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Recoil-induced resonances in pump-probe spectroscopy
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%hen a pump field and probe field simultaneously drive an electronic-state atomic transition, the
probe field absorption spectrum can consist of an absorption peak centered near 8 ' =0 and amplification
peak centered near 5'=26 (6 and 6' are the pump and probe field detunings from the atomic transition
frequency, respectively). This type of spectrum is seen in the limit ~h~ &&g &&I', where y is the Rabi fre-

quency associated with the pump field and 2I is the homogeneous width associated with the atomic
transition. For atoms cooled below the recoil limit of laser cooling, the qualitative nature of the probe
absorption spectrum can undergo a dramatic change. Provided that the recoil splitting &ok is larger than
the homogeneous decay rate (as might occur in the case of a forbidden transition), the absorption and
amplification features each split into an absorption-amplification doublet. In addition, structure is found
in the probe absorption spectrum near b, '= 6; this structure consists of two absorption-amplification
doublets. Both doublets can be resolved if &ok & I . If ~k & I, one of the doublets can be resolved provid-
ed that cok & I &, where I & is some e8'ective atomic ground state width in the problem. The positions,
widths, and relative weights of all the components are readily predicted using a dressed-atom theory in
which quantization of the center-of-mass momentum is included. An analytical expression for the probe
field spectrum is obtained for a simple case in which spontaneous decay to the lower level is neglected.
Validity criteria for the results are discussed.

PACS number(s): 32.80.Pj, 32.70.Jz, 42.50.—p

I. INTRODUCTION

%'hen the absorption of a weak probe field is moni-
tored as a function of its detuning from an atomic transi-
tion frequency, one obtains a spectrum that characterizes
the linear absorption of the probe field by the medium. If
a pump field of arbitrary intensity simultaneously drives
the atomic transition, the probe absorption spectrum can
undergo a qualitative change. The modification of the
probe absorption spectrum depends on factors such as
the pump-field intensity and detuning from resonance,
the relative propagation directions of the pump and
probe fields, the Doppler widths associated with the vari-
ous processes that are occurring, and the decay rates as-
sociated with the atomic state populations and coher-
ences.

For atom-field detunings that are greater than the
homogeneous decay rate of the atomic-state coherence,
the probe absorption spectrum has the general form
shown in Fig. 1 [1]. In drawing Fig. 1, we have neglected
any contributions to the line shape arising from the
Doppler effect. Experimentally, Doppler shifts can be
suppressed by using an atomic beam and laser fields that
propagate perpendicular to the beam; in this manner, an
absorption spectrum of the type shown in Fig. 1 has been
observed [2]. Another method for reducing or eliminat-
ing the line-shape modifications arising from the Dopper
efFect is to cool the atoms using laser-cooling techniques.
The absorption features at 5= —6 and gain feature at
5=6 (5 is the difFerence between probe and pump field

frequencies and 6 is the pump field detuning from reso-
nance) are conveniently explained in terms of a dressed
atom picture [3]. In Fig. 1, a dispersionlike "nonsecular"
contribution to the line shape, centered near 5=0, has

FIG. 1. A typical probe absorption line shape, neglecting any
efFects of Doppler broadening. Probe absorption is plotted as a
function of the frequency di8'erence 5 between the probe and
pump beams. In addition to the absorption component centered
at 5 = —6, there is a "Raman-like" gain component centered at
5=5 (b is the detuning of the pump field from the atomic tran-
sition frequency). The spectrum is drawn in the limit that
A)&y » I, where g is the pump-field Rabi frequency. The am-
plitude of the gain component at 5=6 is not drawn to scale; in
reality it is ~y/h~ times smaller than the absorption peak.
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not been included. For a fixed ratio of the pump field
Rabi frequency y to detuning 6, the nonsecular contribu-
tion vanishes in the limit !5!/I -~, where I is the
homogeneous half-width at half maximum (HWHM) as-
sociated with the transition. In the following discussion,
we neglect any such nonsecular terms.

The purpose of this paper is to examine modifications
to the probe absorption profile resulting from atomic
recoil on the absorption or emission of radiation. The
possibility of measuring a recoil splitting using nonlinear
optical spectroscopy was proposed by Kol'chenko, Rau-
tian, and Sokolovskii [4] and observed experimentally us-

ing saturation spectroscopy [5], Ramsey fringes [6], and
two-quantum transitions [7]. We have shown previously
[8] that inclusion of recoil efFects can lead to new struc-
ture in the probe absorption spectrum centered near
5=0. Such recoil-induced resonances (RIR) have been
observed experimentally [9] and have been used to probe
the velocity distribution of a laser-cooled vapor [10]. The
original theory of the RIR [8] has been generalized to in-
clude effects related to magnetic state degeneracy and lo-
calization of the atoms in the optical potentials [11].
Theories of RIR applicable to the transient domain have
also appeared [12,13]. Although the theories generally
put no restriction on the ratio

r =2mu /A'Ik —k'I

of the residual Doppler width !k—k'!u to recoil shift
i'!k—k'! /2m (k and k' are the pump and probe field
propagation vectors, respectively, u is the most probable
atomic speed, and m is the atomic mass), theory and ex-
periment (with the exception of Ref. [13]) have concen-
trated on limits in which r » 1.

In this paper, we consider a subrecoil limit of laser
cooling in which r ( 1, or

kiiT « fin)k, k!k k'! /—2m,

where T=mu /2kii is a temperature associated with the
vapor and cok=irik /2m is a recoil frequency. In the
subrecoil limit, the pump-probe spectrum can contain up
to eight components (see Fig. 2) having positions, widths,
and amplitudes that depend on field strength, detunings,
relaxation rates, and recoil frequency. We refer to these
features of the spectrum as Stark-recoil components
(SRC's) since they are related to both recoil and Stark
splitting of the lines. Several schemes have been pro-
posed [14] to cool neutral atoms below the recoil limit;
experimental observations of subrecoil cooling have been
reported [15].

