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Coherent population trapping at low light levels
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A three-level lambda (A) system driven by two coherent fields at the Raman resonance condition
evolves to a nonabsorbing eigenstate of the Hamiltonian called the coherent population trapping (CPT)
state. We study the various factors dictating the dynamical evolution of the coherences and the popula-
tions to the CPT state. We demonstrate the formation of the CPT state even at low intensities, though it
takes much longer to form such a state. For the case of unequal decay rates we demonstrate an interest-
ing sharp dip in the steady-state response of the medium at the Raman resonance condition.

PACS number(s): 42.50.Gy, 42.50.Hz

I. INTRODUCTION

A three-level system with two closely spaced ground
levels optically coupled to a common excited level by two
coherent fields gives rise to trapping of population in a
coherent superposition of the ground levels. The
coherent superposition state is termed the coherent popu-
lation trapping (CPT) state. This occurs under the condi-
tion that the frequency difference between the two fields
is equal to the separation between the two ground levels.

Alzetta et al. [1] first observed nonabsorption reso-
nances when the fluorescent light of sodium vapor il-
luminated by a multimode laser field was analyzed as a
function of applied magnetic field. It was found that a
steady decrease in fluorescence intensity occurs when
some hyperfine transitions of the ground state matched
the frequency difference of the two laser modes. Gray,
Whitley, and Stroud, and Murnick et al. also reported
similar experimental results [2]. Orriols [3] gave a
theoretical explanation of the phenomenon using the non-
linear effects of coherence and interference due to simul-
taneous excitation pathways. The CPT state has been ex-
tensively studied using classical fields [3—5] and the con-
ditions for population trapping have been explicitly de-
rived. The effect of the various relaxation mechanisms,
strength of the laser driving fields [4], bandwidths of the
fields [5], etc., have been analyzed thoroughly. Recently,
CPT has been dealt with in the context of quantized fields
and some novel properties were discovered [6]. The CPT
concept has been utilized in different situations. Some of
the most prominent applications were the demonstration
of lasing without inversion [7] and efficient transfer of
population from one state to the other [8].

In a A system it is well known that the trapping state
has the structure (cf. Fig. 1)

l¥)=—G,12)+G,|3), (1)

where G, and G, are the Rabi frequencies of the fields
acting on the transitions |1)«>|3) and |1)<«>|2). Clearly
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if G;=G, then p,,=p;;= 7 irrespective of the values of
G, and G,. Thus G| and G, can be arbitrarily small and
yet the trapping state will be formed. This is somewhat
against one’s intuition based on the perturbation theory
which would imply that only a small amount of popula-
tion can be transferred for weak fields. It is clearly im-
portant to understand the dynamics of the system leading
to the formation of trapping states at low intensities.

In this paper we address some of the dynamical ques-
tions. In particular we study how the CPT state is
formed and how the evolution depends on different pa-
rameters. An important point which emerges from this
study is that the CPT state is produced irrespective of the
strength of the applied fields. Another feature observed
is that with decreasing fields it takes longer and longer to
form the CPT state. Thus the CPT state can only be ob-
tained from a nonperturbative analysis. The organization
of the paper is as follows.

In Sec. IT we introduce the model and use the density-
matrix formalism to study the dynamical evolution to the
CPT state. We predict interesting effects of laser field
strength and spontaneous decay rate on the time scales of
evolution. In Sec. III we exhibit an unusually sharp dip
for A systems with two unequal decay rates. Note that in
most A systems such as in Cs and Rb one will encounter
unequal decay rates. Note further that unequal decays
play an important role in the context of lasing without in-
version [9]. In Sec. IV we summarize the main con-
clusions of the paper and point out the possibility of the
effect of a dense medium [10] on the dynamics of the sys-
tem.
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FIG. 1. Schematic representation of a three-level A system.
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II. THE MODEL AND DYNAMICAL EVOLUTION
TO THE CPT STATE

Consider a three-level system consisting of a single res-
onant excited state |1) optically coupled with two closely
spaced ground sublevels |2) and |3). States |1) and [2)
have energies #iw, and #iwg with respect to the state [3).
Two classical monochromatic fields of frequencies ; and
Q, couple the transitions |1)<>|3) and |1)<>|2), respec-
tively. The states |2) and |3) are not coupled directly
due to parity constraints. Let 2y, (2y,) be the spontane-
ous emission rate from state |[1) to state |3) (|2)) (Fig.
1.

