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The theory of double internal bremsstrahlung during an allowed electron-capture transition is
developed in an approximation in which the atomic electron is treated nonrelativistically but the
effects of the nuclear Coulomb field are fully included. For capture from the K shell detailed results
are obtained for the intensity distribution of the two photons as a function of the photons’ energies
and relative angle of emission. Numerical results are presented for the distribution of the sum of
the photon energies for 3" Ar and 5°Fe and compared with available experimental data. It is found
that the inclusion of Coulomb effects results in a substantial reduction in the intensity of the energy
spectrum of the photons and improves quantitative agreement with the experimental data for 37 Ar.

However, for **Fe serious discrepancies remain.

PACS number(s): 32.80.Wr, 23.40.—s

I. INTRODUCTION

Internal bremsstrahlung (IB) in electron capture is a
process which has long been of interest. Since the pio-
neering theoretical studies by Moller [1] and Morrison
and Schiff [2], many experimental investigations have
been reported. Concomitantly, the theory of IB has un-
dergone extensive development largely through the intro-
duction of elaborate mathematical techniques by Glauber
and Martin [3,4]. For allowed transitions agreement be-
tween theory and experiment is very good [5], and more
recent investigations of IB have been concerned with the
study of forbidden transitions and with the use of the IB
process as a tool for measuring the mass of the electron
neutrino.

Although less likely, double internal bremsstrahlung
(DIB), i.e., the emission of two photons, may also oc-
cur in electron-capture decay. In this case both photons
share the available energy statistically with the neutrino
and thus have continuous energy distributions. The sum
of the energies of the two photons also forms a continu-
ous distribution, the end point of which yields the total
energy released in the decay.

The probability with which DIB occurs is, of course,
quite small. Because of the presence of an additional
factor of a, the fine structure constant, and the reduction
of the available phase space resulting from the presence of
an additional photon, the probability for DIB is expected
to be no greater than about 10™* times the probability
for IB. This alone makes observation of the phenomenon
quite difficult and helps account for the fact that, over
the years, little effort has been made to investigate it.

The first observations of the phenomenon were re-
ported by Ljubicié, Jones, and Logan [6] (LJL), who
investigated DIB in the electron-capture decay of 37Ar.
Using a dual parameter pulse-height analysis system.
they observed the continous energy distribution of the
two photons at an angle of 90° between the photon mo-
menta and determined the distribution of the total energy
of the photons over a substantial energy range.
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Shortly thereafter, Pisk, Ljubicié, and Logan [7] pro-
vided the first theoretical study of the process based on
the modern theory of the weak interactions. Following
the approach of Morrison and Schiff [2], these authors
performed a lowest-order perturbation theory calculation
in which the effects of the nuclear Coulomb field on the
intermediate electron states were neglected, these states
being described by relativistic plane waves. For the initial
electron states nonrelativistic Coulomb wave functions
were used, with only contributions from zero-momentum
states being taken into account. The actual calculations
were limited to capture from the K shell.

The results of this theoretical work were found to give
a reasonably good fit to the data of LJL for the sum-
energy spectrum of 37Ar. However, when an absolute
comparison was made for the ratio of the DIB sum spec-
trum to the IB spectrum, the agreement was less than
satisfactory.

These pioneering studies of the DIB process were fol-
lowed by a series of papers by members of the original
collaborations together with various co-workers in which
they reported observations of DIB in 37Ar at relative
emission angles other than 90° [8], observations of DIB in
55Fe [9,10] and in 131Cs [11], and studies on the contribu-
tions to DIB at low energies from L- and M-shell electron
capture [12,13]. The general pattern that emerged from
this work was one of reasonable qualitative agreement be-
tween theory and experiment, but serious disagreement
when quantitative comparisons were made.

In view of the important role that Coulomb effects are
known to play in the IB process, it is clear that such ef-
fects must be taken fully into account in the theory of the
DIB process before meaningful quantitative comparisons
may be made. In this paper we shall develop the basic
theory of the DIB process for allowed electron-capture
transitions in an approximation in which the atomic elec-
tron is treated nonrelativistically but the effects of the
nuclear Coulomb field are fully included. While this will
restrict our results to nuclei whose nuclear charge is not
too large, it will provide much more accurate results at
lower energies where the spectra are most intense and
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where the influence of the nuclear Coulomb field is great-
est. Also, since most of the experimental data which have
been reported thus far were taken at energies at which
the process is completely dominated by electron capture
from the K shell, we shall, in this paper, limit detailed
calculations and numerical results to this case.

In Sec. IT we develop the general formalism, establish
the nonrelativistic approximations, and describe the cal-
culation of the transition matrix element. In Sec. III
the two-photon distribution function is obtained. Nu-
merical results are presented in Sec. IV and compared
with available experimental data. Section V contains our
conclusions.

II. TRANSITION AMPLITUDE FOR DIB
A. General formalism

In the lowest order of perturbation theory, DIB is de-
scribed by the two Feynman diagrams shown in Fig. 1.
(By comparison, the contribution from diagrams involv-
ing nuclear intermediate states is negligible for allowed
electron-capture transitions.) Adopting the usual V—\A
theory for the weak interaction and employing standard
methods [14], one readily obtains the following expres-
sion for the total probability amplitude associated with
the two diagrams of Fig. 1:

