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A spectrum-generating algebra for a unified description of rotations and vibrations in polyatomic molecules
is introduced. An application to nonlinear X3 molecules shows that this model (i) incorporates exactly the
relevant point group, (ii) provides a complete classification of oblate top states, and (iii) treats properly both

degenerate and nondegenerate vibrations.

PACS number(s): 33.20.—t, 03.65.Fd, 02.20.—a

I. INTRODUCTION

The progress currently witnessed in experimental tech-
niques for the spectroscopy of large molecules motivates the
development of theoretical tools to interpret and guide such
measurements. In view of the proliferation of parameters
needed in Dunham expansions and the difficulties encoun-
tered in solving a Schrodinger equation with interatomic po-
tentials for polyatomic molecules, the use of algebraic meth-
ods has been suggested in which the Hamiltonian is
expressed in terms of elements of a Lie algebra. The key
ingredient is the choice of a suitable spectrum generating
algebra.

At present there exist two versions of this method. In the
first version [1,2], rotations and vibrations are treated simul-
taneously and hence rotation-vibration couplings are built in
from the outset [3]. In this approach, a molecule with n
atoms is described in terms of n—1 coupled U(4) groups,
one for each independent relative coordinate. Each u;(4) al-
gebra is realized in terms of a set of four vibron operators
(o;,m;): the three components of a dipole (or 7r) boson with
LP=1" and a scalar (or o) boson with L°=0", ie., one
o boson for every 7 boson. The scalar boson does not rep-
resent an independent degree of freedom, but is merely in-
troduced to conveniently handle anharmonicities by com-
pacting the model space, i.e., the number of bosons
N":"U,-+nﬂ,- is conserved for each i=1,...,n—1 sepa-
rately. This version has been applied successfully to poly-
atomic molecules with n=2,3,4 atoms, but it encounters dif-
ficulties in describing bent molecules with degenerate
vibrations such as, for example, in nonlinear X; molecules
[2.4].

In the second version [5,6] rotations are ignored, while
vibrations are treated in terms of coupled one-dimensional
anharmonic oscillators. A separate set of coupled U(2)
groups is introduced for each type of vibration (stretching
and bending). The use of symmetry-adapted operators en-
sures the correct transformation properties of the eigenstates
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under the relevant point group [6]. Since there is no explicit
coupling between rotations and vibrations, this scheme be-
comes particularly useful for molecules in which the
rotation-vibration coupling is negligible. In this approach
each type of vibration is treated separately with different
interactions, although for degenerate vibrations such as, for
example, in symmetric top X3 molecules, stretching and
bending vibrations can belong to the same irreducible repre-
sentation of the relevant point group.

In this paper, we propose an alternative scheme for the
description of n-atomic molecules in which the relevant
point-group symmetry is taken into account exactly and all
vibrations (stretching and bending) and rotations are con-
tained in a single algebraic framework. We introduce a di-
pole boson for each independent relative coordinate and a
single scalar boson. This leads to a spectrum-generating al-
gebra of u(k+1), where k=3(n—1) is the total number of
rotational and vibrational degrees of freedom. By construc-
tion, only the total number of bosons N=n,+n, with
na=2n o, is conserved. For diatomic molecules (n=2) we

recover the u(4) vibron model [1]. For triatomic molecules
(n=3) we obtain a u(7) model whose building blocks are a
scalar boson and two dipole bosons (o, ,7,). We present
this scheme by studying symmetric (oblate) top X5 mol-
ecules, which form the simplest nontrivial example of a bent
polyatomic molecule with a degenerate vibration. We com-
pare our results with those obtained in a u(4)® u(4) model

[2].

