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Rydberg-electron wave-packet dynamics in parallel electric and magnetic fields
and evidence for stabilization
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The dynamics of short-lived quasibound Rydberg-electron wave packets above the classical Geld-
ionization limit are investigated in the presence of parallel electric and magnetic fields. The observed
variations in relative peak intensities in the recurrence spectra are understood both in terms of a
quantum-mechanical picture and in terms of the classical electron trajectories. The linear Zeeman
term causes the Rydberg wave packet to rotate around the magnetic field axis. This rotation is
observed experimentally as a sinusoidal intensity modulation superimposed on the periodic struc-
ture which is attributed to motion in the angular-momentum coordinate. The diamagnetic term
stabilizes the Rydberg wave packet. This stabilization is observed experimentally as an increase in
the recurrence peak intensities and the observation of recurrences after longer delays (up to twice as
long as in the absence of the magnetic field). Classical trajectory calculations identify the dominant
closed orbits which contribute to the experimental recurrence spectra.

PACS number(s): 32.80.Rm, 03.65.Sq, 31.10.+z, 32.60.+i

I. INTRODUCTION

Time-resolved spectroscopy is the obvious tool for in-
vestigating the physics of the short-lived Rydberg states
above the classical ionization limit in parallel electric and
magnetic fields. Until quite recently, however, measure-
ments of Rydberg wave packets were hampered by the
poor efIiciency of the conventional photoionization de-
tection techniques which were employed. An important
improvement in the efIiciency of detecting Rydberg elec-
tron wave packets was the two pump pulse Ramsey inter-
ference technique which was Grst proposed by Noordam
et al. [1] and demonstrated to work by Broers et al. [2],
Christian et al. [3], and Jones et al. [4]. Following the
development of this technique, electron motion in the an-
gular momentum coordinates was investigated above the
classical field-ionization limit in an external electric field,
where neither frequency-resolved experiments nor con-
ventional time-resolved photoionization detection tech-
nique would have been appropriate [5]. In addition, in-
vestigations of bound electron wave-packet dynamics in
a pure Coulombic potential and in a combined Coulom-
bic and magnetic potential have been reported in which
the intrinsically high detection efIiciency of this technique
proved valuable [6]. Rydberg states in coxnbined electric
and magnetic Gelds have also received attention. The
temporal evolution of a bound Rydberg wave packet in
perpendicular electric and magnetic fields, using a pho-

toionization detection technique, has been observed by
Yeazell et al. [7]. Although there have been a number of
high resolution &equency-resolved investigations of Ryd-
berg atoms in parallel electric and magnetic fields [8—ll],
until now, no time-resolved experiments have been re-
ported. Theoretical studies of Rydberg atoms in parallel
electric and magnetic Gelds have been inspired by the
fact that the hydrogen atom Hamiltonian becomes non-
separable when the diamagnetic term is included [11,12].
For example, Mao et al. [11] apply closed orbit theory
to account for oscillations observed, in the frequency do-
main, near the ionization threshold in a regime where
the magnetic field dominates, or is comparable to, the
electric Geld. Rydberg states above the classical field-
ionization limit in the presence of a magnetic field whose
efFective strength is very much less than that of the elec-
tric Geld have not previously received attention. This is
not too surprising since one might not expect the elec-
tron dynamics to difFer significantly &om those in the
pure electric Geld. However, in this work, we demon-
strate that even when the ratio of the efFective strengths
of the electric and magnetic Gelds is between 10 and
100, the magnetic Geld stabilizes the Rydberg electron
wave packet. We present experimental observations of
the stabilization of Rydberg electron dynamics in rubid-
ium above the classical field-ionization limit in parallel
electric and magnetic fields. We exploit the fact that the
time-resolved two-pump-pulse technique is ideally suited
to the study of such short-lived states embedded in the
field-ionization continuum.