It should be noted that theories of recoil splitting in
saturation spectroscopy can be written in a form that im-
plicitly incorporates several of the features of pump-
probe spectroscopy. This is most clearly evident in the
paper of Stenholm [16], who considers the probe absorp-
tion of a field having a frequency equal to that of a coun-
terpropagating pump field. For atoms having a given
projection of atomic velocity v along the direction of the
pump field propagation vector k, the difference in fre-
quency between the probe and pump field frequencies in
the atomic rest frame is 5=2kv. A graph of probe ab-
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FIG. 2. Probe absorption versus dimensionless detuning
5/I 2 {I2 is the upper state decay rate), with the inclusion of
recoil. The pump detuning is 6/I 2=50, pump field Rabi fre-

quency y/I 2
=75, the recoil frequency is cok /I &

=5, and
I i/I 2=0.05.

II. DRESSED-STATE ENERGIES INCLUDING
QUANTIZATION OF THE ATOMIC
CENTER-OF-MASS MOMENTUM

Consider a two-level atom in a strong pump field prop-
agating along the x axis. In the resonance or rotating-
wave approximation, the interaction Hamiltonian for the
atom-field system can be written as

V=fi[gStae'""+g'Sa e '"") (3)

where S =!1)(2!, ! 1) and !2) are the lower and upper

sorption versus kv can then mirror a probe absorption
spectrum if the substitution kv~5/2 is made. A direct
comparison with Stenholms' result is not transparent,
however, since he considers a Hat velocity distribution
and translates the central positions of some of the reso-
nances by amounts of order of the recoil splitting. As
such, the resonances centered near 5=0 (for which he ob-
tains a splitting into two dispersionlike components) ac-
tually represent nonsecular terms in his theory; in addi-
tion he does not obtain the B, or Bz resonances shown in

Fig. 2.
This paper is arranged as follows. In Sec. II, the

dressed-atom states are constructed, taking into account
quantization of the atomic center-of-mass motion. The
different SRCs and their positions are readily determined
in this dressed atom picture. In Sec. III the dressed-atom
representation is also used to obtain the SRC line shape.
An analytical expression for the SRC line shape, not re-
stricted to the secular approximation, is obtained in Sec.
IV using a model in which radiative decay between the
transition levels is neglected. The limits of validity of the
model are discussed in Sec. V, and a discussion of the
physical origin of the various spectral components in
terms of a bare-state picture is also presented.
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e —EP

&x

where

E& +pg i55 E =0, (4)

e =p /2m

atomic states, respectively, k=kx is the photon wave
vector, a and a are creation and destruction operators
for mode k, and g is a coupling coefficient. Bare states of
the atoin-field system are denoted by Ii, n, p ), where i la-
bels an internal state of the atom, n is the number of
pump photons, and p is the atomic momentum in the x
direction. The Hamiltonian (3) couples states Il, n,p)
and I2, n —l,p+A'k ).

From the Schrodinger equation HI ) =EI ), where
H=HO+V and Ho=p /2m+firoI2)(2I+fiQa a, one
arrives at a secular equation for dressed-state energies
given by

differing in both photon number and momentum. In the
spirit of other dressed-atom treatments [3], we do not
quantize the probe field. Nevertheless, we must account
for the change in momentum of the atom on absorption
or emission of a probe photon. Probe absorption occurs
between states

I 1,n,p ) and I 2, n, p +iiik
' ) which is

equivalent to coupling the [n,p] and

[ n + 1,p +fi(k ' k)—] dressed-state manifolds. Probe
emission occurs between states

I 2, n —l,p + haik ) and
I l, n —l,p+A'(k —k')), which is equivalent to coupling
the [n,p j and [n —l,p +iri(k —k')] manifolds. The
relevant eigenstates and energy levels are shown in Figs.
3(a) and 3(b), respectively. It is now a relatively simple
matter to determine the positions of the various absorp-
tion and emission components using Eq. (S) [and Fig.
3(b)]. We can separate the resonances into three regions.
The individual resonances are identified in Fig. 3(c).

Absorption from I
A (n,p) ) to IB(n + l,p

+iri(k' —k) ) ) is resonant at
is the center-of-mass kinetic energy, y=&ng is a Rabi
frequency, and b=Q —m is the detuning of the pump
field from the 2—+1 transition frequency co. The energy
of the bare state I l, n, p =0) has been set equal to zero,
and it is assumed that n »1. From Eq. (4), one finds the
energies of the dressed states to be

= —co~ii +ug [1+2sin (8)],
1

while emission from IB (n,p) )
+Pi(k —k')) ) is resonant at

Sii = —
cozen

—3coi, [1+2sin (8)],
1

(10)

to
I
A(n —l,p

E& ii =e~+-,'&[ —&+~i,+[(~—~~)'+4lxl']' '] (6)

where E=b, —kv, and v =p/m is the x component of the
atomic velocity.

To further simplify the calculations, we assume that
the recoil frequency is smaller than the detuning or Rabi
frequency

a)„«max(
I gI, I

5
I ) .

In this limit, Eq. (6) reduces to

5g =~gii —3~/[3 —2sin'(8)],
2

(12)

while absorption from IB(n,p}) to IA(n+1,p+iii(k'
—k) ) ) is resonant at

where 5=5+2kv. In the absence of recoil, both reso-
nances, labeled Ai and Bi, are centered at 8= —co„ii,
reproducing the absorption peak shown in Fig. 1.

