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The eigenchannel R-matrix approach, in conjunction with the multichannel quantum-defect the-
ory and the LS~jj recoupling frame transformation, is used to calculate the photoionization spec-
trum of Al i below the 3s3p P ionization threshold (photon energies in the range 0.44 ( tub ( 0.98
Ry). Relativistic channel mixing is incorporated in the calculations by a recoupling frame transfor-
mation and by the inclusion of experimental 6ne-structure threshold energies. This mixing enables
autoionization of resonances whose decay would otherwise be forbidden in the pure LS-coupling
scheme. The calculated J-dependent energies and widths agree well with those of experimental
resonances. The complicated relativistic spectrum, with up to 11 interacting channels, provides
an experimentally realizable testing ground for studies of statistical properties of resonances. The
spectrum below the 3s3p P ionization threshold exhibits the Wigner and Porter-Thomas distribu-
tions of positions and widths of resonances, respectively. While portions of the aluminum spectrum
appear to be random, according to these measures, there remains much underlying regularity in the
level spacing and width distributions.

PACS number(s): 32.80.Fb, 31.15.+w, 32.30.—r, 05.45.+b

I. INTRODUCTION

In this paper we present results for the photoioniza-
tion spectrum of aluminum up to the 3s3p «P ionization
threshold, utilizing the eigenchannel B-matrix approach
[1,2] for many-electron atoms [3]. Calculations of the
short-range scattering parameters are entirely restricted
to a nonrelativistic approximation, whereas the relativis-
tic efFects are incorporated in the outer region [multi-
channel quantum-defect theory (M&DT) part of the cal-
culations]. To this purpose we use the LS ~jj recou-
pling &arne transformation [4,5]. This involves both a
rotation of the short-range K matrix into the jj-coupled
representation and the use of experimental fine-structure
splittings of the 3s3p P ionic state. The LS ~jj &arne
transformation predicts that relativistic effects will be ob-
servable in the total cross section only in the energy range
below the 3s3psPz ionization threshold.

Several calculations of aluminum photoionization have
appeared in the literature, but all have been strictly non-
relativistic. One often expects the nonrelativistic ap-
proximation to be adequate at low energies, i.e., up to
states with principal quantum numbers n ( 10 relative
to the 3s3psP& ionization thresholds. This usually suf-
fices for the interpretation of low-resolution experimen-
tal spectra; in this energy range the aluminum spectrum
is dominated by very broad 3s3p( sP)npzD' resonances,
which interact strongly with the 3s2ed2D' continuum
[6—8]. The recent calculations of Tayal and Burke [9] and
previous results [10] are in good agreement with mea-
surements of photoionization [11] and absorption cross
sections [12,13]. However, many details in the observed

low-energy spectrum cannot be explained using the non-
relativistic &amework. The most conspicuous efFect of
relativity is to induce autoionization of resonances whose
decay would be forbidden in LS coupling. For instance,
the 3s3p( P)np Ps&z and 3s3p( P)np4Ds&2 s&2 Rydberg
series are predicted here to be relatively short lived, due
to their strong spin-orbit interaction with closed chan-
nels of the zDJ syiiunetries. We also find that the same
channel interaction is responsible for a reduction of au-
toionizing widths for the 3s3p( sP )np zDs&2 levels, which
were not resolved in the experimental spectra. Relativity
is expected to play an important role in photoionization
and also in other processes such as, for example, dielec-
tronic recombination in electron-Al+ scattering. Because
these results may be important in many difFerent con-
texts, we tabulate the positions and widths of 50 of
the broadest excited states and compare them with the
experimental data where possible.

The energy range above n = 10 and below the 3s3p P2
threshold is characterized by a nonperturbative interplay
of the Coulombic and relativistic interactions. Neither
the measurements of the absorption and photoionization
cross section nor the electron-impact experiments [14]
carried out to date have been able to provide much insight
into the structure and the dynamics of highly excited, au-
toionizing Rydberg states of aluminum. Our main objec-
tive in this paper is therefore to analyze the electron dy-
namics in this energy range. We will be mostly concerned
with extracting regularities in the channel interactions,
in part by studying Lu-Fano plots for the autoionizing
states.

Another goal is to go beyond the usual calculations
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of "quantum chaos. " (This portion of our analysis bor-
rows much of its viewpoint and methodology &om an ear-
lier similar study of beryllium photoionization by Greene
and Aymar [15].) The spectrum exhibits "random" be-
havior when viewed using two popular statistical mea-
sures: the Wigner and Porter-Thomas distributions of
level spacings and widths, respectively [16]. These two
Ineasures are common to all systems with quantum chaos
and to random systems; therefore, these distributions tell
us very little about the quantum dynamics of a specific
system. In this paper, we show that it is possible to go be-
yond the two usual descriptions of spectra (i.e., plotting
the cross section and finding the statistical properties of
the levels) to obtain a more complete characterization
of the dynamics. (It is often forgotten that determin-
istic chaos is distinct &om randomness and noise and
that deterministic chaos implies that there is an underly-
ing simplicity that governs the dynamics; such simplicity
and regularity can and should be explored when possi-
ble. ) We attribute the properties of the resonances to the
large number of interleaved Rydberg series converging to
different fine-structure J, levels of the residual Bs3psP
ion. Although the random behavior emerges clearly in

this spectrum, a detailed analysis shows distinct regular-
ities in the progression of energy levels and widths.

II. CALCULATIONS

The photoionization of neutral aluminum &om the
Bs23p2P ground state, in the energy range below the
3s3p iP threshold, is governed in the dipole approxima-
tion by the following transitions:

Al(Bs23p 2P ) + hv -+ Al+(3s2 'S') ~s 2S'

m Al+(Bs' 'S')ed'D'
-+ Al+(BsBp 'P )ep S' P' 2D'

Al+(3s3ps iP )~f 2D'.

These channels fully describe photoionization in the non-
relativistic limit. In the relativistic treatment, spin-
induced interactions will mix final states belonging to
different 2s+iL' terms. Introducing the total angular
momentum J in the designation of channels, the pho-
toionization is described now in IS J coupling by the fol-
lowing transitions:

P A)2+ hv —+

P 3(2+ hv

2Se
2Pe
2+e
2Pe

)
2De

2Pe 4Pe 4De
)

2De 4$ e 4Pe 4De 4Fe
) )

2Pe 4Pe 4D e

2De 4Se 4Pe 4De 4~e
) )'F. 'P. 'D. 'F. 'C.
) '7 )

(J = 1/2)
(J = 3/2)
(J = 1/2)
(~ = 3/2)
(J = 5/~).

The relevant states of Al+ are the same as in (1).
Orbitals and atomic wave functions for Al+ are ob-

tained using the eigenchannel R-matrix method. This is
becoming a standard computational technique and will
only be outlined here; we refer the reader to previous
works [1—3] for details. In this section we concentrate on
the choice of an orbital basis set and on the application
of the LS ~jj frame transformation.

