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The hyperfine splitting values of the ground state of hydrogenlike atoms

1305+ 14N6+ and 17o7+

the lithiumlike atoms "Li%, M4N** 19F6+ 23Na8+ 250\t 27A1'0+ 29gjli+ “Cll”, and 57Fez"’+
are calculated. The calculations of the hthlumhke ions (Z > 7) are based on a combination of
the L perturbation theory and the configuration interaction Hartree-Fock method. The relativistic

z

corrections are calculated in the zeroth and first orders in 4. The nuclear charge and magnetization
distribution corrections and the radiative corrections are taken into account. The uncertainty of the
calculations is estimated to be ~ 0.02% for the hydrogenlike ions and ~ 0.06% for the lithiumlike
ions, except *"Fe?**, for which the uncertainty is about 0.15%. The hyperfine structure constant
of the ground state of Li is calculated to be A = 401.5(4) MHz. The results of the calculations are
compared with the theoretical values obtained with other methods and with experiment.

PACS number(s): 31.30.Gs, 31.25.—v

I. INTRODUCTION

Astronomical search of the radio lines in the millime-
ter region, corresponding to the transitions between the
hyperfine structure components of multicharged ions, re-
quires the prediction of the wavelengths with accuracy
~ 0.1%. Candidates for such a search planned in IRAM
(France) [1] are 13C5+, 4N6+ 14N4+ 17Q7+ 23Na8+
2\g+, 27TAII0+ 29Gi11+ 3514+ and 57Fe?3+. In this
paper we present calculations of the hyperfine structure
of the ground state of these ions with the required pre-
cision. In addition, to compare our results with calcula-
tions carried out by other methods and with experiment
the hyperfine structure of "Li® and °F%* is also calcu-
lated.

II. HYDROGENLIKE ATOMS

The hyperfine splitting of the ground state of hydro-
genlike atoms is conveniently written in the form
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Here a is the fine structure constant, Z is the nuclear

TABLE L
of the ground state of the hydrogenlike ions.

charge, m is the electron mass, m, is the proton mass,

u is the nuclear magnetic moment, uy is the nuclear

magneton, I is the nuclear spin, and M is the nuclear

mass. A(aZ) denotes the relativistic factor [2]
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where v = /1 — (aZ)2. § is the nuclear charge distri-
bution correction, € is the nuclear magnetization distri-
bution correction (the Bohr-Weisskopf correction) [3-5].
Traq denotes the radiative correction which in the lowest
orders in a and aZ is [6-8]
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The correction § is found from Table I of [9] by interpo-
lation. For the ions with the half-integer nuclear spin the
correction €, considered within the single-particle model

The wavelengths A (cm) of the transition between the hyperfine structure components

Ion I I I v I A(aZ) I é l € I Trad l A (cm)

13cs+ i- 0.702412(1) 1.002 88 0.00055 0.000 36 0.000 50 0.38740(8)

1aNe+ 1+ 0.403 761 1.00393 0.000 67 -0.000 04 0.000 40 0.56519(11)

7o+ S+ -1.8938(1) 1.00514 0.000 82 0.00033 0.000 29 0.10085(2)
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TABLE II. The wavelengths A (cm) of the transition between the hyperfine structure components of the ground state of
the lithiumlike ions.
fon | I™ | & | A(ez) | 242 EZO s e Araa | A (cm)
N4t 1+ 0.40376 1.00557 -0.38171 0.018 00 0.00067 -0.000 04 0.000 42 7.072(4)
19pe+ §+ 2.6289 1.00923 | -0.29808 | 0.01090 0.000 99 0.000 36 0.000 22 0.341 02(20)
23Nadt 4 2.2176(1)* 1.01384 -0.24511 0.00711 0.00125 0.00035 0.000 02 0.309 24(19)
Mgt 24+ -0.855 45(8) 1.016 50 -0.22533 0.006 18 0.001 42 0.000 58 -0.000 07 0.6679(4)
AL g+ 3.6415 1.01941 -0.208 65 0.005 24 0.00155 0.000 48 -0.00016 0.12060(7)
29gj11+ §+ -0.55529(3) 1.02257 | -0.19441 0.004 44 0.001 72 0.000 63 -0.000 25 0.37250(22)
‘ot 34+ 0.82187 1.03355 -0.162 00 0.002 98 0.002 32 -0.000 26 -0.000 49 0.20073(12)
5TFe?3+ ; - 0.090 623 1.08130 | -0.11133 | 0.00128 0.004 52 0.0028 -0.001 06 0.307 2(5)
0.090 764 0.306 8(5)
0.090 44(7) 0.3079(5)
®An average of the values given in [10] is used.
of the nucleus with taking account of the angular asym- fR (1 8 ) fgdr
metry of the spin distribution, is also calculated by using Ki(R)= 0 al (10)
the analytical formulas and the related table from [9]. f0°° fgdr ’