I1. POINT-GROUP SYMMETRY

The embedding of discrete point-group symmetries in an
algebraic model relies on a geometric interpretation of the
vibrons. For nonlinear rigid molecules it is convenient to
make use of the established isomorphism between the mo-
lecular symmetry group and the relevant point group [7]. The
elements of the former consist of permutations of identical
nuclei with or without inversion (parity). The parity of the
bosons is well defined and the transformation properties un-
der permutations can be realized in terms of finite rotations
among the bosons. For bent X3 molecules with point-group
symmetry Ds;, we use the isomorphism between the S; per-
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mutation group and the point group D3 (CD3;). The parity
and S; labels are equivalent to the classification under
D;;, . We associate the two types of dipole bosons 7r; and
1, with the relative Jacobi coordinates

and their conjugate momenta, which have well defined trans-

formation properties under permutations (f,- denotes the co-
ordinate of the ith atom). The elements of the group S3 can
be expressed in terms of the transposition P(12) and the
cyclic permutation P(123), whose matrix representation in

1 .
the (o-T,wJ{,m ,wg‘m) basis is [8]

R - - - 1 . . -
= —(x1—x32), N = —(x;+x,—2x3) 1)
p \/5( 17— X2 \/8 1T X2 3 (

1 0 0 1 0 0
P(12) = |0 -1 0|, P23 = [0 =—12 32|, @)
0 0 1 0 —\32 -1

The o boson is a scalar under the permutation group, whereas the two 7 bosons transform (for each projection m=0,+1) as
the two components (M ,,M,) of the two-dimensional irreducible representation (M) of S;. In general, the symmetric (S),
antisymmetric (A), and mixed symmetry (M) classes of S3 can equivalently be labeled by the irreducible representations of
the isomorphic point group D3 as A;, A,, and E, respectively.

The transformation properties under S; of all operators of interest follow from those of the building blocks. In particular,
the most general one- and two-body u(7) Hamiltonian that is a scalar under S5 as well as rotationally and parity invariant is

found to be

H=¢, o'

o— €, (ml- w7l ) tuy o

fotoo—u, UT(WI~ i+l ) o

+ vo [(7}- 7+ wl - ahyoo+atat (7, 7+ 7y 71y)]

+ 202 ox [(mlml—alad) M (77— 7adr) M+ 4 (wla) M- (7,7,) V]

tey (ﬂﬂ)“*(ﬁzfn)“”xzoz

where denotes the usual scalar product with
Tim=(— l)l_mwi’mm and i=1,2. The corresponding eigen-
states are labeled by the total number of bosons N and, by
construction, have good angular momentum, parity, and per-
mutation (point-group) symmetry.

III. GEOMETRY

The Hamiltonian of Eq. (3) is expressed in terms of ab-
stract algebraic interactions. A more intuitive geometric vi-
sualization can be obtained by using mean-field techniques
to study the geometric properties of the u(7) model. For a
system of bosons the variational wave function takes the
form of a coherent state [9], which is a condensate of N
bosons

1
IN;ey=—=(b])"|0), 4

N
with

bi=(1+RY) "o +r, m] +r, (7], ,cos6+ 7}, sind)],
)

where R?= r% + r%. The condensate is parametrized in terms
of two (real) coordinates r; and r, and an angle

wy (il +alm)) N (77 + Frp )N, (3)

6 (ry,r,=0 and 0= 6= ). The two vectors 171 and ;2 span
the xz plane. We have chosen the z axis along the direction
of ;1, and r, is rotated by an angle € about the out-of-plane

y axis, ri-ry=ryrpcosf. The expectation value of the
Hamiltonian of Eq. (3) in the condensate defines a classical
energy surface E(r;,r,,6). The equilibrium shape is deter-
mined by minimizing the energy surface with respect to
ry, rp, and #. The nonlinear rigid and stable equilibrium
shape is characterized by r;=r, and 6=/2. These two
conditions are precisely those satisfied by the Jacobi coordi-
nates of Eq. (1) for an equilateral triangular shape and sug-
gest the association of the algebraic shape parameters in Eq.
(5) with these coordinates, i.e., r{<»p and r,<>X\.