A. The eigenchannel approach

The R-matrix approach utilizes a variational principle
for bound and continuum states of the Schrodinger equa-
tion. A region of interaction between the outermost elec-
tron and other electrons and the nucleus is partitioned
into a short-range region r & ro, where the electron dy-
namics is very complex and can only be treated approx-
imately, and an outer region r & ro, where the electrons
move in the Coulomb potential of the screened nucleus.
The size of the inner region (ro ——15 a.u. ) is chosen so
that it envelopes all physical ionic states introduced in (1)
(by physical ionic states we mean those Al+ states hav-
ing energies equal to or below Bs3p iP ) and the initial
ground state. The variational principle leads to stable
solutions bE = 0 for an exact wave function 4 if the
logarithmic derivative z ln %(r) = b is constant —on the
surface r = ro The wave fun. ction 4 is expanded in terms
of basis functions y, , @p(E) = g,. y; C;p(E). In the eileen

channel B-matrix approach, the variational condition im-
posed on the logarithmic derivative db/dC, pl„—„, = 0, .

leads to a generalized eigenvalue problem for the expan-
sion coeKcients C;p,

I'Cp ——bp ACp,
where P labels independent solutions and the I' and
A matrices are I i = 2(y IE —HID ) ((y'l~/~nlyi))
and A;~ = ((y; ]yz) ), respectively. Here the double
bra-ket notation implies an. integration over the surface
of the reaction volume. Since the basis functions (y)
do not a priori satisfy the variational conditions, the
constraint By/Onl„„, = by is imp—osed when solving
the set of equations (3). The basis set (y) is con-
structed as a sum of products of one-electron spin orbitals
u = P~~Y~~, y ., wh—ich can include either closed-type
[P„~(ro) = 0] or open-type radial orbitals [P„t(ro) g 0];
the latter are needed to permit escape of a photoelectron
beyond the reaction volume into an excited Rydberg or
a continuum state. Section IIB describes in detail how
the sets of orbitals (u) and basis functions (y) are con-
structed.

A streamlined version of the eigenchannel method [17]
is adopted in our calculations. The (y) set is partitioned
into a subspace of closed-type basis functions and an-
other subspace of open-type basis functions. The closed
subspace is first prediagonalized and the eigenvalue prob-
lem (3) is solved in this new representation, which con-
siderably reduces computational efFort when short-range
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MQDT parameters, e.g. , the short-range reaction matrix,
must be calculated at many energies.

This method produces nonrelativistic wave functions
inside the reaction volume. In the outer region the
Schrodinger equation is solved "exactly" (except for
the neglect of weak multipole couplings) using standard
Coulomb functions in conjunction with MgDT [18]. The
inner- and outer-region solutions and their radial deriva-
tives are matched at the boundary r = ro. Section IIC
shows how the resulting short-range matrix is then used,
together with the recoupling frame transformation, to
calculate either the nonrelativistic or the relativistic cross
section.

B. Choice of the orbital and con8guration basis

In this paper we consider relatively soft photons whose
energies are sufficient to excite only outer 3s and 3p elec-
trons. Therefore, aluminum is treated as a system with
three valence electrons outside a ls22s22ps iS' core that
is common to all configurations. Effects of the closed
shells on the valence electrons, including the effect of the
core polarization, are taken into account by introducing
a one-electron model potential V,ir [3,19]

2

H=) "—'+V&(r;)+)
z i&j

—2) Pi(cosllv) [Vp i("*)Vp«(ri)]
i(j

3+ 10e —n', e s" + Vp i(r),V.fr(r) =— (4)

V.-i(r) =—o. 1 —e

2r4

The dipole polarizability of Al +, a& ——0.2649 a.u. , used
in the polarization potential V~ i, is obtained from Ref.
[20]. The cutofF radius r, and the other model-potential
parameters ni are fitted to experimental energies [21] of
A12+ and are displayed in Table I. For each angular mo-
mentum we include up to nine closed-type orbitals and
one open-type orbital (the model potential is indepen-
dent of the principal quantum number). This primitive
basis set is then used to construct Al+ states. Each is
represented as a linear combination of configurations in-
volving single and double electron excitations from ref-
erence states (3s2 iS', 3s3p P, and 3s3p iP ) to a set
of s, p, d, f, and g orbitals, preserving the spin-angular

couplings and the parity of the reference terms.
Table II shows the energies of the ionic states obtained

with the primitive basis set. Agreement with experiment
[21] is reasonably good (no more than 1% deviation), al-
though a large nuinber of basis functions (about 400 for
the three physical states of Al+) were included in the
calculations. In order to improve the convergence we
utilized an approach with natural orbitals, which proved
to be very successful in earlier R-matrix calculations [3].
The idea, as stated by Lowdin [22], is to construct a lin-
ear combination of radial orbitals (with the same angular
momentum) that will give the fastest convergence for a
given atomic state function. A fine example of how it
works in atomic structure calculations is the multicon-
figuration Hartee-Fock (MCHF) approach [23,24], where
the variational principle (variation with respect to both
radial orbitals and coefficients in the linear expansion of
an atomic state function) ensures the fastest convergence
within the chosen set of configurations. In our case, the
natural orbitals are obtained by diagonalizing a density
matrix constructed from the primitive set for the three
physical states of Al+. However, because of the limited
number of primitive orbitals, the new set is ill condi-
tioned and excited orbitals can have spurious nodes close
to r = ro. In order to eliminate this unphysical behavior,
an artificial potential V,s is constructed [3],

1 —e ~'"
V.ir(r) = V,s(r) +

whose p; parameters are adjusted until a radial eigen-
solution to the Schrodinger equation coincides with the
lowest natural orbital for the s, p, and d symmetries (see
Table I). This potential is next used to generate s, p, and
d orbitals with higher principal quantum numbers.

Figure 1 compares primitive and natural 8, p, and d
radial orbitals (in the following nl denotes natural or-
bitals). The spectroscopic 3s and 3p orbitals are more
difFuse than the primitive ones, which is due to an extra
screening of the core by one of the electrons. This con-
trasts strongly with 3d, which is more contracted than
3d because it now plays a role of a correlation orbital
in the main 3p3d perturber to 383p P. Although the
change in the spatial distributions of the P i radial or-
bitals is relatively small (~[P„i—P~i~~ ( 0.1), the natural-
orbital basis improves agreement with experiment (see
Table II) and speeds up the convergence. Table III shows
a shortened wave function expansion for the three phys-
ical states of Al+.

In the next step basis functions for the three-electron
system of Al are constructed. To guarantee that all im-

TABLE I. Fitted parameters for the semiempirical potentials [Eqs. (4) and (5)j.
l

S

p

f
d

CXy

4.90410
5.03230
4.86955
4.11705
4.76540

CIg

9.81290
9.92515
9.52136
10.26234
10.33750

3.32540
3.14366
3.84423
4.24938
2.49541

0.50020
0.50600
0.48230
0.28054
1.02123

A
0.39244
0.32484
0.58048

Ps
2.99441
1.51739

—4.28779

3

0.48383
0.73063
0.70448
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TABLE II. Energies (cm ) of the target states relative to
the ground term 38 S' using different orbital basis. AE is an
absolute deviation from the experimental energy difference.
The numbers in square brackets denote reference numbers.

TABLE III. Shortened wave function expansion for the
three physical ionic states of Al+ in the natural-orbital basis.
The numbers correspond to weights of relevant components
in the expansion.

