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The cross sections for antihydrogen formation in the n=1, 2, 3, 4, 5, 6, and 7 levels from antiproton-
positronium collisions are computed in the unitarized Born approximation (UBA). Twenty-seven physical
states of antihydrogen (1s—7h) and ten physical states (1s—4f) of positronium are included in the UBA
basis. The peak cross section for antihydrogen formation from excited positronium targets is much larger than
that from a ground-state positronium target at low incident energies. The high-n antihydrogen levels make a
significant contribution to the total antihydrogen formation cross section, especially for incident positronium

atoms in the Ps(n=3) and Ps(n=4) levels.

PACS number(s): 34.90.+q, 34.80.Dp, 36.10.Dr

I. INTRODUCTION

When the antihydrogen atom is isolated from ordinary
matter it is stable and is consequently the ideal system in
which to study the charge-conjugation symmetries of physics
[1-3]. Other exotic atoms such as muonium, positronium,
and protonium have short lifetimes and are not so suitable
for high-precision spectroscopic studies. Given the availabil-
ity of a suitable antiproton beam from the low-energy anti-
proton ring at CERN, experiments designed to produce and
study antihydrogen atoms are being developed [3-7].

One of the factors that influences the viability of any ex-
periment is, of course, the rate at which antihydrogen can be
formed. One of the most promising methods that has been
suggested for producing antihydrogen [5-7] is to use the
charge-exchange process

Ps+13—>e_+l_-—l.

The cross section for antihydrogen formation by this reaction
is larger than the cross section via a number of alternative
reactions [3]. The specific configuration of one proposed ex-
periment is as follows [7]. A large number of antiprotons are
stored in a cryogenic Penning trap. A positron beam is di-
rected onto the walls of the ion trap. A small fraction of the
positron beam will then combine with electrons to form pos-
itronium atoms, which then drift into the trap. These positro-
nium atoms then collide with antiprotons to form antihydro-
gen. There have been relatively few calculations of the
charge-transfer process leading to antihydrogen formation.
Humberston et al. [8] combined accurate variational calcula-
tions in the Ore gap with distorted-wave calculations to es-
timate the cross section for ground-state antihydrogen forma-
tion. The close-coupling method [9,10] has also been used to
compute cross sections for antihydrogen formation to the
H(1ls), ﬁ(2s), and }_I(Zp) levels from the Ps ground state in
a six-state model for incident positronium energies from O to
54 eV. It was found that the charge-transfer cross section
should peak around 147m?) for incident positronium energies
of 5-10 eV. A more accurate calculation using a mixed
physical and pseudostate basis was recently carried out [11]
in the energy region below the ionization threshold. Besides
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computing the integral cross section from the positronium
ground state, differential cross sections were also computed
[11] so that the recoil conditions appropriate to the collision
could also be determined. Another very recent calculation
was the hyperspherical close-coupling calculation of Iga-
rashi, Toshima, and Shirai [12]. The cross sections from this
model are expected to be of similar accuracy to those of
Mitroy and Ratnavelu [11] for the ground state.

The rate at which antihydrogen is formed can be en-
hanced if lasers are used to pump positronium into highly
excited levels, since the cross section for the reaction

Ps(ml)+p—e” +H(nl'")