Emission from I A (n,p)) to IB(n —l,p+fi(k —k')))
is resonant at

Eq ii =op+ —,'A[+a)~~ b+ri)i, (1 7 5/co„ii )], —(Sa) 5ii =co„ii+coi, [3—2sin (8)] .
2

(13)

where

=(E'+4IyIi)'~' . (Sb)

To zeroth order in co&, the eigenvectors corresponding to
the energies (Sa}are given by

In the absence of recoil, both resonances, labeled Az and

Bz, are centered at 5=co», reproducing the "Raman"
emission peak shown in Fig. 1.

Absorption from
I
2 (n,p) ) to

I A(n + l,p +fr(k'
—k})) is resonant at

I
A (n,p)) = cos(8)I l, n, p ) 5„=4coi, cos (8),+

(14)

+sin(8) I2, n —l,p+fik ),
IB (n,p) ) = —sin(8}11,n, p )

(9a) while emission from I A (n,p) ) to
I
A (n —l,p

+iri(k —k')) ) is resonant at

+ cos(8)I2, n —l,p+Rk), (9b) 5& = —4coz [1+sin (8)] . (15)

cos(8)= [(a)„ii+b, )/2'„ii ]'~ (9c)

where 0 ~ 8 ~ m/2. The states are defined such that
Ez &E~. Moreover for 5&0, 0-0 as y-0. For the
sake of definiteness, we choose 6 & 0, which further limits
0 to the range 0~0~m/4. In the Appendix, condition
(7) is relaxed and expressions are derived for the SRC am-
plitudes, widths, and positions valid for arbitrary ratios
of~~ to ~».

The probe field, having wave vector k'= —k and fre-
quency Q', drives transitions between dressed states

5g =4coi sin (8) (16)

while emission from
I

(nB,p ) ) to I
B( n —l,p

In the absence of recoil, both resonances, labeled A + are
centered at 5=0, canceling each other in the secular ap-
proximation. If co& is nonvanishing but small
(coi, « I

k' —k
I
u ), these resonances correspond to the

RIR discussed in earlier published works [S—12].
Absorption from

I
B (n,p) ) to IB(n + l,p +Pi(k' k) ))—

is resonant at
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+A'(k —k')) ) is resonant at

Sn = —4rok[1+ cos (8)] .

In the absence of recoil, both resonances, labeled 8+, are
centered at 8=0, canceling each other in the secular ap-
proximation.

III. SRC LINE SHAPE

The widths and relative weights of the resonances de-
pend on the various relaxation rates and the width of the
velocity distribution. We adopt a simple scheme which
has the advantage of being analytically tractable [16].

Moreover, for a gas cooled below the recoil limit, the as-
sumptions of the model can be justi6ed in certain limits.

It is assumed that the width of the initial atomic veloc-
ity distribution is less than the recoil velocity haik/m, i.e.,
ku (cok. As a consequence, we can take the initial veloc-
ity distribution to be a 5 function centered at v =0. In
Fig. 3(a), the only states that are occupied initially are
those in the [n,p=OI manifold. Transitions occur to
di6'erent manifolds that are initially unpopulated.

The next simplification results from the model we
choose to describe relaxation and incoherent pumping of
the atoms. It is assumed that, in the bare atom picture,
level 1 decays at rate I &, level 2 at rate I 2, and repopula-
tion of level 1 by spontaneous emission from level 2 is

lA[n+1, p+ h (k' —k)]&

cos0, ll, n+ 1,p+ h (k' —k)) +sin0, l2, n, p+ h k')

—sin0, ll, n+1,p+ h (k' —k)& +cos0, l2, n, p+ h k')—

lB[n+1,p+ h (k' —k)])

sk

h [(A+3(o„)'+4lXl']'"

[n+ 1,p+h(k' —k) ]

h [0+(k —k)v+2(o ]

cos0)l, n, p& +sin00l2, n —l,p+ h k&

—sin8ol»n~p& +cos0ol2~n —»p+ h k&

lA(n, p))

IB(n.p)&

h [(A -~)'+4lxl']'"

h LQ+(k' —k)v —6~]

)A[n —l,p+ h (k —k')]&

cos02l l,n —l,p+ h (k —k')) +sin02l2 n —2,p+ h (2k —k'))

—sin8, l
1 n -1 p+ h {k-k')) +cos8, l2 n -2 p+ h {2k- k'))

lB[n —l,p+ h (k —k')])

h [(A-5m)'+4lxl'1'"

[n —l,p+h(k —k')]

FIG. 3. {a) Dressed-state tnanifolds [n,pJ, [n +1, p+A' {k'—k)J, and [n —l,p —R(k' —k)], along with the appropriate eigen-
states. To zeroth order in &ok/co», all the 0's are the same. (b) Energy level diagram. (c) Probe absorption and emission lines. Ar-
rows A l, B2, 3 +, and B+ represent absorption and 81, 2 2, 2, and 8 represent gain. These absorption and gain components are
represented by the corresponding resonances shown in Fig. 2.
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neglected. Level 1 is pumped incoherently at rate A.
The decay rates and incoherent pumping rates for the
dressed states are given by [17]

I z = I i cos (8)+I @sin (8),
I' =I,sin (8)+I cos (8),

and

A„=Acos (8),
Aii =A sin (8),

respectively. Since repopulation of level 1 is neglected,
there is no cascade between the manifolds of the dressed
states. In the secular approximation, where the coher-
ence p zz is neglected, one simply has to calculate the ab-
sorption of the probe field between two levels that decay
incoherently out of the subsystem of levels under con-
sideration.