II. EXPERIMENT
'Present address: Department of Chemistry, King's College

London, Strand, London WC2R 2LS, United Kingdom.
Most aspects of the experiment have been described

in detail elsewhere [3,5], briefly: a number of Ryd-
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berg states of Rb (typically between 5 and 10), with,
for the various experiments, principal quantum numbers
in the range n = 23—54 depending on the laser wave-
length. The Rydberg states are excited coherently from
the 58 ground state using the frequency doubled output
of a nearly bandwidth-limited, synchronously pumped,
cavity-dumped, tunable picosecond dye laser (297 nm,
2.3 ps, bandwidth 7 cm i, repetition rate 3.8 MHz). The
picosecond pulse is split into two equal parts at a beam
splitter which is part of a Michelson interferometer type
arrangement; a translation stage in one arm of the in-
terferometer is used to delay one pulse with respect to
the other and the phase difFerence (i.e. , the precise de-
lay) between the two pulses is modulated at 6 kHz by
wiggling a quartz plate in the fixed delay arm of the
interferometer. A Soleil-Babinet compensator sets the
polarization of the light to be either parallel or perpen-
dicular to the magnetic and electric field axes, and the
light is focused into the source region of a magnetic-bottle
electron-spectrometer by a 25 cm focal length quartz lens.
Excitation of two identical, but delayed, electronic wave
packets in Rb takes place in a constant, uniform, dc elec-
tric field (770 —1031 V/cm) and a magnetic field which
may be varied over the range 0—0.81 T. The magnitude
of the magnetic Beld in the interaction region was mea-
sured, as a function of the current through the magnet
coils, using a Hall probe. To create a uniform electric
Beld in the interaction region, electric potentials of equal
magnitude but of opposite sign were applied to two tanta-
lum field plates (15 mm diameter with 2.5 mm diameter
holes covered with coarse tungsten mesh, separated by
3.9 mm) and the nozzle of the Rb oven (2 mm below
the center of the interaction region) was grounded. The
electric Beld serves the dual purpose of providing a Stark
field and directing the Geld-ionized Rydberg electrons to
a microchannel plate.

A large number of states is excited coherently within
the bandwidth of the laser excitation pulse creating a
temporally localized wave packet which, at the time of
its creation, is also spatially localized. The wave packet
is initially created in the core region with an energy above
the classical field-ionization limit and with orbital angu-
lar momentum, l, of unity. After a delay w, ranging from
0—200 ps, during which the first wave packet has evolved
in both the radial and angular momentum coordinates,
a second wave packet is created. There is intereference if
the first wave packet has returned to the core region and
possesses predominantly p character. This interference
will oscillate between being constructive and destructive
at 6 kHz (the modulation frequency between the two opti-
cal pulses). Consequently, the time-dependent behavior
of the wave packet can be monitored, on a picosecond
timescale, by looking at the 6 kHz modulation on the to-
tal electron signal. The electron signal is passed through
a bandpass filter set at the modulation frequency of 6
kHz and it can be shown that the root mean square of
the filtered signal provides a direct measure of the abso-
lute value of the time correlation function, ](g(0)~vP(r))]
[5]. It should be pointed out that, as in Ref. [6], the
signal decays with increasing delay in the experimental
recurrence spectra. This decay is not attributed to the

evolution of the wave packet in the time interval between
the two laser pulses but can be attributed partly to a
coherence loss as atoms move parallel to the laser beam
over a distance comparable with a quarter of the laser
wavelength; in addition, any distortion of the wave front
of the laser beam results in a poorer overlap of the two
pulses in the focus in the interaction region with increas-
ing delay between the pulses.

III. RESULTS AND DISCUSSION

We present time-resolved spectra, representing the
measured amplitude of the modulated final Rydberg
state population, as a function of delay between the two
laser excitation pulses. The electric Beld, I", is varied
between 770 and 1031 V/cm and the magnetic field, B,
from 0 to 0.81 T, for cases with the electric field vector of
the laser pulse being both parallel and perpendicular to
the external fields (exciting m, = 0 and ~m~ = 1 levels re-
spectively); the excitation energy, E, was varied from the
field-ionization threshold, E, = 2v I",—up towards the
zero-field ionization limit, Ep = 0. The relative effective
strength of the electric field to that of the magnetic Beld
is given by P = 12F/(5n B ) [10] (I and B in a.u. ) and
varies from approximately 100 to 10 for n = 23—54. Con-
sequently, the Rydberg electron dynamics are dominated
by the electric Geld and, therefore, we will begin the dis-
cussion of our results with a description of the effects of
a pure electric Geld.

