate resonance
states. Using the perturbation treatment, they also found
that the two widths start to average each other out when
the field is turned on from zero, and eventually the state
with the narrower field-free width would overtake the
other state in width when the field strength is further in-
creased. Our present work is an ab initio treatment of a
real atomic two-electron system that verifies the experi-
mental finding [3,4] and their analyses in Ref. [4].

As for the rapid increase for the autoionization widths
at high fields, such a phenomenon is similar to the one-
electron cases. W'hen the field is increased to a certain
critical value, the e6'ective potential barrier formed by the
combined electric-field potential and the Coulomb poten-

TABLE III. Electric-field effects on the 'P'(1) and 'S'(2) Feshbach resonances below the H(N =2)
threshold. The number in square brackets indicates the power of 10 by which the preceding quantity is
to be multiplied.

I" (10 Ry)

0
1

2
3
4
5

6
7
8
9

10
11
13
15
17
19
20
21
22
23
24
25
26
27
28
29
30
32.5
35
37.5
40
45
50
60
70
80
90

100

E„(Ry)
—0.252 099 9
—0.252 101 2
—0.252 1070
—0.252 1184
—0.252 1342
—0.252 152 0
—0.252 170 3
—0.252 1890
—0.252 207 8
—0.252 226 8
—0.252 246 0
—0.252 265 4
—0.252 305 1
—0.252 345 3
—0.252 388 2
—0.252 432 1
—0.252 454 6
—0.252477 6
—0.252 500 9
—0.252 524 6
—0.252 548 6
—0.252 S72 8
—0.252 597 2
—0.252 621 7
—0.252 646 1
—0.252 670 6
—0.252 694 9
—0.252 754 7
—0.252 813 1
—0.252 870 0
—0.252 926 1
—0.253 036 9
—0.253 1469
—0.253 358 3
—0.253 546 2
—0.253 707 7
—0.253 858 7
—0.254 013 2

1P0( 1 )

I (Ry)

2.3314[—6]
6.6873 [—6]
1.8978[—5]
3.4884[—5]
4.7843 [—5]
5.6342[—5]
6.1852[—5]
6.5582[—5]
6.8212[—5]
7.0127[—5]
7.1561[—5]
7.2659[—5]
7.4262[ —5]
7.5360[—5]
7.7234[—5]
7.9988[—5]
8.2005[—5]
8.4626[—5]
8.7976[—5]
9.2179[—5]
9.7340[ —5]
1.0356[—4]
1.1090[—4]
1.1940[—4]
1.2899[—4]
1.3970[—4]
1.5142[—4]
1.8448[—4]
2.2136[—4]
2.6047[—4]
3.0096[—4]
3.8629[—4]
4.8007[—4]
6.9984[—4]
9.4956[—4]
1.1893[—3]
1.3940[—3]
1.5753[—3]

E„(RY)
—0.252 039 3
—0.252 038 6
—0.252 033 3
—0.252 022 9
—0.252 008 3
—0.251 992 1
—0.251 975 7
—0.251 959 5
—0.251 943 4
—0.251 927 5
—0.251 9118
—0.251 8964
—0.251 866 1
—0.251 836 1
—0.251 807 7
—0.251 779 8
—0.251 766 2
—0.251 752 9
—0.2S1 739 7
—0.251 726 7
—0.251 713 9
—0.2S1 701 3
—0.2S1 688 9
—0.251 676 7
—0.251 664 6
—0.251 652 7
—0.251 640 9
—0.251 612 3
—0.251 584 4
—0.251 557 0
—0.251 529 8
—0.251 475 7
—0.251 421 7
—0.251 3144
—0.251 206 0
—0.251 097 1
—0.250 991 7
—0.250 892 6

1Se(2)

I (Ry)