Other Ig]

[IO]

Source
Experiment [21]
Present Natural

Primitive
10

102
1390
1966

3s3p P DE
37516
37506
37618
36125
35550

71
328
308
405

383p P DE
59850
59921
60178
60158
59445

3s
3p'
3d

3p4p
3p5p
3d4d

382 iS~

0.94965 3s3p
0.04480 384p
0.00086 3p3d
0.00303
0.00141
0.00025

383p P 3s3p 'P
0.98985 3s3p 0.93285
0.00200 3s4p 0.00655
0.00816 3s5p 0.00201

3p3d 0.05710
3p4d 0.00149

portant collective effects associated with the electron dy-
namics are accounted for (i.e. , radial relaxation of or-
bitals, correlation, spin, and orbital polarization), we first
select those components whose weight in the expansion
for the three physical ionic states is at least 0.001. To
this condensed set we attach an extra s, p, d, f, or g or-
bital and generate all final-state symmetries introduced
in (2). We also add those three-electron terms needed to
represent polarization of the ionic states and those which
directly couple the initial and final symmetries via the
electric dipole operator. The ionization energy of the
3p electron obtained with this basis set is 48 256 cm
which is only 23 cm i less than the experimental value
of Ref. [21].

C. MQDT and the LS —+ jj frame transformation

Outside the reaction volume (r ) rp) the wave function
is represented in terms of the short-range K matrix as

where the channel function 4~. (cu) is a vector-coupled
product of the ionic states and the spin-angular part of
the outer orbital. f~(r) and g~(r) are regular and irregu-
lar Coulomb functions, respectively. In the above equa-

K " ' = K —K '(K" + tanzv) K'
v, =b;,v;.

(7)
(8)

tion the (LS) designation is introduced as a reminder
that K is block diagonal in the LS-coupled representa-
tion. Ki is obtained by matching the solutions (6) at
r = rp to the variational inner-region solutions (3). It is
generally a smooth function of energy, except for a few
isolated poles, which can correspond in some cases to the
lowest-lying resonances confined deeply within the reac-
tion volume. In the present case we have detected only
one such pole at hcu = 0.474 Ry, which is associated with
the 383@2 2S resonance. The short-range K matrix can
depend somewhat on the size of the B-matrix box, es-
pecially for energies far below the ionization thresholds.
Nevertheless, the dynamics in the asymptotic region is
largely independent of ro, provided the convergence is
adequate and rp is large enough to contain the physical
ionic states and the initial 38 3p2P state.

For energies above 383p P all channels are open and
the final-state wave functions are described by Eq. (6).
At lower energies some channels are closed and these so-
lutions are unphysical since f(r) and g(r) are asymp-
totically divergent for negative energies. These diver-
gent terms are eliminated by taking an appropriate lin-
ear combination of solutions (6), which modifies the K
matrix into the form [18]

0.8

0.6

0,4

0.2

a 0.0

—0.2

FIG. 1. Radial functions P„i(r) for the 3s,
3p, and 3d orbitals of Al are shown (on a
scale evenly distributed in ~r) in the primi-
tive-orbital basis (solid lines) and in the nat-
ural-orbital basis (dashed lines).

—0.4

2 3
r(o. u. )

5 6 7 8 9 10
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v~ is an effective quantum number associated with a
threshold energy E~ via relation vz

——1/ 2(E~ —E) and
subscripts o and c refer to the open- an closed-channel
subspaces of K, respectively. A similar transformation is
also applied to the reduced dipole-matrix elements con-
necting the initial and final states [18].

At this point all calculations have been performed in
the nonrelativistic fashion, assuming pure LS coupling;
the only exception is the fact that the experimental en-
ergies of AP+ were used to determine the orbital basis.
The IS-coupling scheme is adequate for aluminum within
the R-matrix box, since the electrostatic forces are much
stronger than the spin-induced interactions and a mixing
between ionic states of Al+ corresponding to different
2s +iI, terms is thus negligible. However, this approx-
imation breaks down if we move sufficiently far beyond
the reaction zone, because the energy of the escaping
electron depends not only on the L, and S, quantum
numbers, but also on the total spin-angular momentum
J, of the residual ion. To account for the fine-structure
splitting of a + L term, the spin and orbital an-
gular momentum of the core are first coupled to form
an intermediate J, vector, but the final coupling with
an outer electron (for which we reserve the l, s
and j quantum numbers) is, however, somewhat arbi-
trary. In our work we use the jj-coupled representation
~[(L„S,)J„(l,s )j ]J), although any coupling scheme
diagonal in J, would be equally valid.

The LS ~ jj recoupling kame transformation involves
a real orthogonal recoupling matrix T, which is propor-
tional to a 9-j symbol. This induces a transformation of
the final-state wave functions and of the short-range K
matrix:

@(~~) @(Ls)Tt

(,,) T~(Ls)Tt

A final aspect is equally important, namely, in the MQDT
calculations, the efFective quantum numbers v [in tanvrv
of Eq. (7)] must be calculated using experimental fine-

structure thresholds. Once the short-range K ~~ matrix
has been constructed, the elimination of divergent solu-
tions proceeds in the same way described by Eq. (7).

Reference [25] points out how the efFect of the fine-
structure splitting LEJ on the autoionizing spectrum
can be understood in terms of a cumulative J -dependent
change in the phase of the outer electron. This phase
difference increases with r roughly as r / LE~ . Since
the splitting between the lowest J, = 0 and the highest
J = 2 fine-structure levels of the 3s3p P term is about
8 x 10 4 a.u. , the phase difference becomes appreciable
only at large values of r & 100 a.u. Thus only an electron
that escapes beyond 100 bohr radii in one of chan-
nels corresponding to the 3s3p3P& thresholds experi-
ences nonperturbative relativistic effects. This condition
translates into effective quantum numbers in the range
v ) 10. The effects of relativity can also be understood
by studying the energy dependence of Kp"~'. Consider
only the subspace of K associated with channels at-
tached to the 3s3p st thresholds. (We can assume here

that channels converging to the higher 3s3piP thresh-
old have been previously eliminated using a contracted
K, „~, matrix instead of the full K matrix [18]. In the
present case the contracted matrix varies smoothly with
energy because there are no perturbers converging to
higher thresholds below 3s3psP2. ) At low energies, the
fine-structure splitting of the ionic states affects v~ in the
following way:

'E+1 dE,
av

where the subscript av denotes either the energy or else
the effective quantum number corresponding the 3s3p 3P
threshold, statistically averaged over the J, levels. At
energies where AE~ /(E „.—E) (( 1, i.e. , well below
the thresholds, tan m'v is proportional to the identity ma-
trix and it therefore commutes with K . Thus any or-
thogonal transformation of K" leaves the eigenvalues of
(K" + tan harv) unchanged. Consequently, at low ener-
gies, the LS —+ jj transformation amounts to a pure
rotation of channel functions, with absolutely no effect
on the dynamics of the system. At energies just below
the 3s3psP& thresholds, however, the effective quantum
numbers v~ associated with difFerent J, levels are very
difFerent from v „and the LS + jj recoupling frame
transformation will have a nonperturbative effect on the
electron dynamics.