A. Electron Dynamics in an Electric Field

The problem of Rydberg-electron dynamics in a strong
electric field has been addressed iri. some detail already
[5]. In our work, we present additional data from which
we draw new conclusions regarding the relative peak in-
tensities and the effects of changing the polarization of
the laser excitation pulse with respect to the axis of the
external electric field. A coherent superposition of Stark
states is excited in the dense region of the energy spec-
trum above E which is illustrated in Fig. 1. This figure
shows a Stark spectrum for hydrogen m = 0 levels (cal-
culated using perturbation theory up to the fourth order
[13]), the classical field-ionization limit E, = —1/(16n )
[14] and a Gaussian laser profile (FWHM = 7 cm ) just
above the saddle point.

Some typical experimental recurrence spectra are pre-
sented in Fig. 2. From the complexity of both the cal-
culated Stark map and of previous &equency-resolved
spectroscopic studies of the resonances above E, [15,16],
it might seem surprising that such a variety of energy
level spacings and intensities give rise to time-resolved
spectra which show such simple periodic motion. Note
that energy spacings in the frequency domain, AE, give
rise to periodic motion in time domain, w = 27r/AE.
The simplicity of the recurrence spectra can be under-
stood &om both the quantum mechanical and the classi-
cal viewpoints. A quantum-mechanical description which



RYDBERG-ELECTRONN WAVE-PACKET DYNAMICS IN . ~ ~ 613

n=30 g

n = 29

n = 28

n = 27

n = 25

n =24

200 400 600 800 1000

Electric Field (V/cm)

FIG. 1. Calculaated Stark spectrum for h dro
levels using fourth d

or y rogenm = 0
r or er perturbation theor .

Geld-ionization limit E is
eory. The classical

n imi, , is shown by a bold line
a Gaussian laser filpro e just above E, with a

ine, along with

half maximum of 7 cm to
„wi a full width at

m o cm, to demonstrate the lar e n
of states cortributing to the coh

arge number

g o e coherent superposition.

0

0.2

0.1

A

~ o.2 —
I

0.1

0.0 I

10 20 30
Delay (ps)

FIG. 2. Experlmental recurrence s ectra

cm and (b) n = 25.31 with I' = 1031 V '

corresponding periods of anio s o angu ar electron motion calc

which has a splittin o 2.
e peak structure

sp i ing o 2.4 ps due to the radial mot
(b) shows variations in th 1

ia mo son, and
ns in e relative peak intensities.

takes into accoccount, qualitatively, both the intensi
'

th fi ld-'o ' t'o 1'f t fion i e imes of the ar
d dfi t d

tron orbits is d'
e rs an the classical icpicture of closed elec-

i s is iscussed in Secs. III B and

() s a recurrence spectrum
Stark states w'tha es wi m~ = 1 around n = 26

p m or excitation of
a es w

~

= n n = .25 in an electric
cm, where n is the avera,--- --ber - h.er in e superposition define

maximum intensit of th 1

2(b) was recorded f
i y o e aser excitation

r e or excitation of m = 1

um coor inate can be c

ods observed in the ex
= 1031 V cmcm. The peri-

in e experimental spectra are 14.1 s

wi a sp itting of 2.4 s
h, „",'nd

" . P. ~ ~ ~ y P
e secon angular recurrence. T

is attributed to th d'
is splitting

o e ra ia motion of the wa
of thce o e excitation of more

tion of more than on th
in e equency spectrum, and so theso e excita-

h d —2
an one n the calculated

7m = 2.7 s. No
b d th

tron returns near t
e in e recurrence s ectrup m when the elec-
ns near t e core region while also