S = 216 (keax — k1 — k2 — E,) M, (1)

with the transition matrix element given by

M = Gez(l+Plz)/d’Fn/dFl/dF2¢f(Fn)rn¢i(Fn)
X&V(Fn)AyGe’ (F’na Fl)a‘I (Fl)
X Ge(71, 73)ad (73) e (72), (2)

where I')y = 7,(1 + Avys5), Ay = v.(1 + v5), and G is
the vector coupling constant of the 3 interaction. Re-
spectively, ¢; and ¢ represent the initial and final states
of the nucleus, and ¢, and ¢, (with associated energies
E, and E.) represent the states of the emitted neutrino
and the initial electron. The energies of the two emitted
photons are k; and k2, and kpay is the energy released

in the electron-capture process, to be shared statistically
among the three emitted particles. The photon states
are characterized by a; defined by

1 Y& ik

=0 G v

(:=1,2), (3)

where l;, and é; are a photon’s momentum and polar-
ization vectors, respectively (satisfying k; - &; = 0), and
we have chosen V = (27)3 as the normalization volume.
The operator P;, performs the interchanges (El “~ Ez,
€1 ¢ é3) which connect the two Feynman diagrams in
Fig. 1. Finally, the energies associated with each of the
G.’s, which describe the propagation of an electron mov-
ing in a nuclear Coulomb field, are given by € = E, — ko
and 6, = Ee - kl - k2.

For an allowed electron-capture transition the wave
functions of the leptons involved in the 3 interaction can
be replaced by their values at the origin. Furthermore,
in the nonrelativistic limit the nuclear matrix elements,
which we denote by B, reduce to

(B5Tud) = {iX (67,59:), (65,60} = {B.Bu}. ()

With the resulting simplifications the transition matrix
element assumes the form [15]

oG (14 Pp3) -
M= Gy ek, O ®)

with B = A,B,, and I3 = I(ky,é,; kz, &) with

I(El7él;EZ7é2) = /dll_"l/dFZGe’(O,Fl)’?'éle—i’—él'il
X Ge(1,72)7 - E2e™ 2 e(72).  (6)

Each electron propagator G g is represented by a Dirac-
Coulomb Green’s function which satisfies the pair of
equations

[E — H(F)] Ge(F, 7' )ya = 6(F — 7'), (7a)
and its adjoint

Ge(F,7")v[E — H(F)] = 6(F - 7"), (7b)

FIG. 1. Feynman diagrams for electron capture accompanied by double internal bremsstrahlung.
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where H is the Dirac Hamiltonian for an electron moving
in the nuclear Coulomb field. We shall only have need
of the latter of these equations which, when written out
explicitly for a point nucleus of charge Ze, becomes

i
Gp(7, ™) |7V +1—v(E +a/r')| = =6(F—7"), (8)

!
where a = Za and % acts on the function Gg(7,7")
which precedes it as indicated by the direction of the
arrow.

For purposes of calculation it is convenient to express
the Dirac-Coulomb Green’s function Gg(7,7') in terms of
the Green’s function Gg(7, ") for the iterated or second-
order form of the Dirac equation. Indeed, the effective-
ness of this approach was first demonstrated by Glauber
and Martin in their classic papers [3,4] on radiative elec-
tron capture; and, not surprisingly, it is equally useful
in the study of DIB. Hence, following closely the work of
these authors, we define the second-order Dirac-Coulomb
Green’s function so as to satisfy the equation

Gu(7,7) V"% + (E + a/r')? =1 —id - V'(a/r')]
=§(F—7"), (9)

in which V'2 acts to the left. The first-order Green'’s
function may now be written in terms of the second-order
Green’s function as

Gr(F ) = G 77V +va(E +a/r') +1]. (10)

Using this relationship we find that I;2 may be written
as

J

1 D BN
I]_2 = W/dpl/dpzfdrl gsr(O,rl)e an

X [—17 - éavukay — 263 - G2 de(G2),

where ¢ = p1 — El and ¢ = pa + El. To proceed further
with our analysis, it is necessary to choose specific forms
for the Green’s functions and the wave function of the
initial electron.

B. Nonrelativistic approximations

For moderately light nuclei the initial electronic state
can be adequately represented by a nonrelativistic Cou-
lomb wave function; and in view of the far greater com-
plexity attendant on the use of Dirac-Coulomb wave func-
tions, it is important to consider first the nonrelativistic
regime. In general, this is expected to yield results with
a relative accuracy of order Za.

A particular advantage of introducing the second-order
Green’s function is that, consistent with the use of a
nonrelativistic wave function for the initial electron, one
can employ an approximate Green’s function which has
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-
Lo = / dF; / di G (0,7)[F V1 +7a(€ + a/r1) + 1]
—iky 7y

Xe

X[—37 - Exvukay — 282 - Vale R T4, (7),  (11)

Y - €1Ge(71,72)

after an integration by parts has been performed with
respect to 72 and use has been made of the fact that the
wave function of the initial electron ¢. satisfies H¢, =
Ecpe.

In the next section we shall describe in detail the repre-
sentations to be used for the second-order Green’s func-
tions. For now, in order to complete our formulation of
the problem in general terms, we simply wish to antic-
ipate that it will be convenient to describe the “outer”
Green’s function G.(71,72), as well as the wave function
of the initial electron ¢., by means of the Fourier integral
representations

1 ~ e
Gl 72) = (2—7r)_3 /dﬁl /dﬁz Ge (P, Pa) et P —P2T2)
(12)
and
1 =5 i
be(F) = (@ny /dp¢e(ﬁ)e” , (13)

which serve to define 56(151,;3’2) and $e(ﬁ) With the in-
troduction of these forms, an integration by parts with
respect to 7¥; may be performed after which the integra-
tion over 75, followed by the integration over g, may be
carried out by elementary methods. The result of all this
integration is the following expression for I,:

. —

[~i7 - @1 +va(€' + a/r1) +1]7 - é1Ge(F1, F2)

(14)

