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Moving mirrors and time-varying dielectrics
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The spectral distribution of light generated by a finite cavity with one moving mirror is compared with
that produced by a fixed cavity containing a time-varying dielectric. In both cases a motion over a finite
time interval is considered. Although the moving mirror is usually considered to be an idealization for
the time-varying dielectric, there are qualitative differences in the spectra produced. The spectral distri-
bution for the moving mirror case behaves as 1/n3, while that for the time-varying dielectric behaves on

average as 1/n* but is rapidly oscillating.

PACS number(s): 42.50.Ar, 42.50.Dv, 04.70.Dy

I. INTRODUCTION

It was noticed by Unruh [1] and Davies [2] that the ra-
diation from black holes [3] can be more generally con-
sidered as an effect of acceleration. There has recently
been a proposal for producing in the laboratory an
equivalent to accelerating mirrors with sufficiently fast
effective acceleration for Unruh radiation to be experi-
mentally detected. In this proposal [4] the refractive in-
dex of a dielectric is changed rapidly. The optical path
length increases or decreases with the refractive index.

Accelerations of a mirror can then intuitively be
modeled by the corresponding “accelerations” in the time
dependence of the refractive index. The moving mirror
problem at one end of a Fabry-Pérot cavity has also been
rigorously formulated [7] for analytic motions, which are
slow in an asymptotic series in a parameter related to the
scale of time variation.

qP(t)=s, for t<0

g P(t)=sy+s5,t? for t >0, ¢t small
q(t)=

g®(t)=b, fort>t, .

The accelerations are finite at ¢ =0 and 7 =¢,,.

Moreover, the cavity will be taken to be effectively
infinite in the transverse y-z direction. Consequently, if
the vector potential is linearly polarized in the z direc-
tion, then ignoring transverse mode structure we have

a9? _ 9

gt—zA(X,t)—?A(x,t), (2)
where the vector potential A(x,?), with polarization e,,
is given by

A(x,t)=A(x,te, . (3)
For perfect mirrors the boundary conditions are

A(q(2),t)=0 (4a)
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gP()=by+b,(t —t,)* for t <ty , |t—ty| small

The similarity of a time-varying dielectric to a moving
mirror is intuitively appealing, and it is often implied
[5,6] that the most important factor is the variation of the
optical path lengths involved. In the case of an optical
cavity, many physically different systems can produce the
same time-dependent optical path lengths, and it is not
clear a priori whether there are any qualitative differences
in the light generated by such systems. In this work we
will give explicit calculations for the spectral distribution
of the mean number of particles for both systems, and we
find such qualitative differences.

II. MOVING MIRRORS

Let us consider a Fabry-Pérot cavity with a mirror that
is moving as indicated in Fig. 1. We will take the motion
q (1) to be given by

and
A(0,1)=0. (4b)

Physically this boundary condition holds for all time, due
to charge and current fluctuations in the mirror. R

It can be shown [7] that the corresponding operator A
has the expansion
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FIG. 1. A Fabry-Pérot cavity with a moving mirror.
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2(t,x)=2[ﬁ,,v,,(t,x )—q,u,(t,x)], (5) Consequently, from (5),
" po=—w(4d,u,), (12)
where ~
) 9,=—w(d,v,). (13)
t,x)=——{cos[nTR(t —x ) . . .
un (1) (2nm)'? feos[nmR( ] The motion g (¢) is analytic, except at the points ¢ =0
. and t=t,, and so there are three distinct regimes of
cos[nmR (z+x)]} © motion q(”(t) g?(), and ¢®(z). Corresponding to
and these reglmes there are functions R'Y, i =1,2,3 satisfying
(8), and in turn functions v\”(x,?) and u “’(x,t) From
v, (t,x)=———{sin[n7R(1+x)] (12) and (13) we have the relations [7] for i =1,2,
(2nm)”
—sin[nwR(t—x)]} . ) = — 3 [0, uli TP —o(u,uli+ )]
=1
R is a differentiable and invertible function that satisfies " (14)
R(t—q(t))=R(t+q(1))—2. (8)
and
The operators p, and g, can be determined in terms of -
A and the functions u, and v,. It is first necessary to in- '(l"+1)= -3 [Q,(U'g),v;f+l))ﬁ’(’:')_a,(u'(;)’v(t+1))q(')] .
troduce the bilinear form » on the function space of solu- m=1
tions of (2): (15)