is larger than the cross section from the positronium ground
state. In order to avoid possible confusion, the principal
quantum number for a positronium Rydberg level is denoted
by m, and that for an antihydrogen level is written as n.
According to semiclassical theory, the charge-transfer cross
sections are expected to scale as m* for positronium atoms in
a Rydberg level [13]. Two calculations of antihydrogen for-
mation from excited positronium states have been done with
the first Born approximation [14,15]. These calculations
were performed at relatively high energies where the
particle-transfer cross sections for Ps atoms in an initial
Rydberg level scale as m~>. However, at low energies the
charge-transfer cross section is greatly enhanced for excited
positronium atoms. Mitroy and Stelbovics [16] coupled six
hydrogen and three positronium levels in the unitarized Born
approximation (UBA) to demonstrate that the charge-transfer
cross section for antihydrogen formation could increase by
an order of magnitude at the cross-section peak if the inci-
dent positronium atom was initially in an m=2 level. This
result was subsequently confirmed by the hyperspherical
coupled-channel (CC) calculations [12]. The qualitative fea-
tures of the UBA and hyperspherical CC cross sections are
roughly the same, despite some differences in detail. It is
expected that the hyperspherical CC calculations will give
more accurate cross sections than the UBA.
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In this work, the earlier UBA calculations [16] are ex-
tended to incorporate a much larger channel space. Positro-
nium states up to the m=4 level and antihydrogen states up
to the n="7 level (excluding the 7i level) were included in
the basis. The calculations are performed using the UBA.
The UBA is not as accurate as the close-coupling method,
but it corrects the most glaring deficiency of the first Born
approximation (lack of unitarity) and should be sufficiently
accurate for an initial survey to investigate (a) how the cross
section scales for increasing m, (b) the fractionation of the
antihydrogen atoms into different levels, and (c) the energy
dependence of the cross section.

<k’\Pa'|T|k\pa>=<k,\lja’|v|kq’a>_z

II. DETAILS OF THE CALCULATION

Cross sections for antihydrogen production from the
Ps(1s), Ps(2s) and Ps(2p), Ps(3s), Ps(3p), and Ps(3d),
Ps(4s), Ps(4p), Ps(4d), and Ps(4f) states to the antihydro-
gen ground and excited states are computed. The calculations
use a 37-state (H(n=1, 2, 3, 4, 5, 6, 7), Ps(m=1, 2, 3, 4))
unitarized Born approximation (the 7i level was not included
in the explicit calculation). The unitarized Born approxima-
tion (UBA) is the first Born approximation to the K matrix.
Using the notation that hydrogen states are labeled by the
subscripts « and «' and positronium states are labeled by the
subscripts 8 and B’, the on-shell UBA equations are

ifn'k"f dK"(K'W | VKW , WKW | Tk )

-> i277k”f dR"(K'W o |VIK'® 5 ) (KD | TRV )
B"

<k'q>ﬁ,|T|k«Ifa>=<k'®B,|Vlkxpa>—2” mk"f dK"(K' @ | VK" () (K" | TRV )

_E lz’ﬂ'kﬂf dl’;”(k’q)ﬁ/|Vlk”q)ﬂu><k“(bﬂ//|leq’a>.
B"

The generic term V is used to label the interaction between
the different classes of channels. The momenta k, k', and
k" are restricted to be equal to the on-shell momenta of the
different entrance and exit channels. Once the K matrix is
computed, it is then converted to the 7 matrix and the cross
section is computed.

Partial cross sections were explicity computed up to a
maximum partial-wave angular momentum of 36. The large
number of partial waves was motivated by the need to get
converged cross sections for Ps(m=4) initial states. At the
lowest energies a converged cross section could be obtained
by summing fewer partial waves. The partial-wave sum was
extrapolated to infinite J by assuming that the partial cross
sections scale like a power series. The size of the correction
made to the cross section by this extrapolation was generally
less than 5%. The calculations utilized a recently derived
expression for the rearrangement matrix element [17]. Since
a 7i level was not included in the explicit calculation, a cross
section for this state was incorporated by assuming the cross
sections to the 7i state were the same as those to the 74
level.

All of the actual cross sections shown later included a
correction arising from the need to include contributions
from positron transfer to the H(n=8) and higher levels. The
relative size of this correction was largest for Ps(m=4) ini-
tial states and smallest for the Ps(1s) initial state. The actual
procedure used to estimate the cross section for these higher
Rydberg levels was obtained from the cross section to the
n=7 level by

o(n>7)=(1n)(E,/E;)*a(n="T).