1 omen um. e sin le ea
rence spectra

g pea s in the recur-
ra are narrower than the double ea

variations in the widths f h
d f b h

i s o the an ular rec
y e p ases of the radia

motions. The double
radial and angular

e ou e peak arises when the ra lm to
e angular motion and t

k i h th
width of the d 1

en e wo motions are in
e ra ia recurrence is m

in phase (since the

of the an ular rec
is much smaller than that

nation of radial
e o ig. a; this is attriri uted to a combi-

ra ia an angular dynamics
in phase with

y ics which are always
e wi one another since the an ular er

ps) is an integer multi le of
T ng p

s a e two motions are not recisel
o no e t e variations of the int

recurrences in Fig. 2 b . T
tions are attributed to i en hi u e o interference between th

s a are present in the cohere
perposition (see Fig 1 Thiis statement is 'ustified

are excited. The details of this c
1 d' A d A

calculat
ppen ix . Fi ure 3 s'g s ows the results of this

cu a ion: i just one manifold is include

( =25 d
n s ll 'th th ' te

e two adjacent Stark manifolds either side of



614

1.0

H H FIELDING et al

15

0,8

Q 6CO

Q4
V

0.2

S4

g10—

&D

V

5 o OT(m=0)
~ 0.81 T(m =0)
o 0T(lml =1)
x 0.81 T(lml = 1)

0
10 20 30

Delay (ps)
40 50 60

-150 -100

~ave numbers below 0(cm )-1

FIG. 3. Calculated recurrence sps ectra for exciting m = 1
around n = 25.31, with a Gaussian laserSt k tt t d

ults in e ually spaced, dispersion free recurrences wit
intensit dotted curve~ w i e inc u

ence intensities and the u.ou e peacurrence
f the diferent angular periodsfor in terms of the interference o t e i er

and the radial motion (solid curve).

for angular motion inFIG. 4. Measured recurrence times g
f ]O3] Q/cm for exciting sta e

classical field ~~~~~~t~~~ imimit centere aroun p
'

= 1 and in bothsn=23 —53, withm=Oand~m~=1, an in o
a sence of a magnetic e othe presence and a se

ental data and the'nts are measured from experimenta a a anscattered points are
. Th dashed curve issolid curves are drawn o g

'
. as eto uide the eye. e as e
7 2X A 0the calculated angular recurrence time,

ed i.e. n = 23—27, the inter-
the different angular periods is o serveference between t e i eren

as chan es in the relative intensities of the angu ar

is dro is aue o es

g p
this simple calculation, wewe have not inc u e

1 ddnism of Geld ionization and, there. ofore have not inc u e
the lifetimes of t e ar s ae i e

'
h St k states which are a function o

both n and A:.

the eak in-Not only is i wor1 't thwhile commenting on e p
o considers and rofiles but it is also important to consi

recurrence periods and to e a e o athe recur p
erences between the calcu a e anl t d d measured recur-diKerences e

. In Fi . 4, we present mea-rence imtimes mentioned above. n ig.
the an ular motionsuremen s o et f the recurrence times or the g

citation en-field af 1031 V/cm, far incan excitatio(E(E0 —— an o
= 0 ( arallel laser polarization) and [m~ = pe-

icu p
' ). The dashed curve rep-

e c ' '
d 1 lated using the Grst

icular laser polarization .
e closed orbit perio ca cu a e

1 tt thor er erm

ion er than vk, w i e ose mean er, h l th measured for lm~ = 1 roug y
as E

Hsit distribution wit in e co e
erposition. The transition intensity is ri u ion

ta ld f k t t s can be calculated using sim-a Statark manifo o s a e
al ebra the relevant 3j symbol ispie angular momentum alge ra e re

en in A endix A) and is illustrated, for both m = 0

lieatt ee ges1 t th d es of the manifold where = n-
for m = 1, the maximum is in the center w ere

= 0 the bluest and reddest StarkIn other words, for m = e ue
e z andcomponents, orien et d predominantly along the +z an