1.7973[—4]
1.7535[—4]
1.6301[—4]
1.4702[—4]
1.3394[—4]
1.2530[—4]
1.1960[—4]
1.1566[—4]
1.1280[—4]
1.1061[—4]
1.0893 [—4]
1.0752[—4]
1.0539[—4]
1.0371[—4]
1.0249[—4]
1.0157[—4]
1.0126[—4]
1.0111[—4]
1.0113[—4]
1.0135[—4]
1.0176[—4]
1.0239[—4]
1.0323[—4]
1.0430[—4]
1.0560[—4]
1.0715[—4]
1.0897[—4]
1.1484[—4]
1.2281[—4]
1.3330[—4]
1.4523[—4]
1.7443[—4]
2.0809[—4]
2.8653[—4]
3.7535[—4]
4.6527[ —4]
5.5318[—4]
6.4350[—4]
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TABLE IV. Electric-fieM e8ects on the M=+1 components
of the X =2 Feshbach 'P'(1) resonance of H . The number in
square brackets indicates the power of 10 by which the preced-
ing quantity is to be multiplied.

-0.250

-0.251

I' (10 Ry)

6

10
12
14
16
18
20
30
40
50
60
70
80
90

100

E~ (Ry)

—0.252 099 9
—0.252 100 2
—0.252 1007
—0.252 102 3
—0.252 l.044
—0.252 107 3
—0.252 1108
—0.252 115 1
—0.252 120 2
—0.252 126 2
—0.252 133 1
—0.252 182 0
—0.252 240 3
—0.252 294 5
—0.252 339 9
—Q.252 381 0
—0.252 420 6
—0.252 455 0
—0.252 478 5

2.3314[—6]
2.3338[—6]
2.3638[—6]
2.4174[—6]
2.5012[—6]
2.6277[ —6]
2.8200[ —6]
3.1206[—6]
3.6057[ —6]
4.4084[ —6]
5.7478[ —6]
3.3389[—5]
1.1040[—4]
2.2998[—4]
3.6821[—4]
5.1575[—4]
6.7874[ —4]
8.6149[—4]
1.0597[—3]

-0.252 (

' -0.253

-0.254

-0.256

-0.257
'

ID8

1 I

4 6
F (10 ' Ry)

8 lO

PIG. 3. Electric-field e6ects on the resonance energies of
'P'(1}, 'S'(2},and the nearby 'D'(1) states.

TABLE V. Resonance parameters obtained using diFerent
L,„ for F=0.0001 Ry.

1Po( 1 ) 'S'(2)

I. ,„ /, „Terms E„(Ry) I (Ry) E„(Ry) I"(Ry)

4 1630 —0.254000 0.001 674 —0.350 813 Q.QOQ 818
3 1570 —0.254028 0.001 661 —0.250 845 0.000 728
4 1915 —0.254013 0.001 575 —0.250 893 0.000 644

tial is dominated by the former potential. As a result, the
thickness of the effective potential barrier is decreased for
increasing field strengths. The required time for the elec-
tron to tunnel out is subsequently shorter, and the au-
toionization width hence becomes larger. At low fields,
the two-e1ectron correlation e8'ect is still the dominating
factor, and the autoionization of the electron would fol-
low mostly the route through Coulomb interactions, just
like the field-free cases. The widths are therefore nearly
constant until the field strength reaches a critical value at
which the two-electron correlation bonding is "broken
up" by the external field. After that, the one-electron au-
toionization process becomes more important for increas-

o:'F
x:'P

2
(%0

0
00

xxxxx x
x""

x
xi'

xx 0
X 0 0

x x x«x

l ]

2 3
F (10 'Ry)

"6.5-

6.0 I l

4 6
F(10 'Ry)

'tO

FIG. 2. Electric-Geld e6'ects on the widths for the 'P'(1) and
'S'(2) states.