The first term of this formula is based upon 1/n> scaling for
the positronium formation matrix element. The second factor
involving the ratio of the outgoing electron energies after the
charge-transfer process has occurred (E, and E- for transfer
to the nth and 7th antihydrogen levels, respectively), is based
upon kinematic considerations [a factor of (E;/E)' is
present when the square of the 7 matrix is converted to the
cross section] and only affects the extrapolation close to
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FIG. 1. Cross sections for antihydrogen formation (in Tra(z))
from the Ps(1s) ground state. The positronium energy is given in
eV. The series of curves shows the accumulated antihydrogen cross
section for the n=1, 2, 3, 4, 5, 6, and 7 levels. The dashed curve
includes a correction for higher-n levels obtained using n 3 scaling,
as described in the text. Also shown are the cross sections from six-
state (@) [9] and twelve-state (A) [11] close-coupling calculations,
and the hyperspherical calculation () [12].
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FIG. 2. Cross sections for antihydrogen formation (in a?)
from the Ps(2s) level. The details of the present UBA cross sec-
tions are the same as Fig. 1. Cross sections from the hyperspherical
calculation () [12] are also shown.

threshold. This formula was used to estimate corrections
from the n=8 to the n= 14 levels, which were then added to
the cross section.

The cross sections are shown for incident energies [in the
Ps(1s)-p channel] of less than 10 eV since the main interest
is at low energies where the cross section is largest. Given
that the calculations involve the explicit calculation of UBA
T-matrices at about 100 energies for transition arrays con-
taining up to 37 initial and final states, it is not possible to
present the massive amount of information in tabular form.
All the cross sections are presented in graphical form. Prior
to graphing, the cross-section arrays were organized by using
a commercial spreadsheet computer program (Borland
Quattro-Pro 5.0) with three-dimensional capabilities. The
cross sections that are reported for initial positronium states
with />0 are computed assuming that each individual mag-
netic sublevel of the target level is equally likely to be popu-
lated.

III. CROSS SECTIONS

The cross sections for antihydrogen production from the
positronium ground state into all the possible levels are de-
picted as a function of energy in Fig. 1. The total cross sec-
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FIG. 3. Cross sections for antihydrogen formation (in 7m(2))
from the Ps(2p) level. The details of the present UBA cross sec-
tions are the same as Fig. 2. Cross sections from the hyperspherical
calculation () [12] are also shown.
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FIG. 4. Cross sections for antihydrogen formation (in wag)
from the Ps(3s) level. The details of the UBA cross sections are the
same as Fig. 1.

tion for the positron-transfer reaction is shown as a series of
curves depicting the accumulated sum of the antihydrogen
formation cross section for the n=1,2,3,... levels succes-
sively. An indication of the accuracy of the UBA calculation
can be gained by the comparison with the six-state and
twelve-state close-coupling cross sections. Distinctions exist
between the UBA and CC cross sections; however, the mag-
nitude of the cross-section maximum is the correct size and
the shape is roughly correct. At the highest energy consid-
ered, the H(n>2) cross sections make up about 40% of the
total integrated cross section. This would indicate that the
earlier six-state CC calculation by Mitroy and Stelbovics
[9,10] probably underestimates the antihydrogen cross sec-
tion at energies above the ionization threshold. The twelve-
state CC [11] and hyperspherical cross sections [12] are al-
most identical for energies below the H(n=3) threshold.
Cross sections for antihydrogen production from positro-
nium in an excited 25 or 2p state are shown in Figs. 2 and 3.
The cross section for antihydrogen formation in its ground
state is insignificant for all practical purposes. Since the
Ps(m=2) levels and the H(n=23) levels have similar bind-
ing energies and spatial extents, it is not surprising that the
H(n=3) cross section is the single largest cross section.
However, this cross section does not dominate the total cross
section and at energies higher than 2.5 eV, and antihydrogen
formation in the ﬁ(n=4) and higher levels accounts for
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FIG. 5. Cross sections for antihydrogen formation (in wag)
from the Ps(3p) level. The details of the UBA cross sections are the
same as Fig. 1.
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FIG. 6. Cross sections for antihydrogen formation (in ng)
from the Ps(3d) level. The details of the UBA cross sections are the
same as Fig. 1.

