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Pair-production positron energy-angle distributions of 5m, c and 10m, c photons on atoms
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With a relativistic partial-wave method we calculated numerically the positron energy-angle distribu-
tions of pair production in the field of atoms with atomic numbers Z = 1 and 92 for photons of energies
k =5m, c and 10m, c . We have found that in this intermediate-photon-energy region, the Born ap-
proximation works fine for low-Z elements, as expected. Our partial-wave results indicate that the Born
approximation prediction for the shape of positron energy-angle distributions (especially at small posi-
tron angles) is better than its prediction for positron energy spectra of pair production in this
intermediate-photon-energy region. Our results also show that the shape of positron energy-angle distri-
butions is almost independent of atomic electron screening.

PACS number(s): 32.80.Cy, 32.90.+a

I. INTRODUCTION II. THEORY

Recently it has become feasible to make fairly accurate
theoretical calculations of the positron energy spectra of
pair production for intermediate-energy photons in the
field of atoms [1—3]. In this paper we wish to report pre-
dictions for the shapes of pair-production cross sections
difFerential in positron energy and positron angle, to sup-
plement our previous work on the positron energy and
positron angle, to supplement our previous work on the
positron energy spectra of pair production for photons of
energies k =5 and 10 [2]. The status of theory and exper-
iment has been summarized by Motz, Olsen, and Koch
[3] in their review article on this process. In this work,
our results are obtained with a direct numerical calcula-
tion by using an exact relativistic partial-wave formula-
tion [2,4]. We describe our basic process as a single-
photon production of electron-positron pairs from an un-
polarized isolated atom. In addition, we use a simplified
model which is adequate for a wide range of atoms and
the process at the kinetic energy of the created electron
(or positron) above the keV range [5]. The target atom is
described by a central potential [5], such as the Hartree-
Fock-Slater potential with the exchange term omitted [6].

In Sec. II, we give a brief survey of pair-production
theory. In Sec. III, we give and analyze our results for
the shape function S of pair-production cross section
differential in positron energy E+ and positron angle 0+,
using the results obtained from the partial-wave method.
This shape function is defined as the ratio of the unpolar-
ized pair-production positron energy-angle cross section

Following our previous works [2], we write the pair-
production cross section, difFerential with respect to posi-
tron energy E+ and to positron and electron angles as

der/dE+dQ~dA =(2~) p E p+E+ lM/;l

Here the pair-production matrix element is

M&; =(2ma/k) Jd x gz(p, r, g )a e

XP&( —p+, r, g')e'"" . (2)

Here $2(p, r, g ) is the electron wave function asymp-
totically normalized to a unit-amplitude plane wave (or
distorted plane wave in the point-Coulomb case) of four-
momentum (E,p ) and four-polarization (O, g ) in its
rest frame plus an incoming spherical wave; and the posi-
tron wave function contains asymptotically spherical in-
coming waves, as the substitutions E

&
~—E+,

pt~ —p+ (b« Ip)l~lp+ I),—2P+ (P+ .g+ ) change outgoing into incoming spherical
waves, namely,

The photons are specified by momentum k, energy k, and
photon polarization vector e such that

e k=Q.

o(E+,8+ ) = [Z d .cr /dE+ d 0+ ]„„„„ t& ~+ (P+ " 0+)=4& ( P+ " 0 ) (4)

to the unpolarized pair-production positron energy spec-
trum o(E+)=[Z do'/dE+]„„z t.

where g+ is the positron wave function. Using the
partial-wave method we used in our previous works [2],
we obtain the unpolarized pair-production cross section,
differential with respect to positron energy E+, and to
positron angle 0+,
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g (E+,g+ ) = [Z d o /dE+ d f),+ ]„„~,~
I i5K

g( —1) 'e 'A+ + g( —1) 'e 'A+
K2, m = lm2! K)

2 iba

+ g( —1) 'e 'A+ + g( —1) 'e 'A:
K)

where

32(xo=
2 p E p+E+

Z k

A+ (m) c,m —1+I,m —1+1/2( P+ )R

A~ (m)=C„* +i Yl ~+, +,n( —P+ ) ~ ~ ( );