I

a much simpler structure. This approximate Green’s
function is obtained by neglecting the fine structure
terms (a/r')? and &@ - V/(a/7') in Eq. (9). The second-
order Green’s function may then by written in the form
Ge(7,7") = IGE(F,7') where I is a unit matrix and
G (7,7") is a scalar Green’s function which satisfies the
equation

gl 7;.0’,’—,‘/ VIZ+E2_1+2aE/7-’ _—.6(7—"—7’7’) (15)
B(77)

This equation has the same form as that satisfied by the
nonrelativistic Coulomb Green’s function and is readily
reduced to the latter equation by defining @ = aFE, £ =
(E? —1)/2, and Gg¢(7,7') = 2G5(7,7'). Then Gg(7,7')
satisfies

[€ = Hae (7)) G (7, 7) = 6(F — ), (16)

where H,,,(7') = -V'%2/2 —a/r'.
The particular function G, (0,71) which will be used to
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represent the “inner” Green’s function has been studied
in considerable detail by Glauber and Martin [3]. In par-
ticular, these authors have shown that G/, (0, r) possesses
the following integral representation [16]:

oo 1 n
GL(0,r) = ——%e_‘”‘/ ds ( —:s) e”2Te L (17)
0

where p = (1 — €'?)1/2 and 7 = a€'/p.

With regard to the “outer” Green’s function the sit-
uation is more complicated, and we approach its con-
struction by first transforming to momentum space via
the Fourier transforms introduced earlier. In view of
the simple connection between the approximate second-
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order Green’s function and the nonrelativistic Coulomb
Green’s function discussed above, it follows that, within
t}:le approximation that we have adopted, we may write
GL(P1,P2) = 3Ge(P1,P2) where Ge¢(p1,p2) is the nonrel-
ativistic Coulomb Green’s function in momentum space.
For this latter Green’s function three equivalent repre-
sentations due to Schwinger [18] are available, the most
suitable form for our purposes being that given by Eq.
(1") of Schwinger’s paper, viz.,

Ge(P1,72) = G (1, 2) + G (B1, P2) + G2 (51, B2),

- (18)
with the three contributions to Gg(p1,p2) defined by

GO 5. n) = (PP (19)
R =~ e G R (20
~(2) /=~ = a 1 1 1 p—Y
GG = 5 e e g Sy ¥ [{(ﬁl Z 5= (E—R/DE — P21 - p)2/2s}] > @
[
where now @ = ae and £ = (e — 1)/2, and v is defined ée(ﬁl:ﬁz) ~ éfgo)(ﬁhﬁz) T 5(51)(1-;1’52). (22)

by v = a/v/—2€.

As the notation suggests, ég’) (P1,P2) corresponds to
a free-particle approximation while the other two con-
tributions take into account Coulomb effects. Thus, by
employing this particular representation for the “outer”
Green’s function, one can readily investigate the influ-
ence of Coulomb effects on the “inner” Green’s function
alone by approximating the “outer” Green’s function by
é(so)(ﬁl,ﬁz). In addition, this representation possesses
the practical advantage of permitting the most efficient
computation of numerical results since it lends itself to
the highest degree of parallelization, and the numerical
methods that must be invoked show superior numerical
stability.

The relative importance of the two Coulomb terms may
be judged by examining the dependence on the photon
energy ks of the quantity v which appears in the defini-
tion of G(gz)(ﬁl, P2). As is readily confirmed, v assumes
it largest value at ko = 0 where it is slightly less than
one. (It differs from unity by terms of order a2.) As ks
increases, v rapidly decreases, declining to values of order
a or smaller as soon as k2 is beyond the binding-energy
region, i.e., v < a for k3 > a2/2. Therefore, for pho-
ton energies above the binding-energy region, it becomes
consistent with our previous approximations to employ
for the “outer” Green’s function the approximation

In view of the fact that this approximation is well sat-
isfied by essentially all currently available experimental
data, it will be adopted in this paper as the basis for
detailed calculations and the computation of numerical
results.

Finally, we must choose the state of the initial electron
so that the form of its wave function may be specified.
As previously discussed, in this paper detailed calcula-
tions will be limited to radiative capture from the K
shell for which the Fourier transform of the nonrelativis-
tic Coulomb form for ¢k (r) is readily found to be

~ 2a)3/2 a
¢K(p):( 7?_ (a2+p2

)2XK3 (23)

where x g determines the spin state of the initial K elec-
tron. Equipped with the above representations, we are
ready to proceed with the evaluation of Eq. (14).

C. Evaluation

We begin the evaluation of I;; by introducing the
Glauber-Martin representation Eq. (17), along with Eq.
(23), into Eq. (14) and performing the integration over
71. This yields the result

a\s/2 [  (1+s\" [ . [ . 1 o ' 20 1
I =/J'(;) '/; ds " ) /dpl/dpzm [{—'L"y-ql + y4€ +1}m +a'74(a_2+q%)

xGe(P1,P2)7 - €17 - €2vukan + 21€2 - @2] XK »

(24)
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where 0 = p(2s + 1). To organize our further calcula-
tions, it is convenient at this point to introduce a set
of functions of El and I;z which, for the sake of discus-
sion, we shall henceforth refer to as amplitude functions.
The set of functions and its members are denoted by
A = {So, 51, Vo, Vi, Va, T;;} and, by definition, satisfy the

set of equations

- [ (5 fo fHER o

where ¥ is defined as the set ¥ = {sq, 81, U9, U1, U2, ti; }
whose members are defined by

so =1/(0” + ), (26a)
51 =20/(0? + ¢3)?, (26b)
Bo = @2/ (0% + ¢3), (26¢)
¥ = 20q1/(o? + ¢})?, (26d)
Uy = 2042/ (0% + ¢})?, (26€)
tij = 20q1iq2;/(0° + ¢f)*. (26f)