The frame transformation has proved to be very suc-
cessful in earlier studies (see [26] and references cited
therein) and is also expected to be accurate in the present
problem, but it does have some limitations. The rela-
tivistic interaction, which is incorporated in this approx-
imation, couples only closed channels converging to the
same 2s +iL, thresholds (except for L, = 0 or S, = 0),
implying that all decay into the continua is induced by
the Coulomb r, operator. In other words, the frame'
transformation neglects all spin-related interactions that
directly couple the closed and open channels. One way
to account for these interactions is to introduce the spin-
orbit operators directly into the Hamiltonian [26], e.g. ,
using perturbation theory. An alternative method, pre-
sented in Ref. [3], is to build in the intermediate cou-
pling of Al+ functions having the same J„but different

~+ L~ terms.

III. RESULTS

A. Low-energy spectra below 3s3psP~: Cross
sections

Figures 2(a) and 2(b) show the photoionization cross
sections 0 in the energy region between the 3s S
and 3s3p P thresholds. The total cross section cr in
Fig. 2(a) is a weighted sum of cross sections obtained
for each initial 3s~3p2P& level, i.e. , cr „= so (2Pf&2) +
so (2Ps&2), where we assumed a statistical mixture of the
two initial J levels, and is plotted as a function of pho-
ton energy above the ground level 3s 3p Pz&2. The cross
section o( P3&2) in Fig. 2(b) is obtained for the initial
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(a)

0.45 0.50 0.55 0.60 0.65
Photon energy (Ry)

0.70 0.75 0.80

v2
1 2 3 4 5 6 7 8 9 10 11 12 13 15

6Q —
I

40—
20—

to
0

1 2 3 4 5 6 7 8 9 10 1'l 12 'l3 14 15 16 17 18 'l9 20
1/0

FIG. 2. The total photoionization cross
section 0. of aluminum is plotted between the
3s S' and 3s3p PJ ionization thresholds.
Relativistic eKects are incorporated using the
LS —+ jj frame transformation. The length
and velocity gauge cross sections are plotted
on both (a) and (b), but they nearly coin-
cide. In (a) we assume a statistical mixture of
the P~&2 and P3&~ levels for the initial term
3s 3p P, i.e., o~~ = scr( P~&2) + so'( P~&2)
The photon energy is relative to 3s 3s P~&~.

In (b) the cross section o.( Ps&2) obtained
from the initial 38 3p P~&2 level is plotted
versus effective quantum numbers relative to
the 3s3p Po threshold (lower axis) and rela-
tive to 3s3p Pg (upper axis).

level 3s 3p P~&2 and. is plotted versus efFective quantum

numbers relative to the 383p Po and 3s3p P2 ionization
thresholds of Al+. In the calculation of threshold ener-
gies of Al+ we used experimental energies from Ref. [21].
They are 0.439952, 0.780694, 0.781256, 0.782400, and
0.985344 Ry for the 3s2

xylo 383' Po z 2 and 33&&P
levels, respectively, and the Gne-structure splitting of the
ground term 3823@ P is 1.0210 x 10 Ry.

At low energies (Ru ( 0.75 Ry) the cross section is
dominated by a series of broad 3s3(p sP)n pD2' reso-
nances. The unusually large cross section at the 3s S
threshold (61 Mb) and right above it is attributed to
the presence of the 3s3p2 2D' perturber, which is diluted
among the 3s nd D' bound states and the continuum
3s ed D' [6—8]. No particular energy level can be as-
signed to the 3s3p2 D term.

The lowest narrow resonance at Lu = 0.474 Ry cor-
responds to the 383p S state, while the next few
broad resonances are the 3s3p( P)np2D' series. The
3s3p(sP)np 2S' and 3s3p(sP)nf 2D' resonances give rise
to sharp peaks in the spectrum. So do resonances like
3s3p( sP)np2P' and 3s3p(sP)np D' (for n ( 10), which
cannot autoionize in a strict LS approximation, but ap-

pear in the spectrum owing to spin-orbit mixing with
channels of the D' symmetry. Aside from specific spin-
orbit effects, which we discuss in the following subsection,
the cross section in Fig. 2(a) agrees reasonably well over
the entire region with the nonrelativistic cross section
calculated by Tayal and Burke [9]. Our cross section at
the 3s2 S' threshold is 61 Mb, compared to 55 Mb ob-
tained by Tayal and Burke, and the measured value of
65 6 7 Mb by Roig [13]. Our velocity and length gauge
calculations difi'er on average by only 1%.

B. Low-energy spectra below 3s3p P~: Classi6cation
of resonances

Table IV summarizes positions, and full widths at half
maximum, of the 3s3p( P)np S' resonances with effec-
tive quantum numbers v ( 10. They are found by search-
ing for maxima of the energy derivative of the eigenphase
sum. In this energy range, where the relativistic eKects
have a perturbative character, we can compare our re-
sults with other data, where it is available. The res-
onance positions are in very good agreement with the
experimental [13] and other theoretical [9] data and de-

TABLE IV. Energies (above 3s 3p P~&2), widths, and eff'ective quantum numbers v (relative
to the 3s3p P2 threshold, after Roig [13]) of some 3s3p( P)np S' resonances. The z[n] notation
implies z x 10

State

3p S
4p S
5p S
6p S
7p S
8p S
9p S
10p S

0.4737
0.6666
0.7176
0.7410
0.7537
0.7613
0.7662
0.7696

0.4686
0.6651
0.7177
0.7422

Energy (Ry)
Present Other Expt. ™

0.4716
0.6657
0.71?5
0.7410
0.7536
0.7612
0.7662
0.7696

3.25[-4]
5.77[-6]
2.63[-6]
1.89 [-6]
1.26[-6]
7.24 [-7]
3.39[-7]
1.32 [-7]

1.74[-4]
4.90[-5]
2.00 [-5]
1.00 [-5]

Width (Ry)
Present Other Expt. b

3.11[-4]

v('Pz )
Present Expt
1.7998 1.7937
2.9386 2.9272
3.9307 3.9273
4.9202 4.9149
5.9043 5.896?
6.8852 6.8761
7.8634 7.8555
8.8362 8.8395

Reference [9].
Reference [13].
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viations in the present and experimental quantum de-
fects are at worst 0.01. Our calculated autoionization
width for the lowest 3s3p2 2S' resonance agrees very well
with Roig's observed value, but for higher-lying states
the present widths are consistently smaller than those of
Tayal and Burke. No experiments performed to date can
distinguish between these two calculations and it should
be remembered that such small autoionization widths are
very sensitive to small errors in the K matrix.

Next consider 3s3p( P)np2D' in Table V. This is the
most prominent series in the low-energy spectrum. To
emphasize the relativistic effects we show results obtained
in both the nonrelativistic and relativistic calculations.
In this section we use Roig's convention [13] to classify
individual resonances, although it should be pointed out
that the LS-coupling scheme adopted &om Ref. [13] is
only adequate for the lower members of this and other se-
ries converging to the 3s3psP& thresholds. For the first
two or three lowest-lying resonances, the Bne-structure
levels D3&2 and Dz&2 almost overlap and their widths
are virtually identical to the widths obtained in the non-
relativistic calculation. For higher states (n ) 6), how-
ever, we see a considerable di8'erence between the two
fine-structure levels; the relevant quantum defects are
difFerent by about 0.1 and the ~Ds&2 levels are an or-

der of magnitude narrower than the ~Ds&2 levels. Such a
reduction of widths indicates a strong J-dependent mix-
ing; we found that the 2Ds&2 channels are very strongly

mixed with the 2Ps&2 channels. Since the 3s3p( sP)np 2P'

states cannot autoionize via the direct Coulomb interac-
tion, the spin-orbit interaction enhances the decay rate of
the 2Ps&2 levels (see Table VI), while it simultaneously

reduces the widths of the D~&2 levels. This is consis-
tent with Roig's experiment, where only relatively pure
3s3p(sP)np2D&&2 levels were resolved in the low-energy
spectrum.