The total Hamiltonian of the system [11] is written as

H=t%wyA,, +#og Ayy—d3-E, Azexp(—iQ,1)

—d,-Ey Apexp(—iQ,t)+H.c. , (2)
where A,, are the atomic transition operators |x){y|.

Here d 3 (d,,) is the atomic dipole interaction term be-

tween the states [1) and [3) (|2)) and E, and E, are the
electric-field amplitudes. Defining G,=d;-E/# and
G,=d, E, /% the Hamiltonian in (2) is rewritten as

H:‘hwoA“ +ﬁ(l)R Azz_ﬁGlexp( _iﬂlt)Al3
—#G,exp(—iQ,t) A, +H.c. (3)

The system is studied using the density-matrix formal-
ism. The evolution of the reduced density matrix p for
the atomic system alone is described by the Liouville
equation, modified to include damping effects [12], which
is given by

i) —i
Bf‘:—%—[H’P]—Vl(Aw Ay p—2A43pA;3tpAd;3As)

—YoApAyp—24pAdtpAdp4y) . @)

The equations of motion for the components of the densi-
ty matrix p in the rotating frame can be written as

pu= "2y +vy)pntiGp3 +iG,py te.c. (Sa)
Pra=—[v1tr,—idlpn+iGp3n+iGy(py—py) ,  (5b)
Pi3=—[r1tv,—iAlp;31+iG,py3

+iG1(1_2p11—P22) ’ (5¢)
P2 =27:p11~iGpy te.c., (5d)
P =i(A;—Ay))py3—iGpy +iG3pys (5e)

where A; and A, are the detunings defined as A;|=Q, —w,
and A,=Q, —(wy—wpg ).

Initially, at time ¢ =0, it is assumed that the atom is in
the ground state and that there are no coherences, i.e.,
P3=1, p11=p2,=0, and p;; =0, where i#j. To study the
evolution of the system to the CPT state from the above
initial conditions the set of density-matrix equations in (5)
is numerically integrated using a fourth-order Runge-
Kutta method. We especially concentrate on the two-
photon resonance (Raman) condition A;=A,.

Considering the A;=A,=0 situation where the two
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external fields are exactly on resonance with the respec-
tive atomic transitions, we study the dynamical evolution
to the CPT state for various field strengths and spontane-
ous decay rates. We specifically present the evolution of
the absorption characteristic of one of the fields (say G,),
i.e., Im(p,,), and the population of the level |2), p,,. For
symmetric fields, i.e., G, =G,, the steady state (relative
to the decays involved) will correspond to the trapping
condition if Im(p,)=0 and p,,=1. The time is scaled as
Vil

We first study the dynamics for the strong-fields situa-
tion, i.e., G,;,G,>v,¥y,. For a typical case,
G,=G,=10, y,=y,=1.0, Rabi oscillations are exhibit-
ed in the evolution of the coherence Im(p;,) and the pop-
ulation p,, (solid curves in Fig. 2 and its inset). To get an
idea about the time scales involved we numerically per-
form an eigenvalue analysis of the 8 X8 matrix in Eq. (5).
For strong fields complex eigenvalues are obtained. The
complete set of eigenvalues is listed here. There are two
real eigenvalues —1.0 and —2.0. The complex ones are
—2.5+28.2i, —1.0+14.1i, and —1.0+14.1; (degenera-
cy) and their complex conjugates. These predict the oc-
currence of Rabi oscillations [13]. The real part of the
complex eigenvalues is negative, indicating that the sys-
tem will approach steady state.