In the case of 1Nt | where I = 1, we assume that the
total nuclear moment is possessed by the odd neutron
and proton. Using the formulas from [5] we find in this
case

E=E€En+E€p, (4)
en= o[~ 50 (Ksha + 59 (Ki)n = (Ks)a)], (5)
ar
€p= i[—_g p)<KS>p + gz(p) (K)o
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where g5 = F%f is the nuclear gyromagnetic ratio, g(*

and g(P) are the neutron and proton gyromagnetic ratios

(g(") =0, g(p) = 1). The values (Ks)n(p) and (KL)n(p)
are deﬁned by

(K= [ Ks(Blungy(BFRTR, (1)
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TABLE III. The hyperfine structure constant A (MHz)

divided by g of the ground state of °F®* for the excited
nuclear level (I = 5+, g = 1.44).

Method l f (MHz)
This work 16722(10)
MBPT [14] 167 50(100)
MBPT [15]* 168 85

Rel. MBPT [16] 166 45
Hylleraas [17]* 16771
Experiment (18] 169 00(350)

2The relativistic correction (0.9%) from Ref. [14] has been
added.

where g and f are the radial parts of the Dirac wave
function of the electron; u,(R) and u,(R) are the radial
parts of the wave functions of the odd neutron and pro-
ton, respectively. The value g( ) §
equation

is evaluated from the

(S-I) (L-I)
= 11
II+n* 10+ " (11)
using the experimental value of g for 3C [10]. Thereby

we assume that the addition of the odd proton does
not affect on the state of the odd neutron. We obtain

9s +

g™ = —4.2145. The value g is obtained from the
experimental value of g for 14N by using the equation
In 1) oy, I (4
= B . 12
I=10+0? Tiaz+n? (12)

We find g(p ) = 5.7919. Using these values and the analyt-
ical formulas for Ks(R) and K (R) from [9] and assum-
ing, for simplicity, that the radial part of the probability
density of the odd nucleons is homogeneously distributed
over the nucleus, we obtain € = —0.35 x 1074,

The wavelengths of the transition between the hyper-
fine structure components of the hydrogenlike ions are
presented in Table I. The nuclear magnetic moments are
taken from [10]. Because the single-particle model of the

TABLE IV. The Fermi contact term a. of the ground
state of lithiumlike atoms.

Atom a. (HF) a. (UHF) a. (CI-HF)
Li 2.0932 2.8235 2.9034
N4+ 99.429 109.097 109.522
Ft8+ 243.075 260.358 260.917
Naft 482.008 509.000 509.564
Mg®* 644.705 677.339 678.131
AlL0+ 840.222 879.023 879.851
Sill+ 1071.56 1117.05 1117.84
ClMe+ 2010.49 2079.20 2080.07
Fe?3+ 7733.53 7900.26 7901.64
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nucleus is too rough for the ions with A < 20 (A is the
number of the nucleons) [11], we assume that the uncer-
tainty of the wavelengths is about 0.02% for all the ions
listed in the table.