FKx. 4. Electric-field efFects on the widths of the 'D'(1) state
with M =0, +1, and +2 components.
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TABLE VI. Electric-field effects on the 'D'(1) resonance of H

M=+1 M =+2

I (10 Ry)

0
1

2
3
4
5
6
7
8
9

10

E„(Ry)
—0.255 883 5
—0.255 884 8
—0.255 888 6
—0.255 894 9
—0.255 903 8
—0.255 915 2
—0.255 929 1
—0.255 945 5
—0.255 964 4
—0.255 985 8
—0.256 009 6

r (Ry)

0.000 632 5

0.000 633 0
0.000 634 6
0.000 637 4
0.000 641 3
0.000 646 7
0.000 653 6
0.000 662 3
0.000 673 0
0.000 686 0
0.000 7017

E„{Ry)
—0.255 883 5
—0.255 884 6
—0.255 887 5
—0.255 892 4
—0.255 899 3
—0.255 908 1
—0.255 9189
—0.255 931 7
—0.255 946 3
—0.255 962 9
—0.255 981 4

r (Ry)

0.000 632 5

0.000 632 9
0.000 634 2
0.000 636 3
0.000 639 2
0.000 643 1

0.000 648 0
0.000 653 8
0.000 660 8
0.000 668 9
0.000 678 2

E, (Ry)

—0.255 883 5
—0.255 883 9
—0.255 884 5
—0.255 885 7
—0.255 887 3
—0.255 889 3
—0.255 891 9
—0.255 894 9
—0.255 898 3
—0.255 902 2
—0.255 906 6

I (Ry)

0.000 632 5
0.000 633 4
0.000 632 9
0.000 633 4
0.000 634 1

0.000 635 0
0.000 636 1

0.000 637 5

0.000 639 0
0.000 640 9
0.000 642 9

ing field strengths as was described above. From our cal-
culations, such critical field strength is about F=2.5
X 10 Ry for the 'P'(1) state, and F=3.0X10 Ry for
the S'(2) state.

In the present work, we also carry out an investigation
of the field efFects on the doubly excited 2p 'D'(1) state.
First we construct the wave function for the field-free
case that could produce resonance parameters compara-
ble to the other accurate results in the literature. We em-
ploy orbitals with 9 s-type, 8 p-type, 7 d-type, 6 f-type, 5

g-type, 4 h-type, and 3 i-type to construct the two-
electron wave functions. These orbitals form a basis of
301 terms for the 'D' state. We obtain E„=—0.255 835
Ry and I =6.325X10 Ry. They are compared with
the other complex-coordinate rotation calculation using
extensive Hylleraas functions of E, = —0.2558737 Ry
and I =6.334X 10 Ry.

When the external electric field is turned on, we em-
ploy wave functions with total angular-momentum states
with up to L,„=6 for the M=0 component. The
angular-momentum states constructed using the afore-
mentioned orbitals consist of 161 'S' states, 232 'I"
states, 301 'D' states, 300 'F' states, 300 '6' states, 250
'H' states, and 206 'I' states. They are all coupled to-
gether to form a total expansion set of 1750 terms when
the field is nonzero. After examining the convergence
behavior for the resonance parameters by using different
L,„values, we have obtained converged results for field
strengths up to 1 X 10 Ry, and they are shown here in
Table V and in Fig. 3. In Fig. 3, we also show the Stark
mixing on the nearby 'S'(2) and 'P'(1) states.

For completeness, we also investigate the field effects
on the MAO component of the 'D' state. For M=+1,
states with L ~1 are coupled together by an external
field. In this case, we add 83 'P' terms and 160 'D' terms
(the 'S' states are no longer relevant) to form a total of
1832 terms in the basis sets. As for the M=+2 com-
ponents, only states with L ~ 2 are relevant. In this case,
we include 160 'D', and 177 'F' terms to form a total
basis of 1694 terms. Again, after examining the conver-
gence behaviors for the resonance parameters, we have
obtained converged results for the field strengths up to
F=1X10 Ry. The results are shown in Table VI. Fig-
ure 3 shows the field effects on the resonance positions,
and Fig. 4 shows the field effects on the resonance widths.
In general, the electric-field effects on the 'D' states are
quite weak. Among the M components the external field
has a somewhat more pronounced effect on the M =0 and
M =+1 states than on the M =+2 states for both the res-
onance positions and widths.

In summary, we have presented an investigation of
field effects on the Feshbach resonances of H below the
H(X =2) threshold. Our results are useful references for
other theoretical investigations and experimental mea-
surements for such interesting phenomena.
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