IV. EXCITATIONS

We consider separately the vibrational and rotational ex-
citations described by the Hamiltonian in Eq. (3). With the
techniques introduced in [10] for the nuclear interacting bo-
son model, an arbitrary u(7) Hamiltonian can be decomposed
uniquely into intrinsic (vibrational) and collective (rotational
and rotation-vibration coupling) parts

H= Him+ Hcoll . (6)
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A. Vibrations

The intrinsic part by definition annihilates the equilibrium
condensate and has the same shape for the energy surface as
the original Hamiltonian. For the rigid triangular equilibrium
shape, characterized by r;=r, and = w/2, we find

Hyp=£ (R? o'’ — o} -} m)
X(R2oo— 771\ — fry- i) + & [(wl - wl— 7] 7))

X ( 7y~ @ = Ty T0y) +4 (]~ m}) (75 7))]. 7

To get more insight into the vibrational structure, we perform
a normal-mode analysis of the above Hamiltonian. This is
done by introducing a set of orthonormal deformed vibrons,
consisting of the condensate boson of Eq. (5) with ri=r,
and #= m/2, and six additional bosons that represent excita-
tions of the condensate. The normal modes can be found by
rewriting the intrinsic Hamiltonian in terms of the deformed
vibrons and replacing the condensate bosons by their classi-
cal mean-field value YN [11,12]. As a result, we find, to
leading order in N,

1 ;
5 Hm=€1 blb,+ € (blb,+b}b,)+O(1N), (8)

with eigenfrequencies €,=4&R? and €,=4&R*(1
+R?)~!. This identifies the deformed bosons that corre-
spond to the three fundamental vibrations: a symmetric
stretching (), an antisymmetric stretching (v), and a bend-
ing vibration (w),

bi=(1+R>) V(=R o'+ (x| + =} )/\2],
bzz (— 774{,2%- W;’X)/\/E,

bl =(m] + s )1\2. 9)

The first two are radial excitations, whereas the third is an
angular mode that corresponds to oscillations in the angle
0 between the two Jacobi coordinates [12] (v;, v,,, and
v,y , respectively, in the usual spectroscopic notation). The
angular mode is degenerate with the antisymmetric radial
mode. This is in agreement with the point-group classifica-
tion of the fundamental vibrations for a symmetric X3 con-
figuration [13] and shows that H;,, describes the vibrational
excitations of an oblate symmetric top. Intrinsic states repre-
senting excited vibrations (v, vlz) are obtained, for
large N, by replacing the condensate bosons in Eq. (4)
by the appropriate number of deformed bosons of Eq.
(9). Accordingly, the intrinsic state for such vibration
(having +1{ projection of the vibrational angular mom-
entum on the symmetry y axis) takes the form
(b;l)("zﬂ)/z(b;_1)("27[)/2(bZ)V1(bZ)N"’1_”2]0), where
bh e =(bixib])\2.

By construction, H;, has an exactly degenerate ground
band whose rotational members are obtained by projection
from the equilibrium condensate. Its excited states also tend
to cluster into bands. Equation (8) shows that in the large N
limit the vibrational spectrum is harmonic. For finite values
of N the correction terms of order 1/\/ﬁ give rise to anhar-

monicities. These can be studied numerically by diagonaliz-
ing H,;, in a convenient basis.

A similar analysis [12] of the S;-invariant intrinsic (one-
and two-body) Hamiltonian of the u(4)®u(4) model yields
that, in this case, the two radial modes associated with the
Jacobi coordinates are uncoupled and have the same fre-
quency, in disagreement with the point-group classification
of the normal vibrations of a symmetric X5 shape. The dif-
ference with the u(7) model can be traced back to the occur-
rence of terms in the Hamiltonian of Eq. (7) in which only
the total number of dipole bosons is conserved. These terms
cannot appear in a u(4)®u(4) description, which requires
that each type of boson be conserved separately. A u(2)
®u(2) description will yield only the symmetric v{(A;) and
the antisymmetric v,,(E) stretching vibrations. The second
member of the degenerate vibration [the v,,(E) bending]
requires a separate treatment.

B. Rotations

On top of each vibrational excitation there is a whole
series of rotational states. In a geometric description the ro-
tational excitations are labeled by the angular momentum L
and its projection K (=0,1, . ..) on the threefold symmetry
axis, parity P=(—1)X, and the transformation property ¢
under the point group. In the present algebraic model the
rotations (and rotation-vibration couplings) are described by
the collective part of the Hamiltonian. By construction,
H_ 1= H— Hj, consists of interaction terms that do not affect
the shape of the energy surface [10,11]. Discarding
ﬁ-dependent terms that do not contribute to the excitation
spectrum, we find

Hog=r, (Ay-A+Ay-Ay)+ K, (By-B,+B,-B,)

A

1
+ K;3 L'£+K4 I%},-Ky, (10)
with
A1=i (mlo+ota)W,
By = (| +a}i) ), By=(wid —mhi) "),
L=\2 (wlar + i a,) Y, 12y=—i\/§ (mldy— ).