(6)

central potential described by the target atom. Also, we
obtain the unpolarized pair-production positron energy
spectrum

o(E+ )=—[Z der/dE+ ]„„,~

=Ao g {[R,+, (m)] +[R, (m)] ] .
K2, Kl, m = jm2~

(16)
2

R, „(m)= g Q„+—(m) g ' P„*(m)s„,
n=1 I

(8)

+XC—
K

C+

Q,*(m)= —&„(—1)-.'"[(2I,+1)(2I, +1)] ~~

+XCK, mC K, m+i ~

l2 l, l
T (1~, l „l;rn ) = (2l + 1)

l2 l, l
—m m 0 (12)

(13)

s&
=I dr j&(kr)g, f„

s2= dr j( kr g
(14)

In Eqs. (14) the radial wave functions g and f, satisfy
the radial Dirac equations

dg (r)!dr =(po+1 —V)f (r) ag, (r)/r, —

df„(r)/dr = —(po —1 —V)g (r)+vf (r)/r,
with po= E+ for 1(, and po=—E for gz, where Vis the

and 5„ is the positron phase shift for the partial wave l~, .
1

Here we chose a coordinate system centered at the atom-

ic nucleus with the z axis along k, y along k Xp+, and x
in the (k,p+ ) plane. In Eqs. (8) the index I runs from
lz —

I& to (lz+l&) in steps, of 2 for n =1, and from
Iz —l'& to (i&+I

&
) in steps of 2 for n =2. Here

I'=I+g.„g.= ~/~~~;

Q) (m)=q„( —1) +' [(2l~+1)(2l)+1)]'

The problem of calculating the unpolarized pair-
production cross sections cr(E+ ) and o(E+,0+) has
been reduced to computing R+—, (m). We used the simi-

2 1

lar numerical method we used for our relativistic brems-
strahlung calculations [4]. The Q„*(m) and P„+—(m) fac-
tors present no great problem. Electron and positron
wave functions are obtained in partial-wave series by nu-
merically solving the radial Dirac equation. The radial
integrals s„are calculated numerically to the point where
the continuum wave functions of electrons and positrons
can be approximately considered. as the modified phase-
shifted free-field wave functions and an integration by
parts method can be used. Then the rest of the radial in-
tegrals were calculated by the integration by parts
method analytically.

III. RESULTS AND DISCUSSION

With the partial-wave method using Eqs. (5) and (16)
we have obtained the shape function of pair production
S =o(E+,9+ )/o(E+ ) for incid'ent photons of energies
k =5 and 10, for the elements of atomic number Z =1
and 92. These calculated results are shown in Figs. 1 —4.
In Figs. 1 and 2, we show comparisons of the shape func-
tions S calculated by the numerical partial-wave method
(solid lines) with the results calculated by the Born ap-
proximation (the crosses) [7], for the cases with Z = 1 and
92, k =5 and 10, and the point-Coulomb potential. The
comparison of pair-production positron energy spectrum
o (E+ ) for these cases is given in Table I. We see that for
the cases with Z = 1 our partial-wave results agree very
well with the Born-approximation prediction, as expect-
ed. For the cases presented in Fig. 1, the corresponding
Coulomb parameters 2mZaE+/p+ are less than 0.072
and thus the Born approximation is expected to be good.
This provides a check of our numerical calculations.
However, for the cases with Z =92, as shown in Fig. 2
and Table I, we see that the Born-approximation predic-
tions are not good, also as expected. For these cases, the
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FIG-. 1. Comparisons of the shape functions
S =o(E+0+)/o(E+ ) for Z =1, k =5 and 10,
y =(E+ —1)/(k —2) =0.1,0.5,0.9, and the point-Coulomb po-
tential between the results obtained by the partial-wave method
using Eqs. (5) and (16) (solid lines) and the results obtained by
the Born approximation (the crosses).