III. LITHIUMLIKE IONS

The hyperfine splitting of the ground state of lithium-
like ions in the range Z =7-26 is conveniently represented
in the form

sm pu 2I+1 1 2
mpun 2I (1+ %)3mc
1 1
x{A(aZ) + > B(aZ) + 5 R(Z, aZ)}
x(1—=6)(1—¢e)(1+ Arad) - (13)

Here A(aZ) is the one-electron relativistic factor 2]

AE, = —(lga(aZ)
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(1+7)2v(4* - 1)
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=1+ — (aZ)t - 14
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The term ZB(aZ) denotes the % interelectronic inter-
action contribution calculated in (12, 13]. In the lowest
orders in aZ the function B(aZ) is given by

B(aZ) = —2.6557 — 6.2138(aZ)>. (15)

In aZ the exact values of B(aZ) are listed in [13]. The
term %R(Z, aZ) is the interelectronic interaction con-
tribution with the % term subtracted. We evaluate this
term in the nonrelativistic approximation by subtracting
the nonrelativistic limit of the first two terms in the curly
brackets of (13) from the total nonrelativistic contribu-

tion calculated by the configuration interaction Hartree-
Fock (CI-HF) method:

1 2.6557
Rz ={-} -(1-777)
The CI-HF calculation is discussed in detail in the next
section of the paper. The nuclear corrections § and ¢ are
calculated with relative error ~ % by the same formu-
las as for hydrogenlike atoms (see [9] and the preceding
section of the present paper). The radiative correction,
with relative error ~ a, is determined by the one-electron

contribution which in the lowest orders in aZ is equal to
[6-8]

(16)
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Here we add the last term to cancel the contribution aris-
ing from the relativistic correction X’ (a.Z)? multiplied by
[o3

2WThe wavelengths of the transition between the hy-
perfine structure components, calculated by the formula
(13), are presented in Table II. For the ions in the range
Z =T —17 the uncertainty of the hyperfine splitting val-
ues, due to errors in the calculations of ¢, 4, 71;R(Z, 0),
and an uncertainty of the uncalculated terms (~ a?), is
about 0.06%. In the case of 5"Fe?3* we suppose that
the uncertainty of A, caused mainly by an error in the
calculation of €, is about 0.15%. In Table III we com-
pare our value of the ground-state hyperfine structure
constant [A = AE, /(I + })] divided by g for the excited
nuclear level of Fé* (I = 3+, g =1.44, &= 0.00030)
with the values obtained with other methods [14-17] and
with experiment [18].

IV. CI-HF CALCULATIONS
AND THE HYPERFINE STRUCTURE OF Li

We consider now the procedure of calculating the total
nonrelativistic contribution to the hyperfine structure.
As is known, the hyperfine splitting of the ground state of
the lithiumlike atom in the nonrelativistic approximation
is defined as the expectation value of the Fermi contact
operator

167 3
Hy = —~upn- ) sib(ri), (18)

i=1
where pp is the Bohr magneton, p is the nuclear mag-
netic moment, s is the spin operator. The hyperfine
splitting value is often characterized by the Fermi con-
tact term a. which is related with the hyperfine structure

constant A by

4
A= g(ﬂBHNg/ag)aca (19)

where ag is the Bohr radius. In order to calculate
the Fermi contact term we used the configuration in-
teraction (CI) Hartree-Fock method. The wave func-
tion for the ground state of lithiumlike atoms, la-

TABLE V. The Fermi contact term a. of the ground state of lithiumlike atoms for equivalent CI-HF and CI-HFD calcula-
tions. In the CI-HFD calculations the homogeneously charged sphere model of the nucleus and the pointlike nuclear moment

have been used.

Atom | a. (CI-HF) | a. (CI-HF D—point nuc.) | a. (CI-HFD-fin.nuc.) | a. (CI-HFD-fin.nuc.)/a. (CI-HF)
Li 2.891 265 2.893 803 2.893039 1.000614