(1mn
The angular momentum L commutes with any rotational-
invariant Hamiltonian. The Hamiltonian of Eq. (3) commutes
also with the operator K y - Consequently, the resulting eigen-
states |L ,Ky> have good angular momentum L, parity P,
and K,. The states ]LP ,iKy> are degenerate since
P(12) [L*.K,) = (=1)® |L?,—K ) and P(12) commutes
with any Sj-invariant Hamiltonian. The operator K y is re-
lated to the cyclic permutation P(123) =exp(-i21'rf(y/3) and
the absolute value |K,| determines the S;~D; symmetry

[14]

A2=i (77%0’-%07772)(1),

0 (mod 3)

forA;,A,
A= 1,2 (mod 3)

K
| for E.

(12)

States with well defined permutation symmetry () can be
formed by taking the two linear combinations |L/,|K,|)
o[ 1 tP(lZ)]]LP,K_V), which can be used to distinguish be-
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tween t=A, and A, for |[K,|=0 (mod 3) and between the
components E, and E, for [K,|=1,2 (mod 3).

By examining the projection of intrinsic states on the
symmetry axis, it is possible to show that for a (v, Vlz) vi-
bration, the algebraic quantum number |K | and the geomet-
ric K are related by

|K,| = |K=x21]. (13)

The + (—) sign corresponds to the +/ (—/) projections of
the vibrational angular momentum along the symmetry axis.
The |K,| quantum number is analogous to the G quantum
number

G = |K=l|, (14)

considered by Watson [15]. Since both the G and |K,| labels
are defined (mod 3), they provide an equivalent classification
scheme. It is important to note that, unlike for /=0 where
|K,|=G=|K]|, for I>0 there are two possible |K,| or G
values for each K. Thus |K | (or G) is an additional quantum
number needed to supplement the D5 and parity labels for a
complete classification of the oblate top states. As an ex-
ample, in E vibrations of the type (v, ,Vlfl) the two Ly
levels with K=3 are distinguished by |Kyl =5 (G=2) and
[K,[=1(G=4).

From the above discussion it is evident that the last two
terms in Eq. (10) commute with the Hamiltonian of Eq. (3)
and thus correspond to exact symmetries. Their eigenvalues
k3L(L+1)+ K4K§ are similar in form to those of a symmet-
ric top. All rotational states with K# 0 are split in two, with
different |K | assignments in accord with Eqs. (12) and (13).
The splitting between +17 and —/ levels is 8x4IK, i.e., in-
creases linearly with K. The «; and k, terms in Eq. (10) do
not commute with the intrinsic Hamiltonian of Eq. (7).
Therefore, in addition to shifting and splitting the bands gen-
erated by H;,,, they can also mix them and hence contain the
rotation-vibration couplings. Their effect on the spectrum
can be studied numerically.

The one- and two-body u(7) Hamiltonian presented so far
does not exhibit /-type doubling and consequently its calcu-
lated A; and A, levels occur in degenerate doublets. This
degeneracy can be lifted with the inclusion of higher-order
terms that break the |K,| symmetry. An example of such a
three-body term is considered below. A similar situation is
encountered in Watson’s effective Hamiltonian [15], whose
major terms are diagonal in the quantum number G, and
small higher-order correction terms (with AG=6) are im-
portant for the splitting of the (A;,A,) doublets.