more than half of the antihydrogen formation cross section.
The UBA cross sections computed by Mitroy and Stelbovics
[17] only included the H(n=3) states, and as a consequence,
overestimate the rate at which the total antihydrogen cross
section decreases as a function of energy. Although the
present cross sections with the inclusion of the H levels with
n>3 are in better agreement with the hyperspherical cross
sections [12], there are still differences. First, the UBA pre-
dicts peak cross sections that are smaller. Second, as the
energy increases the UBA cross sections decrease more rap-
idly than the hyperspherical cross sections.

The cross sections for Ps(3s), Ps(3p), and Ps(3d) initial
states are shown in Figs. 4—6, respectively. The cross section
from the Ps(3d) level has the highest peak cross section, and
also decreases slower than the other two m =3 cross sections
as the energy increases. Antihydrogen is predominantly
formed in the I_{(n =3, 4, 5, and 6) levels, but the levels with
n=7 become increasingly important at higher energies and
at 2 eV comprise 40% of the total antihydrogen cross section
from the Ps(3d) state.

The cross sections for the Ps(4s), Ps(4p), Ps(4d), and
Ps(4f) initial states are shown in Figs. 7—10, respectively.
The cross section from the Ps(4f) level has the highest peak
cross section of about 18907aj. The positron-transfer cross

section is generally dominated by H formation in the 5, 6,
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FIG. 7. Cross sections for antihydrogen formation (in wa%)
from the Ps(4s) level. The details of the UBA cross sections are the
same as Fig. 1.
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FIG. 8. Cross sections for antihydrogen formation (in 7ra(2))
from the Ps(4p) level. The details of the UBA cross sections are the
same as Fig. 1.

and 7 levels. Given the large size of the n=7 cross sections,
it would have been preferable to include the n=38 levels
explicitly in the calculation. However, the present calculation
was the limit that could be done with the available computer
resources levels and the current computer program. The cor-
rection factor for the higher n=8-14 levels does provide
some sort of an estimate for the cross section to the missing
levels, and a visual inspection of Figs. 7-10 seems to indi-
cate no obvious problems with the correction. (The correc-
tion is probably most reliable at high energies and least reli-
able at low energies.) An examination of the cross section for
the Ps(2p), Ps(3d), and Ps(4f) initial states reveals that the
cross-section maxima for these states are larger than those
other Ps states with the same principal quantum number. The
positronium levels with m =17+ 1 seem to result in the largest
cross sections for antihydrogen formation.

There are two different energy regions where the antihy-
drogen formation from excited Ps states attain their maxi-
mum values. First, at very low energies, the charge-exchange
cross sections follow a E~'2 energy dependence. This is
merely a reflection of the fact that the cross section for su-
perelastic scattering can diverge like £~ 2 in the threshold
region. The UBA cross sections should not be expected to
give a particularly reliable estimate of the cross section in
this region. Second, there is the local maximum (or maxima)
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FIG. 9. Cross sections for antihydrogen formation (in waé)
from the Ps(4d) level. The details of the UBA cross sections are the
same as Fig. 1.
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FIG. 10. Cross sections for antihydrogen formation (in waé)
from the Ps(4f) level. The details of the UBA cross sections are the
same as Fig. 1.