There are eight transitions l

(i = A i,Bi, A2, 82, A ~,8+ ) shown in Fig. 3(c) from
the initial states p= A (n,p =0) or B(n,p =0) to the
final states v (v= 2 [n + l,p =Pi(k' k)] —or
8 [n + l,p =iri(k' —k) ] for absorption and
v= A [n —l,p =iri(k —k')] or 8 [n —l,p =iri(k —k')] for
emission). For a given transition i, centered at
5;(5;=5,- i„o),the absorption coefficient is equal to [18]

determines its relative amplitude.
In calculating the matrix element (@mdiv& needed in

Eq. (22d), using Eqs. (9), one finds that only those transi-
tions between bare states having the same number of
pump photons contribute. For example, the dipole ma-
trix element which determines the amplitude F~ is given

1

by

This matrix element, as well as the others needed in Eq.
(22c), can be read directly from Fig. 3(a). The amplitudes
and widths of the SRC whose resonance positions are
defined in Eqs. (10)—(17) can be calculated using Eqs.
(20b) and (22c) and Fig. 3(a). One obtains SRC ainpli-
tudes

Fz =[2/(1+q)] cos (8)/[sin (8)+rI cos (8)], (24a)

Fli =[2/(1+i')]sin (8) cos (8)/[ cos (8)+csin (8)],

Fz =[2/(1+g)] cos (8)sin (8)/[sin (8)+gcos2(8)],

(24c)

( A(n, p =0)idiB(n + l,p =iri(k' —k)) &

'(8) & 1 ldl2 & (23)

a; =+4~k& '(A„/r„) I & pldlv & I'r;/[r';+(5 —5;)'], Fz =[2/(1+q)]sin (8)/[cos (8)+csin (8)], (24d)

(20a)

r, =,'(r„+r„) (20b)

is the homogeneous HWHM of the p~ v transition and d
is the dipole moment operator. The positive sign is
chosen for absorption and negative for emission. Each
SRC component is characterized by a Lorentzian line
shape.

One can introduce a dimensionless line-shape function
F(5) defined by

g=l i/I ~, (24g)

r„=r„=r,=r, =(r, +r, )/2—=r, (25a)

F~ =F~ = cos (8)sin (8)/[sin (8)+icos (8)], (24e)

F~ =F~ =sin (8) cos (8)/[cos (8)+g sin (8)], (24f)

where

a =aoF(5),
where

(21a)

a, =4~km-'Ai &2~d~ 1 & i'/r' , . (21b)

Near line center, a spectral component takes the limiting
form

Note that in the limit

il « tan'(8), (26)

F(5)=kF,L ((5—5; )/I; ),
where the function

the results are independent of I &.
(22a)

L(x)=(1+x )

determines the shape of the spectral com.ponent, and the
factor

IV. EXACT MGQKI. SQI.UTIQN
IN THE BARE STATE PICTURE

F, =(A.„/A)(r', /r„r, . )i~(i) i'

with

IM(i)l'=
I & pfdlv&/&2ldl1 & I'

(22c)

(22d)

It is often useful to have theoretical expressions for the
line shape that are not limited by the secular approxima-
tion. In this section a rigorous calculation of the probe
absorption spectrum is given. Two-level atoms in an
atomic vapor interact with an electric field of the form
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E(x,t)= ,'[E—exp( i Q—t +ikx)

+E' exp( —i Q't +ik'x) ]+c c.
The pump and probe fields have amplitudes, frequencies,
and wave vectors E, Q, k=kx and E', Q', k'=k'x, re-
spectively. Elements of the signer density matrix
defined by

p(x, u) =(M/2m%) V ' Idq p(p +fiq/2, p —Rq/2)

X exp(iqx),

where V is the gas volume and p(p, p') is the density ma-
trix in the momentum representation, evolve as

pii(x, u)+I ipii(x, u)= i —[g e' ' '""pzi(x, u +/)+g'*e' ' ' "pzi(x, u +g') —c.c. ]+Af(u), (29a)

pzz(x, v)+I zpzz(x, u)=i[y*e' ' '""pzi(x, u —g)+y'*e' ' '""pzi(x, v+P) —c.c.],
pzi(x, v)+I pzi(x, u)= i Iy—e ' '+' [pii(x, v —g) —pzz(x, v+g)]+&'e ' '+' "[pii(x, u —g') —pzz(x, u+g')]I, (29c)

where p k
= (8 /Bt + u 8/Bx )p;k,

is the homogeneous H%'HM,

dE/2A; —g' = dE'/2R—

are Rabi frequencies,

g =irik /2m; g' =A'k'/2m

(30)

(31)

I,R i (v) = —
2~y~ Re[R (v +g)]+f (u),

r,R, (v) =21xlz«[R (v —g)]

p*(u)R (v}=R,(v g) Rz—(u +—g);
p'(u)r (u) = —iy[r, (u —g) —rz(v +g) ]

ig'[R —i(v —g') —Rz(u+g')],
P(u)&(v) =tg'[ri(v —g) —rz(v+g)],

p, (u)r, (u)= iy'r (u +g)+—iyF(u +g)

(35a)

(35b)

(35c)

(36a)

p;1 =A(R;1 +r;1 ), (33)

are recoil velocities, and f (v) is the atomic distribution
function in the absence of the field. An "in term, "
representing spontaneous emission from level 2 to 1, has
not been included in Eq. (29a}, consistent with the relaxa-
tion model adopted in Sec. III. In what follows, it is as-
sumed that the pump and probe field counterpropagate
relative to each other, k'= —k.