(AW, Am)_fq“’ A2, x)———A“’(t x)

These equations are equivalent to Bogoliubov transfor-
matlons for the usual creation and annihilation operators
(6 and @, ) defined by

- ) )
A4M, 2w A(z(t x) ) o 04 0
for any two solutions 4‘V and 4®. w is independent of " V2 ’ (16)
t. It is possible to verify the relations [7)] ot D ,ﬁ“)
a 1
olu,,,u,)=w(v,,,v,)=0, (10 " Rz
olu,,,v,)=8,, . (11) As shown in the Appendix we find that
J
80=1e """ 3 S (—[S4(50:52) R (bgyb3) + Ry (50,52)S (b, b) 181V
I=1m=1
+[—Spm (50,5, )an(bo’bz)'*'le(so»Sz)Snm(bo’bz)]a;ﬂl)} ’ a7
where
508
-1+ 022 5 +0(s3) whenI=m
4m“r
SIm(SO’SZ)_ 4(-—1)(I+m)l(lm )1/2(12+3m2)s0s2 +ol 2) N 1 (18)
s3) when I#m
(12—m?)r? ?
.
and where ¥(x)=(d’*!)/(dx/*))InI'(x). For large n,
_ 2
Ry (50,52)=5,1(50,55)+28,,, +O(s2) . (19) y,~ Mo "boba)” | 11yl 1)
" 57*n3 n’

If for ¢t <O the cavity was in a vacuum state, then from
(17) we can derive the average number of photons in
mode n, N,,, produced in the cavity for ¢ > ¢,. We find

N,=—5 - 21\ (1 4m)+ 2 S v +n)

X(Sosz_b0b2)2+0((32;b2)3) ’ (20)

III. TIME-VARYING DIELECTRIC

In order to mimic a moving mirror with a time-varying
dielectric we will now consider a cavity of fixed length L
with a dielectric material of length d fixed at one end (see
Fig. 2).
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FIG. 2. A Fabry-Pérot cavity with a time-varying dielectric.

The relative dielectric constant of the dielectric can be
written as

€n=1+p(1) . (22)

We will consider the dielectric from time t =0 to t =T
and set

p(0)=p(0)=p(T)=p(T)=0 . (23)

This corresponds to a mirror moving from rest at the ini-
tial position and then returning to the same position, with
a finite acceleration at both ends of the motion.

The equation of motion is

e(x,t)A(x,t)+é(x,t)A(x,t)=A"(x,t), (24)

where the dot indicates a time derivative and the prime
indicates a spatial derivative. €(x,¢) coincides with €,, in
0<x <d and is 1 outside this interval. The boundary
conditions are A4(0,#)= A (L,t)=0. These equations are
valid for the quantum field operator A4, as well as for the
classical field. The commutation relation is

[A(x,0),[A(x't)]=i8(x—x") ,

where fl(x,1)=¢(x,1)(3/0t) A (x,1).
We can rewrite the equation of motion as

A—A"=(1—€)A—¢Ad

=—e(d—x)§t~ p(:)%A . (25)
This leads to the integral equation
A, )= Ag(x,t)=— [ [dx,dt,G(x,x,,1,1,)
><9(d—-x1)i pl(ty)
ot
X—a—A(xl,tl)] , (26)
ot
where
:Tzz_iiz— Ay(x,1)=0 (27
and
&3 G(x,xq,t,t0)=8(x —x4)8(t —1t,) . (28)
a2 ax? 0220 0 0
G is a retarded Green’s function and is found to be
Gx,t,%0,20)= 3 G, (t —t,)(sinw,x )(sinw,x,) ,  (29)

n=1

4111

where
2 .
G,,(t—to)=—Ee(t-—to)[smm,,(t-—to)] (30

and w,, denotes nw/L.
From (26) it is straightforward to define a perturbation
expansion in p. In particular, to first order,