—z axes, respec ive y,t 1 dominate the electron ynamics,
h Stark states oriented perpendicu ar

a' t' d minate. The reddest Star sta esto the z irection, omina
—200idl &14& and, therefore, within the 0 —20Geld ionize rapi y an

ible con-ps time sca e o our o1 f bservations they have negli e con-

m=O

haracter

Iml =1

ion of m = 0 levels (laserFIG. 5. Stark manifolds for excitation o m =
the electric field axis) and ~m~ = 1polarization parallel to e e ec

'
n er endicular to the e ectric e

xis j. A lot of the distribution of the p character wit in e
s = 0 t t the bluest and reddestmanifold showss that for m = s a es

os h'1 f the (m( = 1Stark components have mos post character w i e or e
f thestates, the p character is localize towards the center o e

manifold.



51 RYDBERG-ELECTRON %AVE-PACKET DYNAMICS IN. . . 615

tribution to the wave-packet dynamics. Consequently,
the dominant contribution for m = 0 states comes from
the bluest Stark states which have a principal quantum
number, n, which is smaller than the mean value, n, cor-
responding to the mean laser excitation energy, E. Since
the angular orbit period, &A. , is inversely proportional to
n, then it can be understood that the m = 0 recurrence
spectra will have peaks with period wy ) 2m/(3nF). For
the ~m] = 1 spectra, the wave packet is dominated by
A: —0 with n —n and the recurrence peaks will have
periods wi, 2vr/(3nE). As E increases above E„ the
lifetimes of all the k states decrease and only the bluest
Stark states survive; as a result, the measured ~m~ = 1
orbit periods tend towards those measured for m = 0
until the point where there is almost no intensity in the
A: states which have sufIiciently long lifetimes to be mea-
surable.

B. Electron Dynamics in Parallel Electric
and Magnetic Fields

In this section, we discuss the effects of the relatively
small external magnetic field, of up to 0.81 T, on the
electron dynamics in a large external electric field, above
E,. The Hamiltonian (in a.u. ) for a spinless one-electron
atom in parallel electric and magnetic fields, both di-
rected in the z direction, is in cylindrical coordinates
(~, z, 4):

~m~ = 1 wave functions which are split by the paramag-
netic term in Eq. (1); the energy splitting, and hence the
frequency of modulation, is proportional to the magnetic
field. This can be viewed as a rotation of the charge
density around the z axis with the Larmor frequency,
err, = B/2, whose projection onto the plane of polariza-
tion of the laser pulse results in a sinusoidal motion with
f'requency twice the Larmor frequency. For each mea-
sured magnetic field strength, this sinusoidal motion is
calculated and plotted as a dotted curve in the figure. It
is interesting to note that since this rotation of the charge
around the field axes takes place for excitation above E„
where the electron is only quasibound, there is a direct
analogy with the cyclotron motion of a free electron in
a magnetic field which gives rise to Landau resonances
[18]. For m = 0, there is no rotation of the wave function
and, consequently, no periodic intensity modulation.

Note that, as the magnetic field is increased there is
an increase in the relative intensities of some recurrence
peaks, most noticeably towards longer delays. In a field
of 0.60 T, the fifth angular recurrence appearing after 60
ps delay is more intense than at 0 T and it also appears
as a double peak. In a field of 0.46 T, the sixth and
seventh recurrences, appearing between 70 and 90 ps de-
lay, are more intense than in the absence of the magnetic

1 2 2g = go+ Fz+ —mB+ —B p
2 8

0.79

where 'Ro ——p /2 —1/r is the Hamiltonian in the absence
of any external field and r = gz + p . The linear Zee-
man (paramagnetic) term is independent of n, while the
term quadratic in B (the diamagnetic term) is propor-
tional to n .

In our experiments, where the relative effective
strength of the electric field is much larger than that of
the magnetic field, the electric field dominates the elec-
tron wave-packet dynamics and indeed the measured an-
gular recurrence times are independent of whether the
magnetic field is present or not (see Fig. 4).