In terms of these amplitude functions I3 may be writ-
ten as

a\ 5/2
I12 = U (;) A12XK5 (27)
with 4, = A(Elyél; EZ’ é2) and

A(Ky,é1; kg, 62) = [—i’? Vi 4 (v4€ +1) Sy + a'y450]
X5 - €19 - éavukau
+2i[—iv;Tijea; + (ya€' + 1) é2 - Vs
+avaés - Vo7 - é:. (28)

The amplitude functions lend themselves to consider-
able analytic reduction after which numerical methods
must be used to complete their evaluation. The details
of this analytical work along with final formulas suitable
for numerical integration are contained in Appendix A.
To conclude this section, we combine Egs. (5) and (27)
to obtain the following final expression for the DIB tran-
sition matrix element:

aG (a ———6,(0)B (A12 + 421) xx, (29)

= Gy (s

/2
77) v kl ko
where A, is given by Eq. (28).

III. TWO-PHOTON DISTRIBUTION FUNCTION

The transition rate dw.. for the emission of two pho-
tons with momenta in the ranges dky and dk; during an
allowed K-capture transition is related to M by Fermi’s
golden rule, i.e.,

dwyy = 270 | M |? 8(kmax — k1 — ko — E,)dkydkdp,,

(30)

where p,, is the momentum of the emitted neutrino.
Since the neutrino is unobserved and two K electrons
are normally present initially, we must integrate the dif-
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ferential transition rate over the neutrino’s momentum
and sum it over the spin states of the neutrino and the
initial electron. With the introduction of Egs. (29) and
(28) into Eq. (30) and the use of standard projection
operator techniques to perform the spin sums, these op-
erations lead to the following result for the differential
transition rate for the emission of two photons with ener-
gies and directions within dk;, dk; and d€2;,dQ; of E]_,Ez,
respectively [17]:

2
dw., = Wi (2aap)

Wklkz [1 — (k1 + kz)/kmax}

x Z Tr {(1 +ya)(Al; + Al)

pol

X (1 + ’)’5)(1412 + Azl) dkldkzdﬂldﬂg, (31)

where, assuming that the polarizations of the photons
are unobserved, > indicates a summation over the
polarization states of the two photons, and Wk is the
transition rate for nonradiative K capture which is given
by Eq. (B1) of Appendix B.

The tasks of performing the indicated polarization sum
and evaluating the trace appearing in Eq. (31) remain.
These calculations, performed using standard techniques,
are straightforward but exceedingly tedious. We present
only the final results, most easily stated by first defining

To(k1, k) = Z Tr [(1 +7a) AL (1 + ’Ys)Alz] ,  (32a)
pol
Ty(i k) = 3 Tr [(1+90)4Ly(1 + %) 4n |, (32b)

pol

with which the DIB transition rate may then by written
as

2
dwyy = Wk ( (‘;“g‘s) kerks [1— (k1 + k2)/Kmax)?
x [Ta(F, B2) + Ta(Fz, Br) + 2Re{To (R, F2)}|

Xdkldkzdﬂldﬂg, (33)
where Re denotes the real part of the accompanying func-

tion. To express our final results for T, and T}, as com-
pactly as possible, we first define

Sz = aSO + €'Sl, (34)
Vs = aVo + €'Va, (35)

and, to distinguish between direct and exchange terms,
we also introduce

-

Pn = Pn(]—‘;la];;2) = Sn(EZakl) (n = 1, 2), (36)
A’n = Zn(gl,gz) = Vn(];z,’;]_) (TL = 1,3), (37)

-

Gij = Gij(k1, k) = Tij(ka, k1) (3,5 = 1,3). (38)

In terms of these quantities T, is found to be given by
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Ta(kl,kz) = 32 I:kg (‘71 . ‘71 -+ Sf + S%) — 2/!12]6%52‘71 -7y + koiy X ‘71 -T -7y — ﬂlzkzﬁl X ‘71 T - 7ig

tky (S1— S2) Ay - T - Ay X Az — kaVy -7y (‘73 - ‘72) -y X g + T3 T — Tijnai Tignok

. N2 . . 2
+(Va-7a) = {(Vs - 72) - 2z} } (39)
where 7; = ki/k;, (i = 1,2), p12 = 71 - N2, ek is the permutation éymbol (used below), and the summation

convention is invoked with respect to the Cartesian indices ¢, j, k which appear. The final expression for T} proves to
be considerably more complicated, leading us to write it as a sum of terms

Tb(E1, Ez) =16 (Ts1 + T2 + T3 + Tpa + Tos + T + To7) (40)
with the individual contributions to T}, found to be given by

kiks (/o = B B, B,
Ty = 22 (B A+ 5P+ $2Py) (uhy — 1) + (PaVa + S2h) - (fn + 2) (a2 — 1) = Va x Ay -y x g

+Vh - Ay - Popyg — Vi - Rg Ay - s + S1 {/_{1 (fg —fp) (12 + 1) + P2 (ﬂ%z - 1)}

+Py {-‘71 (P2 — Ry) (12 + 1) + S2 (p3, — 1) }] ) (41a)
Toz = —k251 [nakerijGij — M X iz - G - ug] — k1 Pr [nakeniiTij + i X Az - T - ], (41b)
T3 = [frz'vz—f—fz'ﬁlvz'ﬁ1—x‘_fz'ﬁz‘?z'ﬁz+#1zjz'ﬁ1‘72'ﬁz~‘72'g3+‘72'ﬁ1j3'ﬁ1