A(x,t)—Ao(th)EAl(x)t)_A()(xvt)
=—ffdx1dt1G(x,t,xl,t1)

Xe(d-—xl) 9

—aZ P(tl)

XiAo(xl,tl)

ot , (31)

and this order will suffice for our calculation. It will be
convenient to define the operator

ﬁ,,(t)=%2fode % 1/z(sina),,x){i\/m_,,/?(x,t)
S ﬁ(x,t)].
Vi,
(32)
In terms of @, we can verify that
Alx, 0= il — (sin,x)(2](1)=2,(0] . (33

In zeroth order,

iw, t

a,(t)=a,(0)e " . (34)

We should note that @,(0) and @,(T) are the standard
harmonic-oscillator destruction operators (up to a phase
factor) for cavity mode n, but in general @,(¢) is not.

We define coefficients a,,, and b, by

a,(T)=3 {ate “m"a,(0)+b2 e Tat(0)) . (35)

m=1

The first-order perturbation expansion gives

i (o, —o;)T
—_ = J
a,;—5,; p— 0,V 0,0;T,e

(o, —wj)t,

XfOTdtlp(t,)e— (36a)
bnj=Lw"\/?a)anjei(w"+wj)T
™™
T —i((on-i‘a.)}-)tl
xfo dtp(t))e (36b)
where
T, = foddx(sinw,,x Msinw,, x )
ind(w, —,) sindo,+o,)
_1|sin m—0n) 0, to (360)
2 @y — @ o, to,
Now
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T —ile, to)t
fo dt,p(ty) T
k+1 T
. k .
- i —i d p ,~ilo.Ea

0,*o otk =0’

k=0 n—%Yj t tl—O

(37

(integration by parts, recursively) assuming this series
converges. For a sufficiently slow, smooth motion this
can be approximated by

fOTdtlp(ll e —i(wniwj)tl
~—— = [p(Te " 50, 69
(0, to;)
This gives
ﬁn=2|bnm|2
< LY mm sinf(m—n) _ sinf(m +n)

“4r® (n+m)® m+n

X {P(T)*+p(02—25(0)p(T)[cos(n +m)r]} , (39)

where f =dm/L and 7=Tw/L.

It is possible to approximate this by means of an
asymptotic expansion in n. Only the first term can be
written in a simple form. We find

4
N~k

~

" 256mnt

m—n

(B0 +p(T)?

+2p(0)p(T)B(f,7)cos[2nT+&(f,7)]}
(40)

where

B(f’T)ei¢(f’T)E%[Zfz“i‘2Li2(eiT)—Li2(€i(T—2f))
_Liz(ei(f+2f))] 1)

and Li, is the dilogarithm function

L& zF  roln(1—¢)
Li,(z) k§1k2 fz ; dt .

FIG. 3. Magnitude B(f,7) of the spectral oscillations.

FIG. 4. Phase ¢(f,7)/m of the spectral oscillations.

See Figs. 3 and 4. It can be seen that N, varies rapidly
with n between

L* . ..
O
and
L* . "
rram LU LU

IV. COMPARISON OF THE TIME-VARYING
DIELECTRIC TO THE MOVING MIRROR

We will now consider two systems, one a moving mir-
ror and the other a time-varying dielectric, with identical
time-dependent optical path lengths.

The optical path length of the moving mirror cavity
from Sec. II is simply q(¢). The optical path length of
the dielectric cavity in Sec. III is g(¢)
=(L —d)+e€,d=L+p(t)d.

