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Optical bistability and lasing without inversion in a system of driven two-level atoms
with incoherent injection
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We have studied a laser system in which initially incoherent atoms are injected into a cavity and
directly driven by a coherent pump field. Here we show that such a system can display optical bistability
in the absence of population inversion. Two disconnected branches of the solutions are obtained for las-
ing action. They correspond to the inversion branch and inversionless branch, respectively. Also, a
mechanism is proposed here to produce higher-power lasing by the inversionless laser.

PACS number(s): 42.50.Hz, 42.55.—f, 42.65.Pc

In recent years, lasing without inversion (LWI) has
drawn a great deal of attention [1—18], and various
schemes have been proposed. Based on the dressed
states, Agarwal [1], Lu, and Berman [2] have studied
LWI for a two-level system, where atomic coherence
effects play an important role in achieving lasing action
without population inversion. Also, atomic coherence
effects are used in other models that involve more transi-
tion levels [3—6]. Other very interesting proposals ad-
vanced by Harris and others [7—18] are based on the
differences between the emission and absorption spectra
of lifetime-broadened discrete levels of atoms due to Fano
interference efFects [19]. Scully and collaborators [14,1S]
have investigated the possibility of LWI within the
framework of the quantum-beat laser, which was origi-
nally advanced as a means of quenching spontaneous
emission noise. Most recently, some interesting experi-
ments on LWI have been made [16—18].

The motivation of the present paper is twofold. First,
although the atomic coherence effects and dressed state
basis are important for most commonly discussed
schemes for LWI (e.g. , [1—9]), the initial atomic coher-
ence and dressed state basis are not essentially needed for
achieving LWI [4(d),6]. It could be shown that LWI can
also be achieved in the bare atomic state basis and in the
incoherent initial atomic states. Second, as is well
known, while the bistability can be obtained for a laser
system and many other systems [20—24] driven by an
external injected field, no description showing optical bi-
stability without population inversion has, to our
knowledge, been reported so far. Therefore, our question
is whether these two properties can be achieved together.

In other words, can the optical bistability be obtained in
the absence of population inversion?

The present paper studies a two-level system driven by
a coherent pump field. Although a driven two-level
atomic system was studied some time ago [2S,26], and
most recently, corresponding investigations on Mollow
side-band for this system were reported [27—29], our
model is different from those. In our model, a two-level
atomic beam is injected into the cavity and atomic states
are initially incoherent. The driven pump field is perpen-
dicular to both the atomic beam and the cavity axis (Fig.
1). For this system, we have shown that it is indeed pos-
sible to obtain optical bistability in the absence of popula-
tion inversion. The lasing action takes place in both the
population inversion region (where inversion parameter
D=p2z —p&&)0) and the inversionless region (D &0).
The solutions of the lasing field are shown to be divided
into two branches: the inversion branch (curve a in Fig.
2) and the inversionless branch (curve b in Fig. 2). The
inversion branch cannot transit continuously either to the
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FICs. 1. Schematic outline of optical bistability for LWi,
where injected N two-level atoms are directly driven by a pump
field Ep.
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where a ~ and a are creation and annihilation operators
for the cavity field, respectively; o,o. and o., are Pauli
pseudospin operators for the jth atom; g and g are cou-
pling constants of atoms with the cavity and with the
pump field, respectively; co„co„and co are frequencies
for the cavity, atoms, and pump 6eld, respectively; and
the step function 8(t t—) is one for t & t (injection time
of the jth atom} and zero otherwise.

In a rotating frame,

10.0

Ocrit

50.0

it(t)=ae ', o (t)=cr e

the Heisenberg equations of motion for the mean values
of the cavity mode and of the atoms are

FIG. 2. Variation of normalized total field E, given by Eqs.
(12) and (13) with the normalized inversion parameter D [see
Eqs. (14) and (15) for its definition]. Curves a(1),a(2),a(3)
represent the solutions of the inversion branch determined by
Eq. (12), where curve (i) (with the positive slope) is stable, and
curve (ii) (with the negative slope) is unstable. Curves
b (1),b (2),b (3) show the optical bistability in the inversionless
region given by Eq. (13). The parameter g~ in both curves a and
b is chosen to be 2 for a (1), b (1); 3 for a (2), b (2); 4 for a (3),
b(3).

inversionless branch or to the inversionless region. The
in ver sionless branch cannot transit to the inversion
branch at all. However, it can transit continuously from
the inversionless region to the inversion region corre-
sponding to the population inversion parameter, and Uiee

versa. Though there are two possible steady states in the
inversion region, they are not optical bistable states in a
common sense, which will be explained later. However,
the two steady states in the inversionless region are opti-
cal bistable states in a common sense. They form a hys-
teresis.