One can seek a steady-state solution to Eqs. (29}of the
form

—g'g R (u+g'),
pz(v)rz(u) = iy'r (u g) iyF(v——g—)

+X'y*R (v —g'},
where

p(u) =I —i (b —kv),

p'(u) =I' —i(h' —k'u),

p(u) =I'+i [6 5 (2—k ——k')v],

p (u)=I —i[5—(k' —k)u] .

(36c)

(36d)

(37a)

(37b)

(37c)

(37d)

R,, (x, u) =—R;(u},

R iz(x, v) =iy exp—(iht —ikx)R (v),

(34a)

(34b)

re(x, v) = exp[ i—5t +i (k' —k)x]rj(u)+c—c , (34c). .

rz, (x, u) =r(v) exp[ i6't +ik—'x—]
+F'(v) exp[ —i (2h 5')t +i (2k ——k')x],

where 8;. and r;- are zeroth and first order in g', respec-
tively. By defining

P =A( 1idi2)(r(u)), (38)

where ( ) indicates an average over velocities. The probe
absorption coefficient a =4m.k Im(2P/E') is obtained
from Eqs. (35), (36), and (38) as

If one chooses as variables [R i(u), R (u +('),Rz(u +2/) I
and [r(v), r(v), ri(u g), rz(v +g—)I in Eqs. (35) and (36),
respectively, the equations become algebraic in nature
and can be solved easily.

The positive frequency part of the atomic polarization
P which varies as exp[i (k'x Q't) ] is gi—ven by

one can use Eqs. (29) to obtain the coupled equations

(34d) a =aoF(5),
where av is defined by Eq. (21b),

(39)

F(5)=I zRe((p'(v)[1+ ~g~ [1/p'(u)+1/p(u)][1/p&(u —g)+1/pz(u +g)]] )

X([1+[~y~ /P(u)][1/p, (v —g)+1/pz(u+g)]I[R, (v —g') —Rz(u+g')]
—

~y~ [R (u+f g')/p, (u —g)+R(u ——g'+g)/pz(u+g)])), (40)
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and

R, (v)=r {1—I[r,/(r, +r, )]r'[~p(u+g)~'+Sr']-'jf(u),

R, (v) =[I/(r, +r )]r'[Ip(u —g) I'+~r'] f (u 2g),
R(u)=p(u}[l, (~p(u)~ +Ir )] 'f(u —g);

I =4~y~'/r, r,

(41a)

(41b)

(41c)

(42)

is a saturation parameter.
For atoms cooled below the recoil limit one can set

f (u) =5(u),

implying that

R, (u)=R, 5(u), R, =[R,(u)/f (v)]„

R2(u)=R25(u —2g), R2=[R~(u)/f (u —2$)]„=zg,

R(u)=R5(v —g), R =[R(v)/f(u —g)],=~.

By combining Eqs. (40), (41), and (42) one obtains finally

a =aoF (5),
where

~(5)=r',Re[(p'(g') {1+~X~ [1/p'(g')+1/p(g')][1/p, (g' —g)+1/p (g'+g')]] )-'

X ( {1+[ IXI'/P(g') ][I/p, (g' —g)+1/p (g'+ g') l]R —lyl'R /p (g'+ g})
—(p'(24 —r }{1+iXi'[1/p'(2k —r)+1/P(20 —4'}][1/pi(k—f}+1/p2(30—r)]] )

'

x({1+[iXi'/P(24 —r}][1/pl(4 —4')+1/p2(34 —r }]]R2+~X~'R/pl(4 —4'))]

(43)

(44a)

(44b)

(44c)

(45)

(46)

After some algebraic manipulations, the exact solution
(46) reduces to the SRC line shapes [(22a) or
(A15)—(A32)] provided the secular limit

(47)

holds; however, the individual SRC resonances may not
be resolved unless cok ) I . Note that condition (47) puts
no restriction on the ratio cok /I .

V. DISCUSSION

Expression have been derived which determine the
probe absorption spectrum associated with a given atom-
ic transition when that transition is simultaneously driven
by a pump field having arbitrary intensity. In the limit
that the recoil frequency is larger than the various relaxa-
tion rates, the spectrum consists of eight resolved com-
ponents, four corresponding to absorption and four to
emission. The positions, widths, and relative amplitudes
of these components can be predicted using a dressed-
atom approach that includes the center-of-mass energy in
the definition of the dressed states. Despite the fact that
the dressed-atom picture completely characterizes the
spectrum, additional insight into the origin of the various
resonances can be obtained by considering the lowest-
order nonvanishing contributions to the resonances using
a bare atom picture (see, also, Ref. [16]). It is convenient
to analyze the resonances in terms of the pairs ( A „Bi),
(A2, B2), A+, B+ [see Fig. 3(c)]. It is assumed that

I

8= [y/6[ is a small quantity and that (b, (
))I .

(Ai, Bi). The amplitude corresponding to the lowest
order (in pump field strength) contribution to the A i res-
onance is shown schematically in Fig. 4(a). The absorp-
tion probability associated with this amplitude is propor-
tional to the product of the steady-state population of
level 1 (A/I i ) multiplied by a Lorentzian having
HWHM I =(I i+I z)/2. The position of the resonance,
obtained from the conservation of energy condition

1S

%co AQ +E'gk i =0

5~ = —5+)uk,

(48a)

(48b}

which coincides with Eq. (10) in the weak pump field lim-
it.