As the field strength is lowered the eigenvalues become
completely real. For the case G,=G,=0.1,
Y1=7,=1.0, the eigenvalues are —3.96, —2.02, —2.0,
—1.98, —198, --0.01, —0.01 (degeneracy), and
—0.0099. It is also observed that the lowest eigenvalue,
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FIG. 2. Dynamical evolution of the absorption characteristic
of the medium for the transition |1)<«>|2) with respect to field
G,, Im(p,,), and population of the level [2), p,, (inset). The
time is scaled as y¢t. Parameters are G,=G,=10,A,=A,=0.
The solid curves correspond to the decay rates y,=y;=1.0 and
the dashed curves correspond to y,=2, y;=1.0. The dashed
curves in the main figure and the inset have been shifted by 0.1
units in the positive y direction for clarity.
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which dictates the time evolution to steady state, is of the
order of G;G,. Thus the time scale at which steady state
is reached is ~1/G,;G,. For instance, when
G,=G,=0.1, the time scales as 100y ¢. This is reflected
in the dynamical evolution of Im(p,) and p,, as depicted
in Fig. 3 and its inset (solid curves). (Rabi oscillations
have disappeared as the eigenvalues are real.) The steady
state as observed is nothing but as given by Eq. (1). This
leads to the conclusion that the CPT state is formed even
at very low light levels. But, as predicted by the analysis
above, as the external field strength is reduced the atomic
system takes longer and longer times to reach the CPT
state.

The behavior of the A system is also sensitive to the
relative rates of spontaneous emission of the two transi-
tions. Therefore we study the influence of the spontane-
ous decay rates on the evolution. We again examine the
eigenvalues. For strong fields, as one of the decay rates
(say y,) is increased from unity it is observed that the
minimum eigenvalue becomes larger. In the strong-field
example studied above when 7, is increased to 2.0 the
minimum eigenvalue increases to —1.48 from —1.0 for
the y,=1.0 case. In other words, the time taken to reach
steady state (the CPT state) is relatively less. This is
confirmed by the numerical integration result for the evo-
lution shown in Fig. 2 (dashed curves). But for low fields
an opposite effect occurs. As the decay rate is increased
the minimum eigenvalue becomes smaller. In the low-
field example studied above when v, is increased to 2.0
the minimum eigenvalue reduces to —0.0066 as com-
pared to —0.0099 for the y,=1.0 case. Hence it takes
longer to reach steady state as confirmed from the dashed
curves in Fig. 3. This is due to the buildup of a small
amount of coherence p;,, which then slowly decays to
zero.
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FIG. 3. Same as in Fig. 2 with parameters G, =G, =0.1,
A,=A,=0. Solid and dashed curves correspond to y,=y;=1.0
and y,=2.0, y,=1.0 cases, respectively.
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To understand the functional dependence of the
minimum eigenvalue on the decay rates and the fields we
solve for the eigenvalues of the 8 X8 matrix in Eq. (5)
analytically when the fields are symmetric and when
A,=A,=0. If A denotes the eigenvalue, then by setting
Det|p—AI|=0 when I is an identity matrix, an eighth-
order equation in A is obtained whose roots are the eight
eigenvalues. The eigenvalue equation is given as

(A7) A2 +Ay +2g2)°
[A*43yA2+(8g2+2yH)A+4g%y]=0, (6)

where y =y ,;+v, and g =G,;=G,. The first term in Eq.
(6) gives

r=—rp . %

This term can easily be identified in the numerical listing
of the eigenvalues. The second term in Eq. (6) gives rise
to a quadratic equation A%+ Ay +2g2=0 whose solutions
are given by

— o+ 2 __ 2
A= Y*‘/z 8¢~ 8)

For large g (strong fields), two complex conjugate roots
are obtained (as found in the numerical analysis). But if g
is small (low fields) two real roots occur. The roots in
both these cases are repeated due to the square in the
second term in Eq. (6).