Clearly

so=L ,

d? . n L
5= 2L +p(1)d ), =P 0) =p(0)f7 :
42)
bo =L N
.. L

and so, on using the moving mirror formulation (cf. Sec.
ID),

2
=24 lrsodL rsomfL
N, Sin3 Lp(O)ﬂ-l-Lp(T)ﬂ
4f2L4
57%n3

[FO)+5(T]*. (43)
On comparing this to the dielectric,

N — fL4 . 2 | se 2
N,=—————{p(0)"+p(T)
" 256m°n? v p

+2p(0)p(T)B(f,7)cos[2nT+&(f,T)1} ,
(44)
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we see clear quantitative and qualitative differences. In  where
particular, we should note the sinusoidal term whose
rn'agnitude can })e large in certa..in parameter regime§ (see al(tx)= ft dt’ +1 f dr’
Fig. 3). There is also a large difference in the magnitude () ¢

of photon production due to the additional factor of
fn /3207, Unless the dielectric strip is substantially

(1)

2
211‘—‘—)L+q'(z')} (A2)

thinner than the wavelengths of interest, there will be far x 1 x %3
fewer photons produced than in the equivalent moving c(t,x)== ot s la0 3
mirror cavity. q(t qit q(t)
It has been proved [7] that to a good approximation for a sufficiently slow motion g (2).
From (9), (8), (6), and (7) it is straightforward to show
R(tFx)=a(t,x)+ct(t,x), (A1)  that
J
1 q(1) . 3
o(v ,‘,,”,um)“mf_ mdx sin[m @R (¢ +x)]—£cos[n1rR(2)(t +x)], (A4)
2y — 1 q(1) m 3 2)
o(ulP,ul?)= __—1/2f dx cos[mmR (t+x)]——cos[nqu (t+x)], (A5)
2m(mn)
1 a0 3 .
m, Qy= (1 9 o))
oD, v?) PRT— I’ mdx sin[maR V(¢ +x)]—sin[n7R X1 +2)] , (A6)
o(ul! ’v(z))___qu( dx cos[me‘”(t+x)]—sm[nn-R‘2)(t+x)] (A7)
2m(mn)

Now, on using (A1), (A2), and (A3) we find that

sin[mﬂ-R“)(t+x)]%cos[n‘n-R‘Z)(t-Fx )]

T {cos[a(m, —n,x)]+cos[a(m,n,x)]}
t=0 25

(3s0+s0s2-3s2x ){cos[a(m,n,x)]—cos[a(m,—n,x)]} ,

6 2
(A8)
where
a(m,n,x)=;ﬂo-—(m +n)x+n7TSO3S2 i—% (A9)
Similarly
cos[er(”(t+x)]aixcos[er(z’(t+x)] t=0=2——{sm[a(m n,x)]+sin[a(m, —n,x)]}
—%(3so+sgs2—3s2x2){sin[a(m,n,x)]—sin[a(m,—n,x)]} ,
(A10)
sin[m'rrR“)(t+x)]—%sin[an‘”(t%—x)] t=0= —2;':77 {sin[a(m,n,x)]—sin[a(m, —n,x)]}
+-’:—72(3s0+s(2,92—3s2x2){sin[a(m,n,x)]+sin[a(m,—n,x)]} ,
0
(A11)