Mg9+ 678.1351 688.9414 687.9594 1.014 487

Fe23t 7902.174 8533.119 8494.340 1.074937




52 HYPERFINE STRUCTURE OF HYDROGENLIKE AND. ..

beled as LS, is expanded in terms of Slater determi-
nants ¥(yLS) = . C;S§et. The Slater determinants
were constructed from the basis of one-electron orbitals
pa(r) = Ra(r)Yiom,(0,9)Xm,. For the occupied one-
electron 1s and 2s states we used the convenient HF
functions. In order to generate the virtual orbitals for
the excited states we used the following procedure. We
constructed Sturm-like basis radial functions R, by mul-
tiplying the nodeless R;, function on the simple function
™! exp (—amr) and then orthogonalized them to each
other by means of the Shmidt orthogonalization method.
The parameters a,; were fitted to minimize the energy
of the lithium (Z = 3) ground state and then were ex-
trapolated to another values of Z. The virtual functions
R, (r) give the expectation values of r ((r),) close to the
value (r),,, while the (r), for the standard Hartree-Fock
orbitals for the excited states strongly increases with the
enlarging of quantum number n. This fact leads to the
poor convergence when one uses standard Hartree-Fock
orbitals. Moreover it is well known that the complete
basis set of the Fock operator has to contain the con-
tinuous spectrum functions. So, the discrete Sturm-like
basis set is more convenient in our case. After the gen-
eration of the basis set the standard CI procedure was
used. In the active set all the orbitals ns (n < 19), np
(n £12), nd (n < 8), nf (n < 6), and ng (n < 5) were
included. All possible configuration states of a proper
parity were generated from the active basis set. In Ta-
ble IV we present the results of CI calculations for the
Fermi contact term a.. In order to estimate the spin
polarization and correlation effects we calculated a. by
one-configuration Hartree-Fock (HF) and unrestricted-
Hartree-Fock (UHF) methods too. The results are given
in the same table. The relativistic and finite nuclear size
effects have to be taken into account when we want to
receive the data with high accuracy. To this end we calcu-
lated the constant a. by the CI-Hartree-Fock-Dirac (CI-
HFD) method with finite nuclear charge size using the
relativistic Fermi-Breit expression for the hyperfine in-
teraction [2]. For the small active basis set ns (n < 13),
np (n < 7), nd (n < 6) we calculated the value a. for Li,
Mg®t, and Fe?3t and compared the obtained data with
the results of the nonrelativistic CI-HF calculations with
the same basis set (see Table V). In the case of Li the
relativistic and finite-nuclear-charge-size correction,

AE,(CI-HFD-fin.nuc.)
AE,(CI-HF)

= 1.00061,

is to be compared with the related correction, 1.00053,
found in [19] by using a smaller active basis set. For
Mg®t and Fe?3t these corrections are in good agreement
with the corresponding corrections calculated by the 1/Z
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TABLE VI. The hyperfine structure constant A (MHz)
for the ground state of Li [p = 3.256 426 8(17)un [10]].
Method A (MHz)
CI-HF (this work) 401.5(4)
MCHF [19] 401.71
Finite-element MCHF [20]* 401.60
MBPT [21]* 403.53
MBPT [22] 400.90
Rel. MBPT [23] 402.47
Hylleraas [17]* 401.94
Cl-spin-density convergence [24]* 402.24
Experiment [25] 401.75

2Calculated in [19] from published values of the hyperfine
structure parameters.

perturbation theory. So, for Mg®t the value

AE,(CI-HFD-fin.nuc.)
AE,(CI-HF)

can be compared with

AlaZ B(aZ)
—Eﬁ%%rl—ﬂ—w)sz4%
4

found from Table II.

Let us find the hyperfine structure constant for Li tak-
ing into account the relativistic, radiative, and nuclear
corrections. Using the QED corrected magnetic moment
of electron £¢ = 1.0115966 gives a main (exact in the
lowest order in a) part of the radiative correction. The
relativistic and nuclear charge distribution corrections
are defined from Table V. The "reduced electron mass”
correction is found by multiplying the hyperfine structure
constant with the factor (14+m/M)~3. In such a calcula-
tion the radiative (except the anomal magnetic moment
correction) and nuclear magnetization distribution cor-
rections as well as the mass-polarization correction are
omitted. We estimate that the total uncertainty, includ-
ing the uncertainty of the omitted terms, is about 0.1% of
the hyperfine splitting value. In Table VI we compare our
value of the hyperfine structure constant A (MHz) for the
ground state of Li with calculations of other authors and
with experiment. We find that our result, A = 401.5(4)
MHz, is in good agreement with the most precise the-
oretical values obtained with other methods and with
experiment.

= 1.01449
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