The third term in Eq. (6) gives rise to a cubic equation
given by

AS+3yA%+(8g2+2y2)A+4g2y=0. 9

The cubic equation accounts for the remaining three
eigenvalues, one of which is the minimum. The expres-
sions for the three eigenvalues are quite involved (not
given here) and do not immediately give a clear function-
al dependence on the fields and the decay rates. To un-
derstand the behavior of the minimum eigenvalue in the
case of low fields, we perform a perturbation calculation.
Introducing the scaled parameters A=A/y and g =g /v,
Eq. (9) is transformed to

X3+3X24+(8g 2+2)A+4g 2=0 . (10)

From the numerical calculation the minimum eigenval-
ue is found to be of O (g ?). So, we let A=g 2 where f3 is
an unknown parameter which is found approximately
from the perturbation calculation. In Eq. (10) the quad-
ratic and cubic terms in A are ~O(g *) and O (g ®), re-
spectively. The term (8% 2+2)X is ~80(g “)+20(g ?).
As g is quite small, retaining only the first-order terms in

g %in Eq. (10), we get B~ —2. Hence A~ —2g >or

2
A=—28 . (11)
%

Thus for low fields the minimum eigenvalue approxi-
mately decreases as 2/ with the increase in one of the
decay rates. In other words the system takes a longer
time to reach a steady state as was discovered in the nu-
merical calculation above.
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III. STEADY-STATE CHARACTERISTICS
WITH UNEQUAL DECAY RATES

To obtain the steady-state the derivative of the density
matrix p in Eq. (5) is set equal to zero (p=0) and the
response of the medium is evaluated as a function of the
detuning A,. We present the behavior of the population
of state |2), p,,, where an interesting sharp dip is ob-
served when there are unequal spontaneous emission
rates. In the case of weak fields (G,G, <<y ,7,), for in-
stance, G;=G,=0.1 and for A;=0 as y, is increased
from being equal to ¥y, a smooth dip arises around the
CPT condition (A;=A,) (Fig. 4). As y, is increased, the
height of the dip increases.

To understand the origin of the dip quantitatively the
steady-state response of the system is derived analytical-
ly. For the case of symmetric fields, i.e., G; =G,, by set-
ting p=0 in Eq. (5) and solving the eight simultaneous
linear equations a closed form for p,, is obtained. The
population in level |2 ), p,,, is found to be

pnr=3+tC+C;, (12)
where
0.125A%%y,—0.25A2G v}y, +7,)
= , (13)
D
0.125A%7 (v, — v (¥ +7,)?
= , (14)
D
and
D =0.25A%3y,+0.2503y 3y, +7,)}
+0.5A273G? +Giviy,+v,) . (15)

To explicitly evaluate and compare the individual con-
tributions of the terms C,; and C,, we study these as a
function of A, for the case G;,=G,=0.1, y;,=1.0. As
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FIG. 4. The behavior of the population of level [2), P2 asa
function of the detuning A, for varying y, values. The parame-
ters are G, =G,=0.1, A;=0, y,=1.0. The dotted curve
represents y,=1.0, the dashed curve y,=1.5, and the solid
curve y,=2.0.
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observed from Eq. (14), whenever y, is equal to y,, C,
disappears. From Eq. (13) it is observed that in the re-
gion G, <|A,| <1.0 as A, is decreased the term with the
fourth power of A, in the numerator is responsible for a
decrease in C;, even though the denominator D in Eq.
(15) (having a term of the order of A}) is also reduced
simultaneously. However, in the region |A,| <G, the
contribution of the fourth power of A, is negligible com-
pared to the term with the second power of A,. Hence
the term C, is negative in the vicinity of the CPT condi-
tion. As |A2|—>0 the term with the second power of A,
becomes more positive and hence it leads to the small
peak with a maximum of zero at A;=A,. The term C,
behaves in a similar manner when y, is unequal to y,
also. This typical behavior is depicted in the Fig. 5(a) for
the case y,=2.0.