In Fig. 6, we present a series of recurrence spectra for
excitation of ~m~ = 1 levels centered around n = 26.25
in a fixed electric field of 821 V/cm and a magnetic field
which was varied over the range 0 —0.79 T. The intensi-
ties of each of the spectra have been normalized on the
initial peak at zero delay and are all plotted on the same
vertical scale. In these recurrence spectra there is an
overall sinusoidal intensity modulation superimposed on
the angular motion. The frequency of the sinusoidal in-
tensity modulation is proportional to the applied external
magnetic field and, for B = 0.79 T, the modulation has
a period of 45 ps which corresponds to an energy spac-
ing of 0.74 cm . This effect, which was also observed
in bound Rydberg wave-packet dynamics in a combined
Coulombic and magnetic potential [6], is readily under-
stood by considering the linear Zeeman efFect. The si-
nusoidal motion arises due to the superposition of the
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FIG. 6. A series of angular recurrence spectra for excitation
of ~m~ = 1 levels centered around n = 26.25 in a fixed electric
field of 821 V/cm. The strength of the magnetic field is varied
from 0 to 0 79 T and is labeled on the vertical axis. The
overall sinusoidal intensity modulation which can be observed
in the experimental spectra is emphasized by the calculated,
dashed, sinusoidal curves which have periods which are twice
the Larmor frequency, col, = B/2, arising as a result of a
rotation of the Rydberg wave function around the magnetic
field axis.
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(E. —E)/&. Iml

0.111
0.111
0.079
0.074
0.0?4
0.049
0.049

No. recurrences

(B = 0 T)

6
5
4
6
8
5

No. recurrences
(B = 0.81 T)

4
7
7
6
8
13
8

TABLE I. A list of the number of recurrence peaks ob-
served in the experimental recurrence spectra for excitation
of states with both m = 0 and ~m~ = 1 in the presence of a
magnetic field of 0 T or 0.81 T as a function of the fraction
of the excitation energy above the saddle point. Note that
the stabilizing influence of the magnetic field (given qualita-
tively as a fraction of the peaks with and without the B field)
decreases with increasing energy above the saddle point.

functions are localized towards the uphill (+z) side of
the potential. When E & 0, this stable orbit is the only
closed orbit of the system. As E decreases, other closed
orbits with different launching angles bifurcate out of the
stable orbit and close to E there will be a huge number
of closed orbits. At a particular energy, E ( E & Eo,
there is a critical angle, 0„;t, below which there are no
closed orbits, that is to say that an electron launched
at 0 ( 0„;t will escape over the saddle point and Geld
ionize. In the hydrogen atom (for which our calculations
apply) the closed orbits, with 0 ) 0„;t, are stable against
Geld ionization; however, in any other atom such as ru-
bidium, the effect of the Gnite size of the ion core is to
cause a precession of the closed orbit in a plane contain-
ing the z axis, so that the electron will eventually escape
over the saddlepoint and Geld ionize. In semiparabolic
coordinates (u, v), in which the Hamiltonian is separa-
ble for the limiting case that B —+ 0, this critical angle
can be represented in the form of a separatrix in a plot

on. In addition, after a delay of approximately 50 ps, the
magnetic Geld causes a number of small, peaks to become
visible which have recurrence times which are different to
those of the dominant peaks. The number of recurrence
peaks (possessing the dominant angular period) that are
visible in the recurrence spectra in the presence of the
magnetic field, compared to the number that are visi-
ble in its absence, provides a qualitative measure of the
degree of stabilization against field ionization. This sta-
bilization is most evident when a wave packet is created
just above the saddle point, E„so that the states in the
superposition are suKciently long lived on our picosec-
ond timescale. Table I lists the number of recurrence
peaks observed both in the absence and the presence of a
magnetic Geld of 0.81 T for excitation of m = 0 levels as
a function of the fraction of the excitation energy above
the saddle point, (E, —E)/E, .

-2
I'U2.