Positions, widths, and compositions of the
3s3p( P)np Pg&2 levels are shown in Table VI. It is in-

structive to follow changes in the widths which, in con-
trast to the general rule I' v, actually increase as
the principal quantum number increases from n = 5 to
n = 8. This increase of widths is caused by an increas-
ing admixture of the D' symmetry; at n = 8 the Ryd-
berg series 3s3p( sP)np 2Ps&2 and 3s3p( P)np Dsy2 have
an avoided crossing and they interchange in character.
Good agreement is achieved between resonance positions
and the experimental results; the difference in quantum
defects is only in the second digit.

Besides the 2Ps&2 symmetry, there are also other LS
forbidden symmetries which autoionize relatively fast, at
least faster than the LS-allowed 3s3p( sP)np 28' series.
This is due to both the relativistic mixing with the 2D'
closed channel and the strong Coulomb coupling between
the 3s3p( P)np 2D' series and the 3s2ed D' continuum.
The decay rates are, in a perturbative treatment, propor-
tional to the square of an interaction element between the
open and closed channels. Since the widths for the 2D'
series are about 10s times larger than for 2S', an admix-

TABLE V. Energies (above 3s 3p P~&s), widths, and efFective quantum numbers of the
3s3p( P)np D' resonances below v = 10 (relative to 3s3p P~), obtained in both nonrelativistic
and relativistic approximations. The 6p Ds&2 and 7p Ds&2 levels could not be accurately resolved
in the spectra due to overlapping features and are left out from this table.

State

4p D
5p D

2D3)2
2Ds(2

6p D
'Ds)2
2Ds(2

7p D
2D3)2

8p D
2D3(2

9p D
2D3)2
Ds(2

102 D
2D3(2
'Ds(2

lip D
2D3(2
2Ds(2

Present

0.6531
0.7130
0.7124
0.7134
0.7388
0.7383
0.7392
0.7523
0.7520
0.7604
0.7603
0.7655
0.7656
0.7660
0.7690
0.7692
0.7695
0.7715
0.7717
0.7720

Energy (Ry)
Other Expt.
0.6496 0.6531
0.7121 0.7122

0.7132
0.7386 0.7380

0.7606

0.7658
0.7604

0.7691
0.7659

0.7695

0.7720

0.7390
0.7524 0.7527s)2

Present
6.89[-3]
2.O7[-3]
2.05 [-3]
2.O6[-3]
9.17[-4]
8.52[-4]
8.89[-4]
4.87[-4]
3.46[-4]
2.90[-4]
2.31[-5]
1.87[-4]
4.14[-5]
1.59[-4]
1.27[-4]
1.87[-5]
1.02 [-4]
9.03[-5]
4.5o[-6]
6.61[-5]

Width (Ry)
Other

1.08[-2]
2.52[-3]

Expt.
7.46[-3]
3.19[-3)

6.12[-4]

6.6o[-5]

1.55 [-4]

1.55 [-4]

1.14[-3] 2.34[-3]

~('P:)
Present Expt.
2.7810 2.7650
3.8093
3.7812
3.8061 3.8031
4.8157
4.7628
4.8100 4.7994
5.8163
5.7359
6.8144
6.7200 6.7354
7.8108
7.7071
7.8071 7.7939
8.8053
8.6977
8.8033 8.8105
9.7984
9.6865
9.7983 9.7942

Reference [9].
Reference [13].
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TABLE VI. Energie, widths (both in Ry), channel decompositions [the shortened np + I'
notation is used in columns 5 and 6 to designate the 3s3p( P)np + I channels], and effective
quantum numbers of the 3s3p( P)np Ps'&2 Rydberg states.

Composition

np
4p
5p
6p
7p
8p
9p

10p
11p

Energy
Present
0.6457
0.7089
0.7367
0.7511
0.7595
0.7647
0.7683
0.7708

Expt
0.6448
0.?082
0.7364
0.7510
0.7591
0.7643
0.7681
0.7707

Width

2.31[-5]
2.35[-5]
4.41[-5]
1.02 [-4]
1.36 [-4]
1.12 [-4]
8.05 [-5]
5.77[-5]

np P'
99
82
64
52
30
17
11
9

('%%uo)

np "D'
0.3
1
4
18
43
57
60
61

v( P~)
Present
2.7052
3.7181
4.7374
5.7614
6.7780
7.7841
8.7839
9.7847

Expt.
2.6963
3.6991
4.7056
5.7483
6.7195
7.6765
8.7304
9.7392

Reference [13].

ture of only about O. 1%% of the 2D symmetry may cause
the IS-forbidden states to autoionize faster than the rel-
evant 2S' series. Such an enhancement of decay and
recombination rates could be important, e.g. , for studies
of dielectronic recombination, and might be explored fur-
ther. In Tables VII and VIII we show widths and channel
decompositions of the 3s3p(sP)np Ds&2 s&2 series, which

are the next strongest after the 3s3p(sP)np2Ps&2 series.

Similarly to the 3s3p( P)np Pz&2 levels, we observe the
same enhancement of widths caused by an increasing ad-
mixture of the 2D' symmetry. Agreement with the ob-
servations by Roig is very satisfactory for the J =
levels, but we are consistently lower in our resonance en-
ergies. On the other hand, the 3s3p( P)np Ds&2 lev-

els were not resolved in the experimental spectrum, al-
though their widths are predicted to be comparable to
the widths of the 2Ps&2 series. The 3s3p( P)np D~&2
series (and other states with J = 2) are found to be
extremely narrow. This is because the 3s3p( P)np S'
channel, which can induce a coupling between the J =

2
levels and the 3s es S~&2 continuum, has a very slow au-
toionization rate itself. This series is omitted &om our
tables.

C. High-energy spectra below Sssp~P~

The relativistic efFects, which are responsible for en-
hancement and reduction of autoionizing widths of res-
onances, can also be seen in the photoionization cross
section in Fig. 2(b). This cross section is obtained from
the 38 3p Pz&2 initial level and is plotted versus effective

quantum numbers vg relative to the 3s3psP& thresh-
olds. At low energies (vo ( 8), where the spin-orbit cou-
pling is relatively weak, many series of very narrow res-
onances are superimposed on broad 3s3p( P)np D' Ry-
dberg series. In the higher-energy region, the relativistic
interaction significantly increases the widths of some LS
forbidden resonances. This makes the spectrum look very
complex, with many overlapping resonances of compara-
ble widths converging to all three 3s3psP& thresholds.

Already at energies corresponding to the n = 10 prin-
cipal quantum number we observe a considerable depar-
ture &om pure LS coupling. To investigate the transition
&om LS to jj coupling, we analyzed the spectrum above
n = 10, in the energy range 0.77 & E & 0.78 Ry, just
below the 3s3p sPo ionic state. Instead of classifying indi-
vidual resonances, we tabulate the number of resonances

TABLE VII. Energies, widths (both in Ry), channel decompositions, and effective quantum
numbers of the 3s3p( P)np Ds&2 Rydberg states.