Once 7, is made unequal to y, for example, the case
Y2=2.0, the term C, starts contributing. In the region
G, <|A,| < 1.0, as A, is decreased, due to the presence of
only a second-order term in A, in the numerator, the de-
crease in the denominator D in Eq. (15) increases the
term C,. However, in the region |A,| <G, the term of
the order of the fourth power of G, is larger than the
term with the fourth power of A, in the denominator D.
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FIG. 5. The behavior of the two terms contributing to p,; as
a function of the detuning A, in the region |A,| < G,. (a) C, and
(b) C,. The parameters are G; =G, =0.1, A,=0, y,=1.0, and
’)/2=2.0.
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FIG. 6. Same as in Fig. 4 but with parameters G, =G,=1.0,
A;=0, y,=1.0. The dotted curve represents y,=1.5, the
dashed curve y,=2.5, and the solid curve y,=3.5.

Hence any decrease in A, results in a decrease of the
numerator of C, without affecting the denominator D
much. This gives rise to the dip in Fig. 5(b). The order
of magnitude of the term C, is larger than C, in the re-
gion |A,| <G, and this explains the behavior of p,, for
v, 77, (Fig. 4).

Physically, as the spontaneous decay rate from state
[1) to state |2) increases more than the spontaneous de-
cay rate from state |1) to state |3 ), more and more of the
population gets settled in state |2). Only at the condition
A,=A, does the population get distributed equally (be-
cause of the condition G;=G,) between the states |2)
and |3). This leads to the increase in sharpness of the
dip with the increase in y,. If y, <y, a peak is observed
instead of a dip which is predicted from the Eq. (14).

For fields as low as 0.001 (scaled with respect to y,) the
term with the second power of G, in Eq. (13) becomes
negligible and hence the peak in C; disappears. Howev-
er, for strong fields of the order of y; this term becomes
important and is responsible for the deep furrows on ei-
ther side of the two-photon resonance condition as de-
picted in Fig. 6. But if the intensities of the fields are in-
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creased then the dip occurs only for very large v, (Fig. 6).
This is because the spontaneous emission from state |1)
to state |[2) has to be more effective than the field G, on
the same transition to accumulate population on the level
|2). The sharpness of the dip at A,=A,=0, indicating a
fall in the population in level |2), is manifested only
when more population is there on level |2) for detunings
other than A,. For smaller ¥, the decrease in p,, at
A=A, gets smoothed out due to the overall low popula-
tion level for the values of detuning, A, not equal to zero.
This dip in the population of the level [2) can be ob-
served by studying the absorption out of the level |2) us-
ing a weak probe field as, for example, has been done in a
different context in Ref. [8].

IV. CONCLUSIONS

In conclusion we have demonstrated that the
phenomenon of CPT persists even at low light levels [14].
Futher, using a simple eigenvalue calculation and corro-
borating its prediction of the time scales involved by nu-
merical integration of the atomic density-matrix equa-
tions for a A system, we have demonstrated how the evo-
lution to the CPT state is dependent on the relative
strengths of the fields and the spontaneous decays in-
volved. We have shown that strong fields lead to the
CPT state faster. Increasing the decay rates in the case
of strong fields leads to CPT faster while in the case of
weak fields it leads to a relatively slow evolution to CPT.

We have also demonstrated a sharp dip in the steady-
state response of the A system when unequal spontaneous
decay rates are assumed. The origin of the dip in the
behavior of the population of the ground state is due to
the trapping conditions at A; =A,.

Finally we mention that we have treated only a dilute
medium. For a dense medium we have to account for the
effect of the neighboring atoms, i.e., we have to include
local-field corrections. This concept has been used in las-
ing without inversion to demonstrate enhancement of
gain and enhancement of the index of refraction [10]. In
a further publication we plan to study the dynamics of
the atomic system in a dense medium where the near
dipole-dipole effects become effective in the evolution to
the CPT state.
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