+Vy -z As Py — p1aVa - fipAs -y — Va - Ag + Va - fp Ay - fig + Va - iy Ag - Aty — o Vs - g Ay - 'fll] ) (41c)
Tos = k1 [VZ x Ay iy — V- p Ay - oy X Pz — ArpenijTij — Ay X i - T - g — V3 x Ay - g

Vs - fig Ay - g X oy + Panygeni;Tij + Paiy X g - T - ﬁz] , (41d)
Tys = ka [171 x A3y — Ag -2y Vy g X g — Vigeri;Gij — Vi X g - G -y — Vi x A - g

+ Ay -V -y X R + SonorerijGij — Sany X g - G - 'fll] ) (41e)
Tee = [TijGij — T3 Gik (n1jnie + najnak — prznzjnag) + Vs - As — Vs - iy As - iy — Va - np A - i

12V - fip - ] (41f)
Tyr = [T3;Gyi — 11 -T -G -1 — iz - G -T g + oy - T - g o - G - Aty — GiiTy; + A1 - G - A T

4fip T - 72Gii — iy - G - Ay g - T - fia)]. (41g)

IV. RESULTS AND COMPARISON
WITH EXPERIMENTS

To obtain numerical results, one must first evaluate
the zero- and first-order amplitude functions, starting
with Egs. (A7) and (A16) and associated equations. The
several multidimensional integrations are most efficiently
performed by using the technique of Monte Carlo inte-
gration for which we employ the very powerful adaptive
Monte Carlo subroutine VEGAS due to Lepage [19]. Us-
ing a Silicon Graphics IRIS Indigo R4400 workstation,
we have found it feasible to configure VEGAS to yield re-
sults for our amplitude functions having a one standard
deviation error estimate of not more than 1%, and all re-
sults presented in this paper have a computational error
of this order.

We consider first the two-photon distribution function.
As we shall discuss in more detail below, very few exper-
imental data on the DIB process are presently available,
and most that are were taken at an angle of 90° between
the momentum vectors of the two photons. Therefore in
this paper we shall limit our computational efforts to the
evaluation of the energy distribution of the two photons
for a relative emission angle of 90° only.

For tabulation purposes we normalize our results for
the two-photon transition rate, as given by Eq. (33), to
the transition rate for ordinary (nonradiative) K capture.
Representative results for 37 Ar and °°Fe are displayed in
Tables I and II, respectively. When a comparison is made
with the theory of Pisk et al. [7], it is found that the two
theories yield predictions for the two-photon distribution
function which are similar in form, but that the inclu-
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TABLE I. Theoretical energy distribution of photons emitted in DIB at a relative angle
of 90° for 3" Ar. The values shown are of the ratio (dw.,/dkidk2dQ2:1dQ2)/ Wk x 10! in
units of (mc?)~?(sr) 2.

0.8 6.34

0.7 24.3 12.5

0.6 53.1 46.4 17.9

k2 /kmax 0.5 93.6 96.3 61.6 20.3

0.4 149 163 121 98.4 20.3

0.3 231 241 244 121 61.6 17.9

0.2 351 372 241 163 96.3 46.4 12.5

0.1 498 351 231 149 93.6 53.1 24.3 6.34
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

kl /kmax

sion of Coulomb effects produces an overall reduction in
intensity of roughly 20% [20].

The only published experimental data on the two-
photon energy distribution are those of Ljubicié¢, Jones,
and Logan [6] for 37Ar. But the experimental data have
been reported directly as counting rates versus the en-
ergies of the two photons and thus deviate substantially
from the actual intensity distribution due to the resolu-
tion and sensitivity of the detectors used. Since the nec-
essary corrections are not known, a direct comparison of
these data with the present theory is not possible.

Because the counting rate in DIB experiments is very
low, it is extremely difficult to get good statistics for
the two-photon energy distribution. This has led experi-
menters to sum their data over the energy range of their
experiment (with the sum of the energies of the two pho-
tons kept constant) and present their data in the form
of a sum-energy spectrum. Such spectra were reported
in Ref. [6] for 3"Ar and in Ref. [9] for ®*Fe. But, once
again, these spectra were reported directly as counting
rates and require correction for the efficiencies of the de-
tectors before they can be compared with theory. Since
these corrections are not known, we have been forced to
use a less direct method of comparison.

Considering the 37 Ar case as being representative, first
we compare the theoretical sum-energy spectrum pre-
dicted by the present theory with that predicted by
the theory of Pisk et al. for the experimental condi-
tions under which the 37Ar data were obtained. Specif-
ically, we calculate the two theoretical sum-energy spec-

tra for the sum-energy range 210-810 keV using Eq. (42)
shown below with a minimum detectable photon energy
of Ey = 105 keV and a detector bin width of AE = 50
keV. Plots of the resulting sum-energy spectra are shown
in Fig. 2. They reflect the similarity of form for the two-
photon distribution function that was noted above. In-
deed, the two curves shown have almost identical shapes
and almost completely overlap when they are scaled to
a common maximum. The principal difference between
them is the overall reduction of intensity which is brought
about by the inclusion of Coulomb effects.

Because of this similarity of shape, we may anticipate
that, if the sum-energy spectrum predicted by the present
theory were adjusted for detector efficiency and normal-
ization and then plotted, the resulting curve would look
very similar to that obtained from the theory of Pisk
et al., and agreement with the experimental data would
probably be just about as good as that shown in Fig. 3 of
Pisk et al. From this we conclude that the shape of the
sum-energy spectrum is not very sensitive to Coulomb
effects and that only an absolute determination of the
sum-energy spectrum will reveal the predicted reduction
of intensity due to the influence of the nuclear Coulomb
field.