C. Applications

Among the different features in the proposed u(7)
spectrum-generating  algebra, as compared to the
u;(4)®u,(4) scheme, is the exact account of the point sym-
metry. This is particularly important for degenerate vibra-
tions present in symmetric top X5 molecules. With that in
mind, we apply the present formalism to the vibrational
spectrum of Hj . This molecule, with a triangular equilib-
rium shape, has been studied extensively [16] and can serve
as a test ground for different spectrum-generating algebras. It
was shown [4,12] that the u(4)® u(4) model encounters some
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TABLE 1. H; " band origins in cm™ .

u(4)®@u(4)°
(v1,vh) t DMT? u(7)® I 1I
(0,0% A 0 0 0 0
(0,1} ) E 2521 2522 2506 2506
(1,0% A, 3178 3184 3181 3174
0,29 A, 4778 4770 4928 4929
(0,2%) E 4998 5007 4928 4929
(1,1 1) E 5554 5543 5603 5597
(2,00) A, 6262 6233 6233 6243
(0,31) E 7006 7019 7266 7269
(0,3%) A, 7283 7276 7266 7269
0,3% A,y 7493 7492 7266 7269
*From [17].
bCalculated with N=40, R*=1.65, £,=12.3 cm™!, £&=21.3
cm™ L, k4= —14.8 cm™!, and {=-0.38 cm™ L
‘From [2].

difficulties in the description of the vibrational spectrum of
H;* [2]. Our goal here is to examine to what extent these
difficulties arise from the lack of an exact treatment of the
molecular point-group symmetry. For that purpose we use a
simple u(7) Hamiltonian

H=H(&.6.R)+ 1K, R+ T-T,  (15)
where H,, is given in Eq. (7) and TT= (7} 7] —a}-m])
X 7w5+2 (] - 7w5) . The parameters are determined from a
fit to the estimated band origins in Hy;* [17]. In the fit we
minimize 2 ,w; [ E;(calc) — E;]* with weights w;= 1.0 for the
two fundamentals (the only band origins known from experi-
ment) and w;=0.1 for the other levels. As shown in Table I,
the u(7) calculation shows a significant improvement over
the u;(4)®u,(4) fit, thus highlighting the importance of in-
corporating the discrete point-group symmetry in the alge-
braic description. It is clear, however, that the simple u(7)
Hamiltonian (15) used here is not sufficient to reach the ac-
curacy of ab initio calculations. Adding more interactions
(e.g., rotation-vibration terms and/or additional higher-order
terms in the algebraic Hamiltonian) can improve the spectro-
scopic accuracy of the fit at the expense of more parameters.
The need for such terms is expected in view of the known
large rotation-vibration couplings in H;*, the non-Born-
Oppenheimer corrections in the Hy* potential [18], and the
presence of higher-order terms in ab initio potential surfaces
(31 terms [17]).

V. SUMMARY AND CONCLUSIONS

In this work we have introduced a u(7) spectrum-
generating algebra for the description of triatomic molecules.
Particular emphasis was put on the ability of the model to
adequately treat degenerate vibrations as they occur in oblate
top X; molecules, by imposing the discrete point-group sym-
metry on the Hamiltonian. A normal mode analysis revealed
that the characteristic pattern of fundamental vibrations of a
symmetric bent X3 molecule is recovered in this model. Al-
gebraic terms affecting the vibrations, rotations, and their
coupling have been identified. The u(7) algebra provides a
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quantum number |K,| (the analog of the quantum number
G), needed for a complete classification of oblate top states.
Although we have focused the discussion on oblate top X3
molecules, the u(7) model can be applied to any triatomic
molecule, both linear and bent. In each case the results of a
normal mode analysis are in agreement with those dictated
by the relevant point group [4]. All these features of the u(7)
model are necessary ingredients for a proper description of
rotations and vibrations in triatomic molecules.

We have compared the present model with two other al-
gebraic approaches. The main difference between the models
lies in the choice of the model space. In the u(7) model the
distribution of quanta among the two dipole degrees of free-
dom is determined dynamically by the Hamiltonian, whereas
in the u(4)®u(4) model [or its simplified u(2)®u(2) version]
the number of bosons in each mode is restricted separately.
The existence of generators in the u(7) algebra that mix the
two types of dipole bosons is the different ingredient that
enables an exact treatment of the point-group symmetry and
a proper description of degenerate vibrations. Unlike in the
u;(4)®u,(4) case, in the u(7) scheme there is no need to use
nonanalytic (absolute value) interaction terms to describe
bent molecules. On the other hand, the u(7) algebra does not
have a so(4)®so(4) dynamical symmetry, which leads to
considerable simplification in the u(4)®u(4) description of
linear molecules. In a fit to the band origins of H;* we
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showed that a simple u(7) Hamiltonian with the proper point-
group symmetry improves considerably the previous
u;(4)®u,(4) description of triangular X5 molecules.
Refinements of the simple u(7) Hamiltonian are needed to
achieve spectroscopic accuracy. The choice of rotation-
vibration terms and of additional higher-order algebraic
terms may be guided by examining corresponding terms in
Watson’s effective Hamiltonian. The inherent simplicity in
algebraic methods is potentially important for polyatomic
molecules, where ab initio calculations are difficult to per-
form. A first step in this direction would be to extend the
current procedure to larger molecules, resulting in a
spectrum-generating algebra of u(3n—2) as a candidate for
a spectrum-generating algebra for vibrations and rotations in
n-atomic molecules with prescribed point-group symmetries.
Work along these lines, as well as on the rotational aspects of
these models, is in progress and will be reported separately.