Composition

np
5p
6p
7p
8p
9p

10p
lip

Energy
Present Expt.
0.7046 0.7075
0.7344 0.7357
0.7496 0.7503
0.7583 0.7588
0.7638
0.7675
0.7701

Width

2.99[-6]
5.23 [-6]
8.78 [-6]
1.35[-5]
1.73[-5]
1.84[-5]
1.21[-5]

np D
99
96
90
79
65
54
35

('%%uo)

np 'D
0.1
0.4
1
3
6
9
8

v('Po )
Present
3.6242
4.6500
5.6707
6.6890
7.7037
8.7151
9.7329

Expt.
3.6973
4.7151
5.7355
6.7676

Reference [13].
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FIG. 3. Purity of the Rydberg states
(obtained for photon energies in the range
0.77 ( Ku ( 0.78 Ry) for the final J =
symmetry in either LS coupling (dash-dotted
line) or jj coupling (solid line).

having a given purity in each of the coupling schemes.
In order to eliminate effects arising &om an intermediate
coupling, we first sum the weights of difFerent channels
corresponding to the same final ~+ L symmetry in the
LS-coupling scheme. Similarly, the relativistic jj-coupled
functions are first surrirned over the weights of those chan-
nels which have a common core (L„S,)J,. This refiects
the fact that any final coupling between the residual ion,
which is in the (L„S,)J, state, and an outer electron is
physically equivalent. Figure 3 shows that the relativistic
coupling provides a better representation for these ener-
gies; only 1.5%%uo of all states have purity in J, quantum
numbers worse than 50% and almost 50%%uo of states are
more than 95%%uo pure. This is in a striking contrast to the
LS-coupled channels, where none of the states has a well
defined 2s+ L' syrrunetry.

levelsj, since the Bs3p iP ionic state does not have a fine-
structure splitting. The neglected mixing of the BsBp sP
and 3sBpiP ionic states, which is mainly responsible
for the spin-induced interactions above the sP2 thresh-
old, is only of order O. l%%uo. The dominant resonances
are Bs3p(iP)np2D', although the 3s3p(iP)np 8' and
3s3p( iP)np2P' series are now much more intense than
the analogous series converging to the 3s3p P& thresh-
olds. Only two series of broad peaks are irnrnediately
apparent in our calculated photoionization spectrum in
this range, whereas Tayal and Burke found three dis-
tinct series. The origin of this discrepancy can be traced
to an almost perfect overlap of our 3s3p( P)np S' and

12 I I I I I I I I
I

j
I

I 1

I

D. Spectra above 3s3p P~

Above the BsBp sPg threshold the relativistic effects on
the total cross section are negligible. In our approxi-
mation the spectra plotted in Fig. 4, obtained with and
without relativity coincide exactly [except that the fine-
structure splitting of the ground term 3s23p2P causes
an energy shift between the ionization tbresholds in the
cross sections o(2Pii2) and o(2P~i2) for the two initial

6
b

np
5p
6p
7p
8p
9p

10p

Energy Width

0.7050
0.7349
0.7500
0.7588
0.7643
0.7680

5.20[-6]
9.26 [-6]
1.33[-5]
1.59[-5]
1.68 [-5]
1.66 [-5]

Composition
(%)

np D
98
95
90
84
79
75

0.1
0.6
2
3
5
6

v( Po)

3.6355
4.6731
5.7141
6.7563
7.8108
8.8780

TABLE VIII. Energies, widths (both in Ry), chan-
nels decomposition, and effective quantum numbers of the
3s3p( P)np Dsi2 Rydberg states.

C)

0.80 0.88 0.92
Photon energy (Ry)

0.96 '1 .00

FIG. 4. The total photoionization cross sections
cr = so( Pi&2) + so'( Psi~) for aluminum are shown as a
function of photon energy (above 3s 3s Pii2) between the
3s3p P and 3s3p P ionization thresholds. In this energy
range the spectrum obtained using the I8 —+ jj frame trans-
formation coincides with the nonrelativistic spectrum, except
for an energy shift between ionization thresholds of Al+ in
o( Pii~) and o( P~i2), corresponding to the fine-structure
splitting of the ground 3s 3p P term. Solid line, length
gauge; dashed line, velocity gauge.
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FIG. 5. The partial photoionization cross
sections obtained in the nonrelativistic ap-
proximation are shown at energies between
the 3s3p P and 3s3p P ionic states.
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3p~& P jnp P resonances, as can be seen &om Fig. 5,
where we plot nonrelativistic partial cross sections. The
energy shift of ionization thresholds due to the fine-
structure splitting of the ground term Bs23p 2P is clearly
manifested in the vicinity of narrow resonances, for ex-
ample, the BsBp(iP)nf D' and 3sBp( P)np2S', P' se-
ries. Except for that, there is good agreement in both the
positions and widths of the resonances. The seven low-
est resonances for each final-state symmetry are classi-
fied in Table IX. For the lowest-lying BsBp( iP)4 2D' and

s p( )4p P' states, which are the only states conver-
ing to 3s3p P identified in the experiment, our results
disagree with the classifications presented by Roig, who
found these two resonances to lie well below the 3s3p sP&

thresholds, with efFective quantum numbers near 2.1. To
double-check the present results we performed an addi-
tional MCHF [24] calculation and found almost the same
effective quantum numbers for the 383@~ P~&4 D' d

1 2 eBsBp( P)4p P' states, 2.6 and 2.7 respectively, as ob-
tained with the B-matrix program. This conclusions are
also consistent with Le Dourneuf et al. [10], who found
t ese states to have the quantum defects about 1.3. Ac-
cordingly, we suspect that these two lines observed by
Roig may be due to impurities of some type.

IV. INTERPRETATION OF THE
PHOTOIONIZATION CROSS SECTION

A. Regularities

Next we consider in more detail the spectrum in the
energy range just below the 3sBp Po ionization thresh-
old, where relativistic effects are the strongest. Because
of the complicated channel mixing, with up to ll inter-
acting channels for the J =

2 final symmetry and numer-
ous overlapping features, it is no longer useful to carry
out a standard resonance analysis, i.e., to determine res-
onance positions, widths, and compositions. Instead, we
will extract regularities in the perturbations of different
Rydberg series.