The Hamiltonian of the system in the rotating-wave
approximation is given by

H =fico,ata+g co, cr, +Pi+—8(t t )(gao 1—+g a o~ )J' J
0

+%+8(t t, )(g,e—
J

&i)=- +id, , (ct) ig*+—8(t —t )(cr ).,
J

(3)

&b&=— +id, , (b )+ +id, , g„2

—ig'+8(t —t )(o ) .
J

Together with Eq. (5}, Eq. (4) can be solved without
resorting to adiabatic elimination. The solution is

(3')

(o, ) = —(r+id, , & & o, ) +ig 8(t t, )(n —+g„)(o„),
(4a)

& o„.&
= —r (o„)+2i 8(t —t, )[g '& n'+g„') (o, )

—g&ct+g„&&, &], (4b)

where b,, =co, —c0, h, =co, —co, g, =g~lg; y, and I
are the cavity decay rate and the atomic decay rate,
respectively. In the above equations, use have been
made of the semiclassical approximation ( ct o J )
=(& ) &o J ), (itoj ) =(5')( cr)j, which implies that
i(ct) i »1.

To solve (3) and (4), we note that the total Seld of the
system is

i@0(b ) = (n+g„) =r,e

where ro and 40 are the amplitude and the phase of the
total field, respectively. Consequently, Eq. (3) becomes

(o J(t})=exp[ —I (t tj )] (o J(tj))cos [~g(r—p(t t )]+ (—o (tj ))e sin [~g~rp(t t}]—
+i, , (o „(tj) )e 'sin[2[g (rp(t —tj )]—i (oJ(t, ) )sin[2)g(rp(t t,))—

21g I 2g rp

+ (o, (t ))e 'sin [~g~rp(t t)]-
2g rp

(6)

&o 1( 1) & =P22 Pii . (7)

Because of the incoherent injection of atoms, the initial
atomic conditions in (6) are supposed to be

(cr)&t=p ( ii)=to, (cr, (t, )) =Pi2(t, )=0,

Before we insert (6) and (7) into (3'), we assume that
the atoms have a time-independent injection rate R. The
summation in (3') can be replaced with an integration
over the injection time tj [2(b)],

+8(t —t, )(ctj(t))~R f dt, (cr, (t) ), (g)
J
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which can be integrated by using Eqs. (6) and (7}. The
final result will lead to an expression for ( b ),

Rg Po
2

pzz pii1+go
p2

2g"0
(p~~

—p»}

Rg 5,
2I

~C . &@0 VC

2
+i A, rpe + +id, g„. (9)

and an equation for phase 40 to be

gh, 1 2gA
(pzz

—p» )—6, + sin(o —40),2I

where g, =2g R/I, 2 =Q(y, /2) +b,„ tano.
=6, /y, /2.

Equations (10) and (11},for various possible choices of
parameters, can be dealt with by numerical computa-
tions. But in this paper, for our main concern, we will
focus on a particular and also important case of both a
cavity Geld and a pump field resonating with the atom,
namely, detuning h, =b,,=O and o =0, A =y, /2. In
this case, it is easy to show that steady-state solutions for
the phase are 4p 0 '7T and the corresponding time-
independent field amplitude satisfies the following equa-
tions:

ED 1 2g
E, +1+E, g, g,

(12)

Without a loss of generality, we have chosen the coupling
constants g and gz to be real in Eq. (9). Using Eq. (5) and
separating Eq. (9) into a real part and an imaginary one,
we find an equation for the effective total field amplitude
E, =2gro/I' to be

g, E, y, 2gA
Et =

~ (P22 Pl 1 ) — E, + cos(40 o.
1+E,

(10)

and the cavity atom, respectively. It is appropriate and
convenient to introduce the normalized inversion param-
eter

gc

C

which possesses the same sign as the inversion parameter
D.