and
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<>

cos[mmR V(¢ +x )]%sin[n'n'R 2t +x)] =_2nf;_1r{ —cos[a(m,n,x)]+cos[a(m, —n,x)]}
0

t=0

+_6nl2(3so+s392—3szx2){cos[a(m,n,x)]+°°s[a(m’ —nx)]} .
50

(A12)
Consequently, in order to evaluate (A4)—(A7), we need the canonical integrals
e _ %o -
jmn(so,sz)—f_s dx cos[a(m, Fn,x)] (A13)
0
and
.L,:,T_,,(so,sz)=f_(: dx x*cos[a(m, Fn,x)] . (A14)
0
To lowest order in s,
T¥ (50,8,)= o dx sin | ZX(m Fn) | 22 (+ns2 Frxd)s, + o dx cos | ZX(m Fn)
mn (80552 f—so b 352 0 2 f_so S
TNS) 5o .| 7
=258, (tm) T —5— dx sin |—(m Fn) |(£sdx Fx3) . (A15)
0%m(+tn) 3s(2, f_so 5o 'l
Now
f_o dx x sin Z—x(m Fn) =s<2)flldxxsin[1rx(m Fn)l
SO 0 —
A asin[m(m Fn)]—a(m Fn)cos[m(m Fn)]
=285 3 )
T™(m Fn)
—2s3(—1)m ¥ " T p=£0
=" amFn) o (A16)
0 for m +n=0
and
f__o dx x3sin %x-(m Fn) =sgf11dx x3sin[mx(m Fn)]
50 0 —
2s8 3
=—————{6[m(m Fn)]cos[r(m Fn)]—[n(m Fn)]’cos[n(m Fn)]
[m(m Fn)]
—6sin[m(m Fn)]+3[m(m Fn)]*sin[m(m Fn)l}
12s4(_1)m¥n 2S4(_1)m¥n
9 T 0 for m ¥ n+#0
=1 [m(m Fn)] m(m Fn) (A17)
0 for m +n=0
—
so
3
—0 (1" F" for mFn#0
:F41Tns(2,s2( 1y Fn g o . 2mFn) orm¥+n
—_ (- or m¥n =
IT (50,55)= 1 m(m Fn) Lmn(50,0) 2s3 (A19)
25, for m F¥n=0. (A18) - form¥n=0.

Similarly we can show Note that (A19) only includes the terms of zero order in
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s,. It turns out that only these terms are necessary to
determine the average number of particles to second or-
der in s,.

It is useful to define

Ry (50552)= Fum (50552 L i (50552 ) =L 1 (50,52)]
+d,,, (50,5,)T 4 (50,5,)
+d,b (50,55) T (50555) (A20)

and

Sym(50552)= Frum (50552 )L g (50582) +L 1 (50,55)]

+dn—r—n(S0’s2)‘7:_m(s0’s2)

_dn_;l(SO’SZ )j;m(SO,SZ) N (A21)
where
) 172
FrnS0s2)=7 | — | = (A22)
4 s
and
mEn(1+sys,/3)
+ —
dpnn(50,8,)= 45y ()12 (A23)

These definitions are equivalent to Egs. (18) and (19).
This simplification is a long but straightforward process,
best suited to computer programs such as MATHEMATICA
(8].

It is now straightforward to show that

o(u!?,ul¥)=—sin R,,.(by,b,) , (A24a)

6’,‘,3)=%2(6}”{w(u}1’,v,(,,z’)[w(u,‘,?),v,‘,”)*f—ia)(u,(,?),u,‘,”)]+m(v,(”,u,(,,z))[w(v,‘nz),u,(,”)—iw(v,(,,z’,v,(,”)]}

Lm

+6}1)T{w(u,‘” v,‘,,z))[a)(u,‘,f),v,(,”)—i-im(u,(,f’,u,,

On using Equations (A24a)-(A25d), we arrive at (17).

Tt
w(v?, 0 =sin | — 0 18 (bo,bs) (A24b)
0
Tt
o(u v =cos | = % R, (bo,bs) , (A24c)
0
t
o2, ul®)=cos boo Sym(bosby) s (A24d)
and
o(uVuP)=0, (A25a)
ooV v!)=0, (A25b)
o(uiV,0\P)=—8, (50,5,) , (A25¢)
oV, ul?)=—R,, (50,5, - (A25d)
From (14) and (15) we deduce that
pO=3p P o, uPo(v,ul®)
m,l
+q5 0wV, vP)o(u?,ui>)] (A26a)
and
O =315V, ufP)ov?,v)
m,l
+¢ Po(ull,v/)o(u?,0)] . (A26b)
Consequently from (16) we find that
N+, u@)ow?,uP)—io(wP,v]}) . (A27)
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