At present the only experimental data which do per-
mit an absolute comparison between theory and exper-
iment are those for Wpig(F,90°)/Wig(F), the ratio of
the DIB sum-energy probability distribution to the prob-
ability distribution for the emission of a single IB photon.
Such data have been reported in Ref. [6] for 37Ar and in

TABLE II. Theoretical energy distribution of photons emitted in DIB at a relative angle
of 90° for 3°Fe. The values shown are of the ratio (dw.y /dk1dk2d21d22) /WK X 10! in

units of (mc?)~?(sr) 2.

0.8 2.36
0.7 10.2 4.37
0.6 25.2 19.4 6.04

k2 /kmax 0.5 50.4 45.7 24.8 6.75
0.4 86.8 85.6 57.0 27.9 6.75
0.3 143 142 103 57.0 24.8 6.04
0.2 215 203 142 85.6 45.7 19.4 4.37
0.1 265 215 143 86.8 50.4 25.2 10.2 2.36
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

kl /kmax
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FIG. 2. The " Ar sum-energy spectrum for the experimen-
tal conditions of Ljubici¢, Jones, and Logan. The dashed
curve represents the prediction of the theory of Pisk et al.
while the solid curve is the prediction of the present theory.

Ref. [9] for °*Fe and can be compared with the theoretical
predictions by employing the relations [21]

E+AE/2 k—2E, — one
/ dk/ . drs (6 = 90°)
E—AE/2 0 dk1dk2dQ:1dQ>

AE?
= 2 WDIB(Evgoo)’ (42)
B+AB/2 gy,
dk = AEWig(E), 43
A 1= (®) (#)

where k = ky + ko, k_ = k; — ko, and FE is the mea-
sured DIB sum energy, AFE is the energy width of the
detector bins, and Ey is the minimum detectable photon
energy. For the present theory dw.,., is given by Eq. (33)
while, to comparable accuracy, dw., is given by the well-
known result of Glauber and Martin [3] which we have
reproduced in Appendix B. For the theory of Pisk et al.
dw,. is given by Eq. (8) of their paper and, to the same
level of accuracy as was used in Pisk’s calculation, dw,
is given by the familiar result of Morrison and Schiff [2],
reproduced by Pisk et al. as their Eq. (A4). The em-
ployment of these theoretical expressions in Egs. (42) and
(43) above produces the results shown in Figs. 3 and 4
for 37Ar and 55Fe, respectively. For comparison we have
also reproduced in these figures the experimental data of
Refs. [6,9].

In the case of 37 Ar the results of the present theory ap-
pear to improve agreement with the experimental data.
However, the fact that the two theories differ most at
high energies makes one suspect that their differences
are more likely to be due to the omission of relativistic
effects in the present theory. (Pisk et al. use relativistic
plane waves to describe the intermediate electron states.)

40

35

25

20 | I

WDIB(E,90)/W|B(E) (107 keV-1 sr1)

0 200 400 600 800

SUM ENERGY (keV)

FIG. 3. The ratio Wpis(E,90°)/Wis(E) as a function of
the photon sum energy E for 3" Ar. The experimental results
are from Ljubici¢, Jones, and Logan and the two curves shown
represent the predictions of Pisk et al. (dashed curve) and the
present work (solid curve).

However, it can also be argued that the cumulative ef-
fect of neglecting the influence of the nuclear Coulomb
field will be greater at high sum energies. Whatever the
cause, we observe that in the case of 5°Fe, for which the
spectrum end point occurs at a much lower energy, there
is little difference between the predictions of the two the-
ories and thus no resolution of the disagreement with the
experimental data.

However, it is important to recognize that the ratio
Wpis(E,90°)/Wis(E) does not provide a sensitive test
for Coulomb effects in the DIB process since, as has
been pointed out by Pisk et al., effects due to the in-

60
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40 -

(107 keV-1 sr-1)

30

20 +

WDIB(E,90)/WiB(E)

0 < L ! 1
0 50 100 150 ¥ 200 250

SUM ENERGY (keV)

FIG. 4. The ratio Wpis(F,90°)/Wis(FE) as a function of
the photon sum energy E for 5°Fe. The experimental re-
sults are from Ljubi¢ié, Nakayama, Isozumi, and Shimizu and
the two curves shown represent the predictions of Pisk et al.
(dashed curve) and the present work (solid curve).
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fluence of the nuclear Coulomb field on the electrons in
both processes will tend to cancel out. This would lead
one to expect the present theory to yield a spectrum for
Wois(FE,90°)/Wig(E) which has a shape similar to that
predicted by the theory of Pisk et al. but with an in-
tensity which is reduced by roughly half as much as that
experienced by the DIB spectrum itself, and this seems
to be borne out by the curves displayed in Fig. 4.

V. CONCLUSIONS

The inclusion of Coulomb effects in the theory of the
DIB process leads to a substantial reduction in the overall
intensity of the resulting spectra while leaving the shapes
of both the two-photon energy spectrum and the sum-
energy spectrum largely unchanged. With regard to the
sum-energy spectrum, upon comparison with available
experimental data one finds some improvement for 37Ar,
but there remains a serious disagreement between theory
and experiment in the case of >*Fe. For this isotope there
is a clear need for further experimental investigation.

To provide a more definitive test of the present theory,
there is a need for absolute measurements of the two-
photon energy distribution (i.e., relative to the rate for
ordinary K capture) or even a similar determination of
the sum-energy spectrum. The binding-energy region, in
particular, merits such study since it is here that the DIB
probability is largest and, at the same time, Coulomb
effects are most important. Data taken at angles other
than 90° would also be of value.