ACKNOWLEDGMENTS

This work is supported in part by the Stichting voor Fun-
damenteel Onderzoek der Materie (FOM) with financial sup-
port from the Nederlandse Organisatie voor Wetenschap-
pelijk Onderzoek, by CONACyT, México under Project No.
400340-5-3401E, DGAPA-UNAM under Project No.
IN105194, and the Israeli Science Ministry.

[1] F. Iachello, Chem. Phys. Lett. 78, 581 (1981); F. Iachello and
R. D. Levine, J. Chem. Phys. 77, 3046 (1982).

[2] O. S. van Roosmalen, A. E. L. Dieperink, and F. Iachello,
Chem. Phys. Lett. 85, 32 (1982); O. S. van Roosmalen, F.
Iachello, R. D. Levine, and A. E. L. Dieperink, J. Chem. Phys.
79, 2515 (1983).

[3] F. Iachello, S. Oss, and L. Viola, Mol. Phys. 78, 561 (1993).

[4] R. Bijker, A. E. L. Dieperink, and A. Leviatan, in Symmetries
in Science VII: Spectrum Generating Algebras and Dynamic
Symmetries in Physics, edited by B. Gruber and T. Otsuka
(Plenum, New York, 1994), p. 75.

[5] R. D. Levine and C. E. Wulfman, Chem. Phys. Lett. 60, 372
(1979); O. S. van Roosmalen, 1. Benjamin, and R. D. Levine,
J. Chem. Phys. 81, 5986 (1984).

[6] F. Iachello and S. Oss, Phys. Rev. Lett. 66, 2976 (1991); A.
Frank and R. Lemus, ibid. 68, 413 (1992); F. Iachello and S.
Oss, J. Chem Phys. 99, 7337 (1993).

[7] P. R. Bunker, Molecular Symmetry and Spectroscopy (Aca-
demic, New York, 1979).

[8] M. Moshinsky, The Harmonic Oscillator in Modern Physics:

From Atoms to Quarks (Gordon and Breach, New York, 1969),
Chap. 17.

[9] O. S. van Roosmalen, R. D. Levine, and A. E. L. Dieperink,
Chem. Phys. Lett. 101, 512 (1983).

[10] M. W. Kirson and A. Leviatan, Phys. Rev. Lett. 55, 2846
(1985).

[11] A. Leviatan and M. W. Kirson, Ann. Phys. (N.Y.) 188, 142
(1988).

[12] A. Leviatan, J. Chem. Phys. 91, 1706 (1989).

[13] G. Herzberg, Molecular Spectra and Molecular Structure II:
Infrared and Raman Spectra of Polyatomic Molecules (Van
Nostrand Rheinhold, Princeton, 1945).

[14] K. C. Bowler, P. J. Corvi, A. J. G. Hey, P. D. Jarvis, and R. C.
King, Phys. Rev. D 24, 197 (1981).

[15] J. K. G. Watson, J. Mol. Spectrosc. 103, 350 (1984).

[16] T. Oka, Rev. Mod. Phys. 64, 1141 (1992), and references
therein.

[17] B. M. Dinelli, S. Miller, and J. Tennyson, J. Mol. Spectrosc.
163, 71 (1994).

[18] J. Tennyson and O. L. Polyansky, Phys. Rev. A 50, 314 (1994).