By investigating Eqs. (12) and (13), we find that they re-
veal some interesting and significant properties of the sys-
tem. First, we can see that Eq. (12) admits a solution
only for D & 0 (notice that E, & 0 by the definition}. Con-
sequently, the solution is called the inversion branch.
The solution for this branch is depicted in Fig. 2
(curve o). From this curve one can see that two solutions
are possible on this branch for a given D. But only one of
them is stable (i), and the other is unstable (ii}. A detailed
analysis shows that in order to achieve lasing action for
the inversion branch, the normalized inversion parameter
must be greater than a threshold value that has a
minimum magnitude of unity and increases monotonical-
ly with pump coupling parameter g~ (this tendency can
also be seen from curve a of Fig. 2) and that the lasing
acting is favored in the case of a larger population inver-
sion, a stronger cavity-atom coupling, and a smaller de-
cay.

The solution to Eq. (13) is called the inversionless
branch because the lasing action exists not only for D & 0
but also for D &0. It is graphically shown in Fig. 2
(curve b). From this figure, one can see that the optical
bistability can take place on the inversionless branch. To
be more specific, we can show that no bistability is possi-
ble when the pump coupling parameter g is less than the
critical value g, =2.598, and the system can exhibit opti-
cal bistability in the region of lasing without population
inversion (i.e., D (0) for g &g, . This interesting result
of the possibility of the bistability in a laser system
without population inversion is first demonstrated here.
Although there have been a large number of papers dis-
cussing optical bistability [20—24, and references
therein], to our knowledge no one has verified that it ex-
ists in the situation of LWI.

From Eqs. (12) and (13) one sees that the external

pump field plays a key role. If the pump field is absent

(g~ =0), then not only is LWI impossible, but also bista-
bility disappears. In this case Eqs. (12) and (13) merge
into one equation, from which laser intensity is obtained.

0 @0
~=E'=(g, /y, )[D y. /g. ] (16)

E,D 1 g
E, —2

1+E, g, g,

for @0=0,where

P22 P 1 1 g g
2Rg

VC

(13)

(14)

where D is the inversion parameter, and g and g, are di-
mensionless coupling constants for the pump field atom

This equation shows obviously the requirement of popu-
lation inversion, i.e., D &y, /g, or D=g, D &1. As a
matter of fact, the laser becomes an ordinary one in this
case [2(b)]. Moreover, we can further show that the in-
version branch in the presence of the external pump Geld
corresponds to the previous results about the pump laser.

In summary, we have investigated the behaviors of a
laser system of driven two-level atoms with incoherent in-
jection. It is shown that lasing without inversion can
indeed be achieved in the incoherent initial atomic states
and in the bare atomic state basis. What is more, it is
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found that the optical bistability can exist in a laser sys-
tem without inversion, though the bistability in a laser
system with inversion is a widely known phenomenon.
The transition between the bistable states involves a sud-
den change in the amplitude of the field but not its phase.
Besides the above-mentioned bistability in the region of
D (0 (i.e., without inversion), our results also show that
there may exist bistable states in the region of D )0 (i.e.,
with inversion). In this situation, one of the bistable
states belongs to the inversionless branch (curve b in Fig.
2) and another is on curve a of Fig. 2. It is interesting to
note that the transition from curve a to curve b can take
place, but the reverse process is forbidden. These two
steady states in the inversion region do not form a hys-
teresis. Let us now consider the above transition. Sup-
pose the system is initially in the state on curve a. A sud-
den jurnp to the state on curve b will take place as the
normalized inversion parameter D slowly decreases to a
critical value D„;„corresponding to the nose-type point

on curve a [for instance, D,„,= 10 for gz =2. See curve
(a 1 ) in Fig. 2]. This kind of transition involves the sud-
den change for both the phase @o(n ~0) and the ampli-
tude E, of the field with the typical laser intensity ( -E, )

gain of the order of about ten or more (see Fig. 2). This
property, together with the fact that the laser system
remains in the state on curve b for slowly increasing D,
suggests a mechanism to realize the higher-power laser
operation in the inversion region.
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