in the cross section, occurring at roughly 6, 1, 0.7, and 0.4
eV, respectively, for Ps(m=1), Ps(m=2), Ps(m=3), and
Ps(m=4), respectively. Experience with comparisons be-
tween close coupling and UBA calculations for electron scat-
tering [18,19], and with the hyperspherical cross sections
[12], would indicate that the cross section at the maximum is
probably accurate to about 50%. The inclusion of the
higher-n antihydrogen final states in the coupling scheme
often results in giving the cross section a number of subsid-
iary maximum and delays the decrease in the cross section.
In Table I, the energies at which the cross sections reach their
maxima (given the complicated functional shapes of the
cross sections, this is just an estimate), the cross sections at
these energies, and the energies at which the cross sections
decrease to half the maximum cross section are tabulated. A
comparison of the peak cross sections for the Ps(m=2, 3,
and 4) initial states appear to indicate the peak cross section
scales as m>, not m* as suggested by Charlton [13]. There is
some uncertainty regarding the contribution from the H lev-
els with n=8. However, it is unlikely that explicit inclusion
of the H(n=8) levels into the calculation would lead to a
sufficiently large change in the antihydrogen cross section
near the cross-section peak to support an m* law. There is
another factor that could prevent the laser excitation of the
Ps atoms in an ion trap, resulting in the maximum possible
antihydrogen formation rate. The energy range over which
the cross section is large gets smaller as the quantum number
of the positronium initial state increases. Consequently, the
antihydrogen formation rate could be reduced if the thermal
distribution of the positronium atoms in the trap has a larger
energy spread than the region over which the positron-
transfer cross section is large. In such circumstances, it
would be desirable to decrease the thermal energy of the
positronium atoms, and schemes for doing this do exist
[20,21].

IV. CONCLUSIONS

A number of conclusions can be drawn from the cross
sections reported in this work. First, the peak cross section
for antihydrogen is generally bigger for higher m positro-

TABLE 1. Positions of the cross-section maxima, the cross-
section value at the maxima, and the energies at which the cross
section falls to % of its maximum value. (For the purposes of this
table, the working cross section was the cross section including
corrections for the H levels that were omitted from the UBA calcu-
lation.)

Initial Maximum o Energy at Energy at
Ps level (ﬁa%) maximum (eV)  half maximum (eV)
1s 14.6 6.0 >10
2s 185 0.55 35

2p 205 1.12 3.85
3s 740 0.73 1.32
3p 650 0.75 1.60
3d 800 0.75 1.84
4s 1230 0.36 0.72
4p 1560 0.36 0.74
4d 1180 0.40 0.98
4f 1890 0.36 0.95

nium initial states. Based on the available evidence, the scal-
ing law that seems to describe the increase in cross sections
is an m> law, and not an m* law. Second, the width of the
energy region over which the cross section is large gets nar-
rower as the quantum number of the positronium target atom
increases. These two conclusions must be qualified to some
extent; the hyperspherical calculation gave cross sections
that had a larger peak and did not decrease as rapidly as the
energy increased. Third, after the positron transfer, a wide
variety of antihydrogen states will be populated, including
some high-n levels. The population of these higher-n levels
results in a broader energy region where the cross section is
large. Fourth, some of the calculations predict larger cross
sections that diverge like E~ 2 as the relative energy of the
positronium-proton system goes to zero. However, the nu-
merical predictions of the UBA at these energies just above
the positronium thresholds are probably reliable only to an
order of magnitude.

Taken as a whole, the present calculations provide further
evidence to support the use of laser excitation in order to
increase antihydrogen production. However, two of the fac-
tors mentioned above could act to partially negate the opti-
mistic predictions [7,13] of greatly enhanced antihydrogen
production. These are the apparent scaling of the antihydro-
gen cross section in terms of the positronium principal quan-
tum number as a function of m>, and the decreasing energy
width of the region where the cross section is large. If the
temperature of the positronium atoms formed in an ion trap
is about 1 eV, then it is entirely possible that the gain in
production from the larger cross section from a highly ex-
cited positronium atom could be nullified by too many
positronium-proton collisions taking place at energies where
the positron-transfer cross section is much smaller.
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