Thhe complexity of Rydberg channel interactions in this
energy range is caused by the difFerent time scales of
electron motion in difFerent channels associated with the
three BsBp P& ionization thresholds. The resulting com-
petition among these time scales can lead to extremely
complicated spectra. Lu-Fano-type plots [27] can be used
to extract regularities from the resulting spectra. In any

TABLE IX. Energies, widths ~both in R an( o in y), and effective quantum numbers of s
s py ~np L resonances.

an o some

np
4p
5p
6p
7p
8p
9p

10p

r
5.65 [-3]
2.02[-3]
9.45[-4]
5.19[-4]
3.15[-4]
2.05[-4]
1.41[-4]

0.8359
0.9100
0.9392
0.9542
0.9628
0.9683
0.9720

3s3p( 'P )np D'
V

2.5869
3.6422
4.6563
5.6625
6.6663
7.6693
8.6720

r
6.21[-3]
1.48[-3]
5.61[-4]
2.69[-4]
1.49[-4]
9.16[-5]
6.04 [-5]

0.8468
0.9125
0.9403
0.9547
0.9632
0.9685
0.9722

3s3p('P )np P'

2.6864
3.7058
4.7107
5.7129
6.7145
7.7161
8.7179

r
8.01[-4]
2.55[-4]
1.13[-4]
5.89 [-5]
3.44[-5]
2.17[-5]
1.46 [-5]

0.8488
0.9130
0.9406
0.9549
0.9633
0.9686
0.9722

3s3p('P )np S'

2.7065
3.7189
4.7287
5.7328
6.7349
7.7365
8.7382
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multichannel Rydberg spectrum having two ionization
thresholds, the quantum defect pi relative to one thresh-
old is (to an excellent approximation) a periodic function
of the effective quantum number v2 relative to the sec-
ond threshold, provided the short-range K matrix has a
weak energy dependence. In our spectrum, near and be-
low the 3s3p Po threshold, the periodicity is lost because
the number of Rydberg thresholds is larger (the spectrum
between 3s3p Po and 3s3p P2 is regular because there
are no resonances at these and lower energies that con-
verge to the 3s3p iP threshold) Nevertheless, we can
still expect much regularity because perturbers converg-
ing to the different thresholds still appear periodically in
the appropriate effective quantum number.

The idea of I u-Fano plots to trace regularities in the
spectra is adopted in the present paper in a different
way. We use an approach introduced by Greene and Ay-
mar [15] that permits us to analyze the positions of reso-
nances as well as their widths. In this approach, the posi-
tion and width of each isolated resonance are obtained by
searching for a a corresponding pole of the physical S~""'
matrix in the complex energy plane. To clarify, S~ "' is
obtained by eliminating divergent terms in the complex
asymptotic solutions in all closed channels c. The elimi-
nation procedure yields an equation similar to (7), i.e. ,

gred~ —2imv—a a —& a

gred g g (~ —2invI, ) 1—a —aa —ab (—bb ) —ba

(16)

(»)
where the indices a and 6 refer to the two subspaces of
a partitioned S matrix. Although the above equations
do not explicitly involve the open continuum channel, the
positions and widths of the autoionizing states are cor-
rectly represented owing to the unitarity of the S matrix.
Since eigenvalues of S have absolute value 1, information
about the interaction with the continuum is implicitly
included in the nonunitarity of the closed-closed S"sub-
matrix.

The above approach is used here to investigate reg-
ularities in the spectrum for the final J = s states,
in the energy range 0.779 & Lo & 0.781 Ry. Ten
weakly closed channels are present, eight of which cor-
respond to the 3s3psP& thresholds. In the jj-coupled
notation introduced above for the channel structure,
I[(L„S)J„(l,s )j jJ), the eight triplet channels that
dominate the dynamics are

1+iX
1 —iK ' (12)

Sphx~ Soo S (Soccc —2ic v)
i Sco

Provided the greatest energy dependence arises from the
diagonal matrix of effective quantum numbers v, as is the
case here, the poles of the S~"~' matrix occur at roots of
the determinantal equation

3s3p P2:
I [(1,1)2, (1, 2) 2] 2), I [(1,1)2, (1, 2) 2] 2),

I [(1 1)2 (3 2) 2] 2) I [(1 1)2 (3 2) 5] 2).

detIS ' —e 2' —"I = 0. (14)

The solutions of this equation can be transcribed us-

ing the Rydberg formula into a discrete set of com-
plex quantum defects relative to the lowest threshold
pp —Repp + ilmpp. At complex energies E = Ep
(vp = n —pp), we can use the Rydberg formula in the
approximate form

1 i 2Impo

2(n —Rep, p)' 2 (n —Repp)" (15)

where the imaginary term is related to the resonance
width I' by I' = 21mpp/vp. This equation is accurately
satisfied for states lying sufiiciently close to the J, = 0
ionization threshold, such that n )) Impp.

A search for exact roots of (14) must be performed
numerically in general. Greene and Aymar [15] have
pointed out, however, that approximate roots can be
parametrized in terms of a complex quantum defect po
that is continuous in the energy. The idea is to "elim-
inate" the upper channels in the S matrix, i.e., to
enforce exponential decay in all closed channels except
those attached to the lowest closed channel threshold
3s3p Pp . As discussed in Ref. [15],Eq. (14) can be trans-
formed into the following set of linear equations:

Two other closed channels are attached to a nondegen-
erate threshold 3s3p P and have only a minor effect
on the spectrum, since there are no 3s3p( P)np + I'
resonances below the 3s3p 3PJ thresholds. The single-
channel subspace a of the partitioned matrix S" in
Eq. (17) corresponds to the I[(1, l)0, (1, 2) 2]2) channel
(there is only one channel converging to the 3s3psPQ
threshold), whereas part b contains all other channels,
converging to higher thresholds.

Figures 6(a), 6(b), and 7 show universal curves for the
real and twice the imaginary parts of pp. The latter
is just the reduced width function I'„~ = I'vp = 21mpp.
These figures also show the quantum defects and reduced
widths of the physical resonances obtained by a direct
search for maxima of the trace of the time delay matrix
(i.e., twice the energy derivative of the eigenphase sum
in a.u. ). The resulting quantum defect pp oscillates reg
ularly as vi and v2 increase with increasing energy. An
interesting feature is a "wiggle, " that is, a narrow en-
ergy range where Re@0 changes &om positive to negative
slope. If the ionization threshold with J = 2 was ab-
sent, these wiggles would appear periodically each time
vz increased by unity. In this spectrum with three closed
channel thresholds nearby, however, the exact periodicity
in vz is destroyed by the periodic occurrence in v2 of Ry-
dberg perturbers that converge to the threshold J = 2.
Figure 6(b) shows this more clearly on a smaller scale.
The occurrence of an energy range where Redo has a neg-
ative slope differs &om the behavior of typical Lu-Fano
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plots which exhibit a strictly increasing phase shift (pro-
vided. the energy dependence of the K matrix is negligi-
ble). This type of behavior was earlier identified [15] to
be caused by the interaction of broad perturbers with the
continuum. Actually, in comparison with Fig. 7 for the
reduced-width function, we can see that the wiggles in
Redo correspond exactly to the positions of the broadest
resonances.

Another striking feature in these plots is the pres-
ence of near-vanishing-width resonances. Their appear-
ance has nontrivial implications for studies of statistical
properties of autoionizing spectra [28—31]. In this case
note that all resonances, including those with nearly zero
widths, are distributed along the regular 2Impo curve of

I'i . 7. Such extremely narrow resonances are usually
observed in a Rydberg series that is perturbed by a i-

lg. . Uc
a dif-

fuse interloper (to use Fano's terminology [32, ]) a
is spread over several resonances converging to a lower
threshold (J, = 0 in this case). In general, they appear
if there is only one open channel (in our studies, there is
only one open channel below the 3s3p sPo threshold for
each final J value, e.g. , [~(0, 0)0, (2, 2) 2] z)) and arise ei-

ther due to selection rules for the Coulomb autoionization
(e.g. , if there are LS-forbidden states that cannot directly
autoionize) or else owing to destructive interference e-

tween the difFerent closed channels. These features are
clearly identifiable in the aluminum spectrum in this en-

ergy range nearrange near the three fine-structure thresholds.
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FIG. 6. Quantum defects of resonances
(diamonds), which have been obtained by a
search for maxima of the energy derivative
of the eigenphase sum, are compared in (a)
to the real part of the resonance quantum
defect (RepII) (solid line) obtained by solv-
ing Eq. (16). The horizontal axes are scaled
in units of effective quantum numbers v,. rel-
ative to the PI threshold (lower axis) and
relative to Pg (upper axis). In (b) we use a
smaller scale of efFective quantum numbers to
bring out regions of negative slope in quan-
tum defects.
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fective quantum number scales for the upper
and lower horizontal axes are the same as in
Fig. 6(a).