The diagram corresponding to the lowest-order contri-
bution to the B, resonance is shown schematically in Fig.
5(a). This contribution is again proportional to a
Lorentzian factor having HWHM I . However, in this
case the emission probability is proportional to the "in-
coherent" population of level 2, represented schematical-
ly in the diagram by the thick arrow. If level 2 were
pumped incoherently at rate A2, this population would be
equal to Az/r2 and the emission resonance would be cen-
tered at 5= —5—cok. In our model, however, the popu-
lation of level 2 results from the action of the pump field.
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(+) E&
-—h{&o-0')+v&

p =hk'
f

(b) Et =h(a)+0'-2Q')+Ep
f

p =h(2k —k )f

The "incoherent" population of level 2 (which is nothing
more than the steady-state population of the dressed state

~

B ) in the weak-field limit) is proportional to
(A~/I, )(I &/I z)8 =(A/I z)8 if I &NO [19]. Since the
population of level 2 is created with momentum p =6k,
conservation of energy requires that

p =0
E;=0

p;=0
E;=0

01

~~+ ~fik ~+ +~Pi(k —k') (49a)

5 = —b, +A'k'(2k —k')/2m = —b, —3'&8I (49b)

p =0
1

E;=0
p = h(k —k)

f

Ef ——Il {0—0')+op
f

p =0

E;=0
p =h(k —k)
f

Ef ——h (Q' —0)+op
f

Ej = hQ)+Ep.
1

p;= hk

E; = I10)+op.

p. =Ilk

FIG. 4. Schematic representation of the multiphoton pro-
cesses in the weak pump field limit (bare atom picture). Solid
and dashed arrows correspond to the interaction with pump and

probe field, respectively. Each diagram corresponds to a transi-
tion amplitude starting from level 1. Diagrams (a), (b), (c), and

(d) contribute to SRCs A &, A &, A +, and A, respectively. Po-
sitions of these SRCs are determined by the conservation energy
law, E; =E&. Initial and final state values for the atomic mo-

menta and energies are given.

for k'= —k, in agreement with Eq. (11). The ratio of the
B, to 3, amplitudes is proportional to (I &/I z)8, in

agreement with Eqs. (24a) and (24b) in the limit that
8-0. (In the limit that I z8 & I &, the above result is
modi6ed since saturation of the system must be account-
ed for even in this weak-field limit. In that limit, we must
replace I, by I zO, such that the ratio of the 8, to A,
amplitudes becomes proportional to 0 . In this manner,
the results become independent of I &, simulating the re-
sults that would have been obtained had we considered a
"closed" system in which the sum of ground-state plus
excited-state populations was conserved [20].)

The resonances are separated in frequency by 4~k,
consequently, they can be resolved only if 4cok & 2I . This
can be achieved if one uses forbidden transitions such as
those in Mg at A, =0.447@ and Ca at A, =0.653@. The
portion of the pump-probe spectrum containing SRCs A,
and 8& is shown in Fig. 6.

(/I z, Bz). The analysis of these resonances is similar to
that for the ( A &,B, ) resonances. The corresponding dia-
grams for the Az and Bz amplitudes are shown in Figs.
4(b) and 5(b), respectively. The A z resonance has
HWHM I, amplitude proportional to (A/I &)8, and is

0.8

p =Il(k —k)
f

Ef
——h Q'+Ep

f

p =(k -k)
f

Ef = h(2Q 0')+Ep
f

0.6

0.4

0.2

Ej '= h GH cp, Ef =h(Q)+Q —Q')+Ep
1 f

p;= hk p =hk'

E1
——Il(i)+op. Ef =- h(o)+O' —0)+cp

1 f
p =hk p =h(2k —k)

—0.6
i

—334 ~- 333 ( ~-332 ~-331 , (,-297
,
-296

)
~-295 ~-294

B, ~A

FIG. 5. Diagrams, similar to those shown in Fig. 4, for tran-
sitions originating on level 2. The broad arrow represents a pro-
cess in which the pump field provides an "incoherent" contribu-
tion to the population of level 2, in which the upper state atoms
acquire a momentum of haik. Diagrams {a), (b), (c), and (d) con-
tribute to SRCs B„B2B+,and B,respectively.

FRs. 6. A
&

and 8& SRC for 6/I 2= 50, y/I &
= 150,

co& /I 2= 5, and I &/I 2=0.05. I 2 is arbitrarily set equal to unity
in this and subsequent graphs. These components collapse to
the absorption component shown in Fig. 1 in the weak-pump-
field limit in the absence of recoil.
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centered at 5=6—fi(2k —k') /2m =b, —9(ok for
k'= —k. The B2 resonance has HWHM I, amplitude
proportional to (AO /I 2)8, and is centered at
5=5—A'k'(2k —k')/2m =b, +3cok for k'= —k. These
results are in agreement with Eqs. (12), (13), (24c), (24d),
and (25a) in the limit 8-0. The resonances are separated
in frequency by 12cok and can be resolved only if
12cok &2I . The portion of the pump-probe spectrum
containing SRCs A2 and B2 is shown in Fig. 7.

The diagrams corresponding to these resonances
are shown in Figs. 4(c) and 4(d), respectively. The A+
absorption peak has HWHM I „amplitude proportional
to (A/I ()8, and is centered at 5=Pi(k —k') /2m =4cok
for k' = —k. The A emission peak has HWHM I &,

amplitude proportional to (A/l, )8, and is centered at
5= —4[k —k'] /2m = —4'„ for k'= —k. These results
are in agreement with Eqs. (14), (1S), (24e), and (2Sb) in
the limit 8-0. The resonances are separated in frequen-
cy by 8cok and are resolved if 8cok & I,.