C. Closed Orbit Calculations

In order to gain deeper insight into the classical picture
of a quasibound electron moving in parallel electric and
magnetic fields, we have performed classical trajectory
calculations. With the aid of these calculations, we are
able to identify the dominant closed orbits in the exper-
imental spectra and to link these closed orbits with an
oscillatory motion in the angular-momentum coordinate.
The details of the calculations are described in Appendix
B. The procedure is to launch an electron kom the origin
at an angle 0 to the —z axis, using cylindrical coordinates
(p, z), and to determine whether the trajectory is closed,
that is whether it returns to the origin at some later time.
The stability of the closed orbit is a measure of the sen-
sitivity of the degree of closure to the initial launching
angle. It is worthwhile to note a number of general results
of these calculations. There is only one stable closed orbit
in this system which is the straight line orbit along the
+z axis (8 = 180 ) [20]. This can be compared directly
with the quantum-mechanical description of excitation
of the long-lived, blue shifted Stark states whose wave

-2 .

FIG. 9. Results of the classical trajectory calculation are
presented in this Bgure to demonstrate quantitatively that
the magnetic Beld stabilizes the atom against Beld ioniza-
tion. (a) represents a plot of the separatrix (solid line) for
F = 1031 V/cm, B = 0 T, and n = 24.47, corresponding to
0„;~ ——42.3741 . The dashed line represents a more stable
orbit when an electron is launched at the same angle in a B'

field of 0.81 T. (b) represents a plot of the separatrix (solid
line) for P = 1031 V/cm, B = 0.81 T and n = 24.47, corre-
sponding to 8„;t, ——41.9260'. The dashed line represents an
unstable trajectory of an electron which is Beld ionized after
being launched at the same angle in a B field of 0 T.
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of p„against u (the surface of section), where p„ is the
momentum along the u coordinate [20]. The separatrix
condition is that the energy in the u coordinate equals
the maximum of the potential energy associated with the
u motion. Thus, the separatrix defines the boundary be-
tween orbits which are bound to the atom forever (inside
the separatrix) and those that escape (outside the sepa-
ratrix). Figure 9(a) shows a plot of the separatrix (solid
line) when I' = 1031 V/cm, B = 0 T and n = 24.47
corresponding to a launching angle 0„;q ——42.3714 . If
the magnetic field is turned on, B = 0.81 T, then this
same angle launches the electron into a more stable orbit
inside the separatrix (dotted line). Figure 9(b) shows a
plot of the separatrix (solid line) when I'" = 1031 V/cm,
B = 0.81 T and n = 24.47 corresponding to a launch-
ing angle of 0„;q ——41.9260 . Turning ofF the magnetic
field, B = 0 T, results in field ionization as the electron
follows a trajectory outside the separatrix. The insets in
the figure show enlarged portions of the orbits for clarity.

In the case I' = 1031 V/cin, n = 24.47, and B = 0
or 0.81 T, a large number of closed orbits contribute to
the recurrence spectrum. The four dominant closed or-
bits are listed in Table II, together with their launching
angles and periods in magnetic fields of both 0 T and
0.81 T. The labels u/v represent the number of periods
in the u and v coordinates before closure. The orbits
are drawn in cylindrical coordinates (p, z) and presented
in Fig. 8, above the first two recurrence peaks to which
they correspond. The 6/7 and 5/6 orbits will contribute
to all the peaks in the recurrence spectrum (periods 10.95
and 10.62 ps and multiples of these) and the ll/13 and
9/11 orbits will contribute to all the even-nuinbered re-
currences (periods 21.62 and 20.89 ps and multiples of
these). From this picture it follows that the dominant
peaks in the recurrence spectrum will have line profiles
and intensities which depend both on the amplitude and
the phase of the contributing closed orbits. Note that, the
amplitudes of the peaks in the experimental recurrence
spectrum also depend on the precession of the closed or-
bits in the plane containing the z axis. The additional
small recurrence peaks that appear between the domi-
nant peaks in the case where the magnetic field is present
arise from the stabilization of closed orbits with periods
which are not multiples of the dominant closed-orbit pe-
riods.