I I I I I I I I I I I I I I I

30 32 34 36 38

B. Statistical distribution of resonances

When spectra reach a certain level of complexity they
become increasingly difffcult to analyze in any conven-
tional (state-by-state) description. This difficulty has
stimulated many to abandon all efforts to ffnd regularity
in the spectrum and to resort instead to a study of var-
ious statistical properties. One of the most widely stud-
ied statistical measures is the "nearest-neighbor spacing"
(NNS) distribution of the energy differences between suc-
cessive states in the spectrum, which typically follows a
Wigner-type distribution in regions of extreme complex-
ity [16]. A second measure applied to unstable states is
the distribution of decay widths, which follows a Porter-
Thomas-type distribution in many difFerent cases studied
to date [15,30,31]. Spectra that follow these distributions
are sometimes viewed as random, in the sense that the
signer distribution accurately characterizes the distri-
bution of NNS for the eigenvalues of random matrices.
The random type of statistical distributions have also
been observed to correlate with the onset of chaos in
the Newtonian dynamics of some systems. On the other
hand, in nonchaotic classical regimes the quantum spec-
trum tends to exhibit a Poissonian distribution, which in
quantum-mechanical terms is associated with weak chan-
nel interactions.

The Wigner distribution for the probability P~(s) of
finding two levels separated by a particular spacing 8 is
given by

(18)

where D is an average spacing and P~(s) is normalized
so that

(I') = (2~1") (20)

where I' is expressed in units of an average width. For
very narrow resonances, the Porter-Thomas distribution
is proportional to I'

We consider the statistical distributions for the J = 2s

G.nal states in the energy range 0.771 & Lu & 0.781
Ry. The region immediately below 3s3P sPo and above
the highest interloper converging to either 3s3p PP or
3s3psP2 is eliminated in these studies because the Ryd-
berg spectrum becomes completely regular. The eight
weakly closed channels converging to the three P&
thresholds give rise to nearly 300 resonances in the
0.771 & ~ & 0.781 Ry energy range. Since widths
decrease with energy in proportion to v 3, a more
proper function to analyze in connection with the Porter-
Thomas distribution is the reduced width I"„g = I'vs.
I', ~ brings out the efFects of the channel interaction more
clearly because it eliminates the strongest energy depen-
dence associated with the trivial normalization factor

3
vp

To determine the NNS distribution we search for res-
onances on an energy scale rewritten as in Refs. [15,34],
using a "generalized" e8ective quantum number variable,
defined here as vg „——vp + 3vq + 4v2., the multiplicative
constants are the numbers of channels converging to each
of the respective PJ thresholds. On average, there is

One of the characteristics of the NNS distribution is the
vanishing probability P~(s) as s ~ 0. This is due to
the occurrence of diffuse interlopers in the host spectrum
which tend to generate strong level repulsion [33]. Be-
cause difFuse interlopers are present in the quantum de-
fect plots of Fig. 6, the Wigner energy-level distribution
is expected to describe a portion of the aluminum spec-
trum. The Porter-Thomas distribution for the probabil-
ity to And a level with an autoionization width I' is given
by the expression



526 GREGORY MIECZNIK, CHRIS H. GREENE, AND F. ROBICHEAUX

1,0—

0.8—

0.4—
8 10

cific quantum spectra can display simple and clear regu-
larities that emerge, e.g. , &om the analysis of Sec. IVA
above and &om the spectra of Be discussed in Ref. [15].
This shows, at the very least, that these two statistical
measures cannot characterize complex spectra with any
degree of completeness. More specifically, spectra that
follow the Wigner and Porter-Thomas distributions can
still show striking regularities that cannot be simulated
by a random number generator and these regularities are
amenable to theoretical interpretation.

V. CONCLUSIONS

FIG. 8. (a) The NNS statistical distribution of resonances
is compared with the analytical Wigner distribution Piv(s)
[Eq. (18)], while (b) the cumulative distribution of reduced
widths is compared with the Porter-Thomas result PpT(p)
from Eq. (21).

one more resonance in the spectrum each time vs,„ in-
creases by unity, ensuring that the mean level density,
which rescales the variable s in Eq. (18), is very nearly
constant on this scale. Figure 8(a) shows the NNS dis-
tribution of our resonance level spacings and compares it
with the analytical Wigner form (18). The two curves are
in fair but not quantitative agreement. Figure 8(b) shows
the cumulative distribution of widths PpT(p), defined in
terms of the resonance width density PpT(I') by

r»(I)ar.
0

(21)

The cumulative width distribution represents the num-
ber of resonances whose widths are smaller than a given
width p. The advantage of using this distribution func-
tion is that PpT (p) does not diverge as p ~ 0, in contrast
to the Porter-Thomas distribution giving the number of
widths between I' and I'+ dI' in Eq. (20). As in the Be
example studied by Ref. [15], the agreement between nu-
merical and analytical width distributions is very good,
especially in the zero-width limit, and we concur that
the Porter-Thomas distribution appears to be more gen-
erally applicable to such spectra than is the Wigner NNS
distribution.

The viewpoint is &equently offered [29] that agreement
of resonance level statistics with Wigner and Porter-
Thomas distributions implies the presence of chaos in the
system. While chaos is a useful generic property that can
be used to classify classical systems, we stress that spe-

The LS ~ jj &arne transformation enables us to
construct seiiurelativistic photoionization cross sections.
The efFects of relativity, although most pronounced in the
high-energy regime (n ) 10) below the 3s3psP thresh-
old, are also important for lower-lying states. The spin-
induced interactions niix states belonging to difFerent

+ L terms and cause the autoionization of states that
would be bound in a strict LS-coupling approximation.
The importance of such mixing has been demonstrated
by studying in particular the enhancement of decay rates
for the 3s3p( P )np2Ps&2 states, which even for low n

decay much faster than the IS-allowed 3s3p(sP )ns 2S'
series. In addition to the states obtained in previous
nonrelativistic calculations, the positions and widths of
Bne-structure levels of the np D, np 2P', and np D se-
ries have been determined. The present results are in
good overall agreement with experimental works and we
also agree with previous theoretical works for those states
that can be described without including spin-dependent
efFects.

The transition &om IS to jj coupling for higher en-
ergies has been analyzed in the context of statistical
distributions. We have shown that the spectra do ex-
hibit a type of chaotic behavior of the level spacing and
widths, similar to the Wigner and Porter-Thomas distri-
butions. At the same time, however, the same spectra
have striking regularities in the pattern of energy levels
and widths including, for example, a periodic occurrence
of very long-lived resonances.
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