corresponding Coulomb parameters are larger than 4.25.
However, our partial-wave results indicate that the
Born-approximation prediction for the shape function
(especially at small positron angles) is better than its pre-
diction for the positron energy spectrum of pair produc-
tion in this intermediate-photon-energy region. In Table
I, we also show comparisons of unpolarized pair-
production cross sections oc(E+ ) by ph.otons of energies
k = 5 and 10 for the case with Z =92 between the results
of Sverbd, Mork, and Olsen (8MO) [1] for the point-
Coulomb potential and our results calculated with the
partial-wave method also for the point-Coulomb poten-
tial. The agreement is very good. This provides another

FIG. 2. Same as Fig. 1, except for Z =92.

check of our numerical calculations.
It is well known [8] that in the high-energy region

small positron angles are the main region of the pair-
production positron energy-angle cross section
o(E+,8+ ) w.hich contributes to the pair-production posi-
tron energy spectrum o (E+ ). From Figs. 1 and 2, we see
that as the photon energy k increases, the positron is
emitted predominantly at smaller positron angles 0+, as
expected. Under the circumstances that the energies of
the created positron and electron E+ &&1, Davies, Bethe,
Maximon, and Olsen (DBMO) [8] obtained the high-
energy results for the shape function of pair production

oDBMO(E+ ~ ~+ )
DBMO

oDBMO(E+ )

where

2a'E+ g'
o (E,g )= I(E +E )(3+2I )+2E E (1+4u g I )I,

~k
(18)

3

crDBMo(E+ )= (E++E ) I (q —5) [1—F(q)] 3
+1 f(Z)—k' q

(19)+ 'E E q
—65 q In+—+35 q

—45 [1—F(q)] + ', f(Z)——
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TABLE I. Comparisons of unpolarized pair-production cross
sections o(E+ ) by photons of energies k =5 and 10 in the Seld
of atoms with Z =1 and 92 for our results calculated by the
partial-wave method for the point-Coulomb potential (crz) and
for the Hartree-Fock-Slater potential with the exchange term
omitted (a.H») with the results of Qverbgf, Mork, and Olsen
(o.@Mo} for the point-Coulomb potential, the results calculated
with the Born approximation for the point-Coulomb potential
(o.&H), and the results calculated by the high-energy approxima-
tion of Davies, Bethe, Maximon, and Olsen (o DQMQ) for
the point-Coulomb potential using Eq. (27). Here
p =(E+ —1)/(k —2); o&H, OOMo, o.c, crH», and aD&Mo are in
units of pb/m, c .

~DBMO(E+ )

2
. (E +E ) ln ———' —f (Z)+25-4& 2 2 1 1 5

2

+ 'E —E ln ———' —f (Z)1
3 + $ 2

+35 ln —+—'51
3 (26)

In the high-energy limit, 5=k/2E+E is very small,
and from Eq. (26) we obtain [8]

Z k y ~BH gMo ~C

1 5 0.1 91.11
0.5 150.4
0.9 91.11

10 0.1 113.3
0.5 172.5
0.9 113.3

92 5 0.1 91.11 36.5
0.5 150.4 212.0
0.9 91.11 190.0

10 0.1 113.3 84.0
0.5 172.5 167.0
0.9 113.3 148.0

90.82
150.4
91.40

113.2
172.3
113.4
36.53

212.5
190.3
83.61

167.0
148.1

44.10
210.4
184.1

85.06
162.9
144.6

Here F(q) is the atomic form factor,

1.207
0.990
0.967
1.017
0.975
0.976

108.4
171.4
108.4

34.91
110.4
34.91

~HFN /~ C ~DaMO 4a~DBMo«+)=, IE++E'-+TE+E- Ik

X ln —— f (Z) -—.—1
2,

(27)