To study the binding-energy region, it will also be nec-
essary to extend the present theory of the DIB process to
include capture from higher shells, specifically from 2s,
2p, and 3p initial states, since such processes are certain
to play an important role at very low energies just as
they do in the IB process. And to apply the present the-
ory to this domain, contributions from the second-order
amplitude functions will have to be included in the cal-
culations. Thus much work on this process remains to be
done, and it is hoped that the present paper will serve
to encourage renewed experimental efforts to study this
rare but interesting process as well as further theoretical
work.
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APPENDIX A

In this appendix we illustrate the methods by which
the six amplitude functions defined by Eq. (25) can be
simplified analytically, thereby reducing the number of
integrations for which numerical procedures become nec-
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essary. For the purpose of demonstration it is sufficient to
consider in detail the reduction of a representative mem-
ber of the set A. The other amplitude functions may be
treated in an entirely similar manner; for them only final
results will be presented.

For each of the three terms in Eq. (18) for the “outer”
Green’s function there will be a corresponding contribu-
tion to A so that we may write

A=AO + AD L A®), (A1)

In the following sections we describe in detail the re-
duction of the amplitude function Sy to illustrate the
methods employed. This is followed by a summary of fi-
nal results for all the amplitude functions for each of the
three orders that contribute.

1. Zero-order amplitude functions
We begin by introducing Eq. (19) for ég (p1,P2) into

Eq. (25) and performing the integration over p2, thereby
obtaining

oo n
sé°’=~2/ ds(HS)
0 S

1 1 1
&
x/ Prpt 228) (@ + 2)2 (0% + ¢2)

(A2)

where t; = 7 + Ez and ¢ = p1 — l_c;l.

We now make use of Feynman’s well-known parame-
trization technique for replacing a product of momentum-
dependent denominators by a single denominator [22] .
Specifically, we employ the formula

1 1 11—z (1 —r— y)
a?bc /o /o y[a+ (b—a)z + (c - a)y]*

to rewrite Eq. (A2) as

o 1
X/dp1 = g) (A3)
[p% — 2bo - p1 + Co]
with
bo = zky — (1 — = — y)ka, (Ada)
co=(1—=z—y)(a®+k3) —2yE +z(c? + k2). (A4b)

The integration over p1 may now be performed by simply
recalling the following integration formula (valid for n >
2), which is associated with Feynman’s method:

/°° dk _I'(n—3/2) w3/2
- (k2 —2k-F+ S)n L(n)  (s—p?)n—3/2"
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Its employment in Eq. (A3) leads to Since further analytic reduction does not appear pos-
sible, we conclude our analysis of Séo) by preparing Eq.
3 oo 1+s\” (A5) for numerical evaluation. This simply involves mak-
S = ——12] d ( s ) ing the change of variable
0
s—>u=s/(1+s),
/ dm/ 1 T - (45) (0)
co — b2)5/ 2 which results in the following final expression for Sj ':
J
1 11—z 1 -n —_r —
© _ _3 2 v (l-z-y)

Sp = 3™ /0 dz/o dy[) du(l ~ )7 (co —B2)/2" (A6)

where ¢y and bo are now regarded as functions of z, y, and u.
The reduction of the other zero-order amplitude functions proceeds similarly. The final results for all of them may
be summarized as follows:

A© =——7r / du/ dx/l zdy(1 y)(1 _ )2(0), (A7)

with the members of the associated zero-order set £(®) = {sf)o), s§°’, U((,O), 17§0) , 17§0), tg_?)} given by

o0 = &2, (A8a)
s = = 5oxdy/?, (A8b)
*“” = (bo + k2)dg'%, (A8c)
*(0) = 50z (bo — k1)dY/?, (A84)
*(0) = 50z(bo + k2)dy/?, (A8e)
tg.’) = 50 [ (Bobos — kaibo; + boska; + kska;) dy/* +8i;dg/ /5], (ASf)

with do defined by do = 1/(co — b2).

2. First-order amplitude functions

The reduction of the first-order contribution to So proceeds largely along similar lines. We begin by introducing
Eq. (20) for G%(p1,p2) into Eq. (25), thereby obtaining

2a [ 1+s 1 1 1 1 1
s - _ 22 d /d /d i A9
o =Tm ), ¥ 1 | P r ) G — D) 7~ o) (@ + )2 (o2 + 47) (49)

We again make use of Feynman’s parametrization technique, this time employing the formula

1 x v
22 =4!/ da:/ dy/ dz i -
a?bed 0 0 o [az+bly—2z)+c(z—y)+d(l—x)

D B R e

to rewrite Eq. (A9) as

(1)__486,
st =32 e (5

with
a;=(1—y+2), (Alla)
= (z — Y1 — zks, (A11b)
c1 = 2(a® +k3) + (y — 2) (0 + ¢f) + (¢ — y)p — 26(1 - z). (Allc)
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The integration over p» may now be performed with the aid of the Feynman integration formula introduced in the
preceding section. Its use in Eq. (A10) leads to

T Oy Ty e—
Sy’ = ) /0 ( de | dy | dz [ dpy 28 ) (alcl—bz)"/z (A12)

Next, we introduce spherical coordinates in 7; space and perform the angular part of the p; integration using standard
methods. The result of this is

o0 1+s a? 1 1
s“):s-/d( )/d/d/d /d 1[ - ] A13
0 e A “ y 2% P1 25 p%) g | (fi —p19:)%?  (fi +p19i)/? (AL3)

where
dy = z(a® + k2) + (y — 2)(0® + k%) + (z — 2)p? — 26(1 — z), (Al4a)
_f1 = a1d1 ( - ) pl - szg, (A14b)
G = 2z(z — y)kz — 2a: (y — 2)k1, (Al4c)
= (& - §1)"/> (A14d)