IV. CONCLUSION

We have presented measurements of quasi bound Ry-
dberg electron dynamics above the classical field ioniza-
tion limit in parallel electric and magnetic fields. The
dominant closed orbits contributing to the experimental
recurrence spectra have been identified with the aid of
classical trajectory calculations and it has been shown
that these closed orbits correspond to a periodic motion
in the angular-momentum coordinate. The paramagnetic

I

TABLE II. A list of the four dominant closed orbits ob-
served in Fig. 8, together with their launching angles and
periods. The orbits were calculated using the classical trajec-
tory calculation described in Appendix B.
Orbit (u/v)

6/7
11/13
5/6
9/11

B =OT
e(') 7. (ps)
77.1478 10.95
67.2125 21.62
60.0740 10.62
53.9903 20.89

B =0.81T
~() ~(»)
75.8150 11.01
66.4803 21.68
59.5503 10.65
54.5884 20.92
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APPENDIX A:
TIME-DEPENDENT TRANSITION

PROBABILITY

The time-dependent transition probability can be cal-
culated using

term in the Hamiltonian causes the wave packet to ro-
tate around the magnetic field axis with the Larmor fre-
quency and this motion was observed in the experimental
recurrence spectra as a sinusoidal intensity modulation
superimposed on the regular periodic structure arising
&om the motion in the angular-momentum coordinate.
The diamagnetic term in the Hamiltonian has the efFect
of stabilizing the Rydberg wave packet. This stabiliza-
tion was observed experimentally as an increase in the
recurrence peak intensities and also in the presence of
recurrence peaks after longer delays. Together with clas-
sical trajectory calculations, these observations provide
evidence that the individual closed orbits are stabilized
in the magnetic field and that the Rydberg atom is also
stabilized against field ionization. It is hoped that this
work will stimulate more interest in Rydberg electron dy-
namics in external fields where the diamagnetic term is
important, but not necessarily dominating the electron
dynamics. In addition, it would be of interest to ex-
tend the calculations for the hydrogen atom to the actual
atomic systems that are being used in the experiments.

2

p(t) = ) R„) ~f (n —1)/2 (n —1)/2 1
bl A„e'~""~-

g (m —k)/2 (m+ A:)/2 —m (Al)
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The overlap integral, B = f B „rBi,dr, is integrated
numerically using the hydrogenic wave functions B„x.
The 3j symbol represents the projection of the orbital
angular-momentum states, [nlm) (which are no longer
eigenstates of the system), onto the parabolic eigenstates,
[nkm) [18]. A i, is proportional to the Gaussian enve-
lope of the exciting laser pulse. The Stark energy levels,

, in the phase factor, are calculated using fourth
order perturbation theory.

APPENDIX 8: CLOSED-ORBIT CALCUATION

is separable into two uncoupled equations of motion in
the u and v coordinates. We then integrate the Hamilton-
Jacobi equations of motion [22] numerically:

—p„(t) = —2Eu(t) —2Zu(t)'

+—R u(t) v(t) + —R u(t)v(t),
2 4

—p„(t) = —2Ev(t) —2Fv(t)s

+—a'u(t)'v(t)'+ -a'u(t)'v(t),
2 4

where E is the field-free binding energy and

z = -' v'-u'

P.=, , (P.+ P.),1
tL +V

(—up„+ vp„).1
Q +U

(B1)

Following the convrntion in Ref. [21],omitting the con-
stant Zeeman term and setting m = 0 in the Hamiltonian
[Eq. (1)], we choose parabolic coordinates (u, v) which
are related to the cylindrical coordinates (p, z) by the
following transformations:

u(o) =o,
v(0) = 0,

p„(0) = 2cos(8/2),
p„(0) = 2sin(0/2), (B4)

where 0 is the firing angle in the (p, z) plane. After
solving these equations of motion we transform back to
cylindrical coordinates since it is easier to visualize the
electron trajectory when it is plotted in cylindrical coor-
dinates.

The period of the orbits in real time, T, i, can be
calculated using the relation

We then introduce the regularized Hamiltonian

&"s = (u + v )(R —E) + 2, (B2)
(B5)

in order to remove the singularity at the origin. In the
case of zero magnetic field, this regularized Hamiltonian

where T„g is the orbit time in regularized units and
r(t) = u(t) z + v(t) 2.
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