Note that when the Coulomb-correction function
f(Z)=0, Eq. (27) gives the result of the high-energy-
limit Born approximation. In Fig. 3, we show compar-
isons of the shape function S for Z =1 and 92, k =10,
y =(E+ —1)/(k —2)=0.5, and the point-Coulomb po-
tential with the results obtained by the partial-wave
method (solid lines) and with the results calculated by the
high-energy approximation of Davies, Bethe, Maximon,
and Olsen (dashed lines) using Eqs. (17), (18), (25), and
(27) and the results of the Born approximation (the
crosses). For the case with Z =1, both the high-energy-
approximation and the Born-approximation predictions

k
2E+E (20)

(Z) (Zlx)
n(n +Z ~)

(21)

10
10

(22)

Q =p+ 8+ (23) 10 10

and

1I =ln ——2 f(Z)—
5

4 I I & I i I I I i I I I s t I I I I i I i i I i l I I I I i I I I l '

1 0 4

0 60 120 0 60 120 180

8, (deg)

+I I ~ 1 —F (q) )' —lI tq' —(5/k)'1
5/g q

For the point-Coulomb case, the I in Eq. (18) becomes

(24)

1I =ln ——2 —f (Z),
5

(25)

and in Eq. (19) the atomic form factor F(q)=0. Then
from Eq. (19) we obtain

FIG. 3. Comparison of the shape functions
&=a(E+ 0+)/o {E+) for Z =1 and 92, k =10,
y =(E+ —1)/(k —2)=0.5, and the point-Coulomb potential
for our results calculated by the partial-wave method (solid
lines) with the results calculated by the high-energy approxima-
tion of Davies, Bethe, Maximon and Olsen (dashed lines} using
Eqs. (17), (18), {25), and {27) and the results calculated by the
Born approximation (the crosses).
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agree well with our partial-wave results for almost all
positron angles, while for the case with Z =92, the agree-
ment is good only for small positron angles. In Table I,
we show the corresponding results of the unpolarized
pair-production positron energy spectrum oDBMo(E+ )

calculated with the high-energy approximation for the
point-Coulomb potential using Eq. (27). From Table I,
we see that the high-energy approximation is poor for the
prediction of the positron energy spectrum. This indi-
cates that the energy is not yet high enough for the cases
we considered. Note that for the case with Z =1 the
Coulomb-correction function f (Z)=6.40X10 is very
small. Thus the difFerence between the results
tT DBMQ( E+ ) and cr c(E+ ) for the case with Z = 1 comes
mainly from the difference between the result of the
high-energy-limit Born approximation and the result
o BH [9]. For the case with Z =92, the Coulomb-
correction function f (Z) =0.395, i.e. , the Coulomb effect
is quite important.

In Fig. 4, we show comparisons of the shape function S
for Z =92, k =5 and 10, y=(E+ —1)l(k —2) =0.1,
0.5,0.9 between the results (the solid triangles) obtained
by the partial-wave method for the point-Coulomb poten-
tial and the partial-wave results (solid lines) for the
Hartree-Fock-Slater potential with the exchange term
omitted. In Table I, we show the corresponding compar-
isons of unpolarized pair-production cross section
o(E+ ). Our .results show that the atomic-electron
screening effect decreases the cross section o (E+ ) for the
main region of the positron energy spectra which contrib-
utes to the total pair-production cross section, and the
effect can be as large as about 21% for the region of low
positron energies -which contributes little to the total
pair-production cross section. Note that the screening
increases the cross section o(E+ ) for low. positron ener-
gies. This is because the atomic electrons decrease the
Coulomb repulsion of the positrons (which is responsible

10

10 10

10

10

60 120 0 60

(des)
120 180

for the asymmetric positron energy distribution) [10].
For the shape of positron energy-angle distributions, we
find that it is almost independent of the screening.
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FIG. 4. Comparisons of the shape functions
S =o.(E+,0+ )/o. (E+ ) for Z =92, k =5 and 10, and
y =(E+ —1)/(k —2)=0.1,0.5,0.9, for the results obtained by
the partial-wave method for the point-Coulomb potential (the
solid triangles) and the partial-wave results for the Hartree-
Slater potential with the exchange term omitted (solid lines).
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