The 2 + resonances correspond to the RIR which have
been discussed previously [8—12]. In those discussions,
the residual Doppler width, (k —k')u =2ku, is assumed
to be larger than the recoil frequency. As such, the final
states inuolved in there transitions shown in Fig 3(b) a.re
also populated. The absorption and emission profiles then
depend on the integrals of Eqs. (20a) (with 5+2ku replac-
ing 5 in those equations) over velocity with a weighting
function given by [f (v ) f (u T 26k—/m) ], which
represents the difference between initial and final state
populations. The resulting sum of absorption and emis-
sion components is proportional to df (U)/du evaluated
at U =5/2k.

8cok ) I „=[I,cos (8)+I &sin (8)] . (SO)

In the limit that (I (/I z)«8 «1, condition (50) is
satisfied if 8cok & I zO . In somewhat stronger fields such
that I &sin (8))8'„, the A+ resonances collapse into a
dispersionlike structure.

B+. The diagrams corresponding to these resonances
are shown in Figs. S(c) and 5(d), respectively. The 8+
absorption peak has HWHM I 2, amplitude proportional
to (AO /I 2)8, and is centered at 5=(A'/2m) [k—[k+(k' —k)] J

=0 for k'=k. The 8 emission peak
has HWHM I 2, amplitude proportional to (AO /I 2)8,
and is centered at 5=(R/2m) I k —[k +(k —k')] J= —8cok for k'= —k. These results are in agreement
with Eqs. (16), (17), (24f), and (2Sb) in the limit 8-0. The
resonances are separated in frequency by Scok and are
resolved if 8cok & I 2. These resonances are smaller than
the A+ resonances by a factor (I,O /I z) [or 8", if
I 28 & I, ]. The two components of each of the A+ and
B+ resonance doublets cancel one another in the limit
cok-0. The portion of the pump-probe spectrum con-
taining SRCs A+ and B+ is shown in Fig. 8.

The eight component spectrum can be seen only if
cok & 2I", a limit that can be achieved only for forbidden
transitions or for transitions between a high lying Ryd-
berg state and a low lying electronic state [21]. In the
limit 2I &(o„ typical of allowed transitions, the (A „8,)

doublet collapses to a single absorption line, the ( A2, Bz)
doublet collapses to a single emission component, and the
B+ resonances centered near 5=0 collapse into a disper-
sionlike structure whose amplitude is negligible com-
pared with the A+ resonances provided that the ratio
I „/I ~ of dressed-state decay rates is much less than
unity. The A + resonances are resolved if

0.2 ( (I)) I 1 I I I I I

0.1
0.6

0.2

271 272, i 273,

~A,

( i( 314(
) )

315( I 316(

BB

317 I 32l -30
)

-28, 7
I 9,11 i, 13

5A,

FIG. 7. A2 and B2 SRC for 5/I 2= SO, y/I 2= 150,
cok/I 2= S, and I 1/I 2=0.0S. These components collapse to the
emission component shown in Fig. 1 in the weak-pump-field
limit in the absence of recoil.

FIG. 8. A~ and B~ SRC for 5/I 2=50, y/I 2=150,
cok/I 2=5, and I 1/I 2 0.05. In the weak-pump-field limit and
the secular approximation, these components cancel one anoth-
er in the absence of recoil.
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Since the SRCs displayed in Figs. 6—8 were obtained in
the secular limit, (I z/cozen)-0. 0033, they can be calcu-
lated using either the dressed state expressions or the ex-
act line shape. For larger values of I z/cozz, the exact
line shape expression must be used. This feature is illus-
trated in Fig. 9 for the A+ resonances. The non-secular
contribution becomes important only when the recoil
splitting is no longer totally resolved; the ratio of the sec-
ular to nonsecular terms is of order 8cokco &~ /(I ~ I ).

It is interesting also to consider the spectrum when the
pump field is resonant, 5=0. It is well known [1,3] that,
in the absence of recoil and in the secular approximation,
the probe field absorption coeKcient vanishes in the
whole spectral region. The vanishing of the probe spec-
trum results from the mutual cancellation of the emission
and absorption SRCs which no longer occurs when the
recoil splitting of the components is taken into account.
The b, =0 emission SRCs A and B (absorption SRCs
A+ and B+ ) are centered at the same point
5& z = —6col, (5z ~ =2cok ) and the four central

components located near 5-0 degenerate into a doublet
whose amplitude is twice that of the components cen-
tered near 5=+cozz. A pump-probe line shape for 6=0
is plotted in Fig. 10.

All effects related to atomic recoil resulting from spon-
taneous emission from level 2 to 1 have been neglected in
this work. Spontaneous emission processes of this type
would broaden the subrecoil velocity distribution of the
atoms. For resolved recoil components, (I;/cok)«1,
where I, is the width of one of the components shown in

—0.15
I

—0.1 —0.05
I I

0.05 0.1 0.15
I

FIG. 9. A ~ resonances for 6/I 2= 5, y/I 2= 1,
cok/I 2=5.0&10, and I 1/I 2=0.01. The solid curve is a
graph of the exact expression for the line shape, while the
dashed curve is obtained from the dressed-state theory in the
secular approximation. The parameter 8~keg»/(I & I ), which
is a measure of the relative amplitude of the secular to non-
secular contributions, is equal to unity.
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FIG. 10. Probe absorption line shape for 6/I 2 =0,
g/I 2=500, ~k/I 2=5, and I 1/I'2=0. 05. The eight com-
ponents collapse into six each having HWHM equal to I .

O' —A=5, —2kU (51)

For Uo & 0 and k
~ Uo ~ &&5;, one achieves frequency upcon-

version by an amount 2k
~ Uo ~. Effects of this type are now

Figs. 6—8, spontaneous emission leads to a broad back-
ground having a width of order k(haik/m)=2cok. The
amplitude of the background term is reduced from that
of the SRCs by at least a factor I', /cok «1 and can be
neglected. For components having I;/cok & 1, spontane-
ous emission leads to perturbative corrections to the den-
sity matrix; however, the integrated contribution of these
corrections may not be negligible and must be included in
the theory.