At this point we prepare for numerical integration of the five remaining integrals by introducing the following changes
of variable:

s—>u=s/(1+s),
p1 = v =pi/(1+p),

resulting in the following final expression for S(()l):

S v af 1 _ 1
S0 a/ du/ d / dz/ dy/ dz(l_“)z (1_'”)2 (25 P%) g1 |:(f1—19191)5/2 (fr +P191)5/2]’ (AL5)

in which a4, g1, fi1, and p; are to be regarded as functions of z,y, 2, u, and v.
The reduction of the other first-order amplitude functions proceeds similarly. The final results for all of them are

1 1 1 x y
A(1)=/ du/ dv/ dm/ dy/ d2F D (2, y, 2, u, )50, (A16)
1] 0 o 0 0

with the common part of the integrands given by in which we have employed the following definitions with
1=1:
15 u™" z 1 a
FW (g, y, z,u,v) = —7a —
@y )=3 A-—u)?2(1-v)202—-p%) g’ 19 = [ 1 - - ! 2] , (A19a)
(A17) (fi — prgs)™ (fi + Prgi)™
; 1 (2fi —nprgi)  (2fi + np1gi) ]
- (1) — (3) — _
ang)the(z me_z‘{rll;be_x:(sl of the a(,s§oc1ated first-order set X J (n—2)g? l:(fz “ 9192 (fi + prgi)"/?
{s¢’,s v 5’} given by
) ) (A19b)
— A18
8 = 19/, N (A18a) K _ L [(4f? — 14fiprg; + nSpig?)
s = gai(y — 2)I§ (A18Db) ™ " bg? (fi — pr9s)7/?
ag” = [0 -1k + @ - 9)7a] /5, (A18c) _(4f? + 14fip1gi + n5pig?) (A190)
- (.f'l. +plgz)7/2
7 = oa?(y — 2) [J§1>§1 _ Iél)kl] , (A18d)
i) = oar(y — 2) [(1 - I + (e - 9I5|
(A18e) 3. Second-order amplitude functions
W _ _ 1= NIV g ks — (2 — The procedure for reducing the second-order contribu-
tij ai(y = 2) [( Y)J7 giika; = (2 —y) tions to the amplitude functions is identical to that used

to simplify the first-order contributions. The final results

are of the same form, except for one additional integra-

(1) 2 ) tion, and differ only in a few details. Thus we present

+(z —y){ K; '91:915/91 — K3 '6i/3 ¢ |, (A18f) only final results, prefaced by the following set of defini-
tions:

XJ—'(yl)kliglj — (1 — y)I'gl)k]_ikzj
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az = a1+ (z ~y)(26 — p)(1 - p)*/8pE,  (A20a)
dz = dy — (z — y)(2€ — p) (1 — p)*/4p, (A20b)
fa = azd; — (¢ — y)?p} — 2%k}, (A20c)

J
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G2 = 22(z — y)k2 — 2az(y — 2)k1, (A20d)
g2 = (32 - §2)"/%, (A20e)

with which the second-order amplitude functions may be
written as:

1 1 1 1 x Y
A® = / du/ dv/ dp/ dw/ dy/ sz(z)(m,y,z,u,v,p)E(Z), (A21)
0 0 0 0 0 0
with the common part of the integrands given by
15 _ u~" z p"“1 as
F(2) = = 2
) (w7y7z7u’v7p) 2 ﬂ'ay(l _u)z (1—’0)2 (28—1)%) gZY (A22)
and the members of the associated second-order set %(2) = {s(z) (2) "(2) "(2) _'(2), tff)} given by
5@ = ap1® 5, (A23a)
3(12) =ogai(y — )I(z), (A23b)
~(2) _ Y (O —nNJDz ] /5
Vo (az Z) 5 K2+ (:l: y) 5 92 / ) (A23C)
7P = 0ad(y - 2) [1P: - IPR.] (A23d)
%Y = 0as(y - 2) [(a2 — )Ry +(2 - 9)777] (A23e)
tg) = 0a2(y - Z) [(az - Z)J§2)92ik2j - ((13 - y) J;z)kh-gzj - (az - Z)I’gz)kh’kzj
+(2 — y) { Kig2i025/93 — K$6/3}] (A231)
[
in which we have employed Eqs. (A19) with i = 2. to Glauber and Martin [3]:
« 2 (1 + B%s)
dwy = Wg—=k (1 — k/kmax)” ————%dkdQ, (B2
APPENDIX B Yy = K ony2 (1= k/hma) 2 (B2)
with
Here we record for ease of reference two well-known
formulas [5] that we use in the evaluation and plotting of 4 m _
our final results. For normalization purposes we employ Buo(k) =1 - 3 1+4+m) 1+ (1- "71) (2K(0) =1},
the transition rate for ordinary allowed K capture which, (B3)

in the nonrelativistic Coulomb approximation, is given by

Wk = 2G2—k2

maxB B *a (Bl)
where, as before, we have assumed the presence of two
K electrons initially.

Within the same nonrelativistic Coulomb approxima-
tion that we have used for our study of the DIB pro-
cess, the transition rate for IB during an allowed K-

capture transition is given by the following formula due

and Ay = (1 —n1)/(1+m), m = (1 + k/Bg) /%, where
By is the K-shell binding energy, and K();) is repre-
sented by

dexz™™

K“l)“% T xm)

In(1+ M) —m 2 AT gy

n—m)
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