In our model, incoherent pumping at rate A always
supplies new atoms to the interaction volume. In experi-
mental situations of interest, one often encounters closed
systems in which overall population of the atomic states
is conserved, but there is no incoherent pumping. In this
limit, the role of spontaneous emission must be examined
in more detail, since spontaneous emission can effectively
prevent atoms from. interacting with the external fields by
moving them out of resonance with the fields. In general,
one must treat the atom-field interaction in the transient
rather than steady-state domain to obtain the appropriate
line shapes.

Finally, we note that the SRC emission lines can be
used for probe field amplification, including frequency
up- or down-conversion. For a beam of cold atoms hav-
ing velocity vo=vox, probe field arnplification occurs at
the center of a gain component when
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discussed in the literature for the both nonrelativistic [13]
and relativistic [22] atomic beams.
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APPENDIX

In this appendix, we generalize the dressed-state calcu-
lations to allow for an arbitrary ratio of mk to co~~.
Equations are derived for an initial state manifold having
p =0, but they are easily generalized to nonzero p by the
substitutions 5~5=5+(k —k')U and h~b, =h —ku.
We consider only the case (k —k'}=2k, but the results
can be generalized to allow for arbitrary (k —k'}.

The energy levels of the three manifolds of levels
shown in Fig. 3 can be obtained from Eq. (6) as [23]

«n» =0)=&[ —~+~k +«~—~k )'+4 IX l']/2,

E(n + l,p = 2fik—) =AQ+R[ —b, +5cok+Q(++3~k )2+4iXi2]/2,

E(n + l,p =2k'k) = AQ—+R[ b+13cok +Q—(b, 5~k )'+ 4IXI'

(A 1)

(A2)

(A3)

The eigenvectors are still given by Eq. (9), but the value
of 8 difFers for the three manifolds. Referring to the
[n,p =0], [n + l,p = —2fik ] and [n —l,p =2fik j mani-
folds as manifolds 0, 1, and 2, respectively, one can use
Eqs. (4), (6), and (9) to obtain

5~ =2cok —[V (b+3cok) +41XI

—Q(h —~k )'+4lxl']/2,

5~ = —6cok —[Q(h cgk ) +4—iXi

(A13)

cos (80)=[1+(b—cok)/Q(h —cok) +4iXi ]/2, (A4)

cos (8|)=[1+(6+3cok)IQ(h+3cok )2+4iXiz]/2,

(A5)

cos (82)=[1+(b,—5a)k)/V (5 5cok} +4IXI']/2 .

—Q(~ —5~, )'+4lxl']/2 . (A14)

The SRC amplitudes are obtained from Eqs. (22c) and
(22d), which can be evaluated once the A' s, I"s, and M's
are given. The transition HWHMs are one-half the sum
of the decay rates of the two levels involved in a given
transition. For all the A transitions,

(A6)

The positions, widths and amplitudes of the various
resonances can now be read directly from Fig. 3. The po-
sitions are given by

5~ =2~k [V (~+3~k—)'+4lxl'

A„=A cos'(e, );r, =r, cos'(8)+r, sin (8),
and for all the B transitions,

A~=Asin (80);I s=rzcos (8)+I &sin (8) .

The HWHMs of the transitions are given by

(A15)

(A16)

+«&— )'+4lxl']/2,

5~ = —6cok —[Q(h —co„) +4iXi

(A7)
I'„=[I',[ cos (80)+sin (8, )]

+I 2[sin (80)+ cos (8, )]]/2,
I z = [I &[ cos (82)+sin (Ho)]

(A17)

+Q(a —5~k)'+4lxl']/2, («)
5„=—6cok+ [Q(h —cok ) +4iXi

+V(~ —5~k }'+4lxl']/2,

5s =2cok+[+(h+3cok) +4iXi

+I &[sin (82)+ cos (80)]]/2,
I „=I I,[ cos (80)+sin (82)]

+ I &[sin (80)+ cos2(82)]] /2,
I s = [I,[ cos (8, )+sin (80)]

(A18)

(A19)

+Q(A —~k )'+4lxl']/2

5„=2'„+[«4+3mk ) +4IXI

—v'(& — }'+4lxl']/»
= —6a)k+[Q(b, —cok) +4iXI

(A 10)

(Al 1)

+I &[sin (8,)+ cos (80)]]/2,
r„=[r,[ cos'(8, )+ cos'(e, )]

+I'2[sin (80)+sin (8, )]]/2,
r„=[r, [ cos'e, + cos'(e, )]

(A20)

(A21)

—Q(a —5~„)'+4ixi']/2, (A») +I 2[sin 80+sin (Hz)]] /2, (A22)
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r, =[r,[cos'(8,)+ cos'(8, )]

+I i[sin (8&)+sin (8, )]]/2,
I ~ =

I I 2[ cos (go)+ cos (gz)]

(A23)

+l, [sin go+ sin (82)]]/2 . (A24)

iM( A i)i = cos (go) cos (gi),
~M(8, )~

= cos (go) cos (gz),

(A25)

(A26)

Finally, the matrix elements needed in Eq. (22d) are now
given by

~M ( 32 ) ~

=sin ( go)sin (82),

~M(82)~ =sin (go)sinz(8, ),
~M(A+)~ = cos (go)sin (8, ),
~M(A )~ =sin (go) cos (gz),

~M(8+ ) ~2=sin (go) cos2(8, ),

(A27)

(A28)

(A29)

(A30)

(A31)

~M(8 )~
= cos (go)sin (82) . (A32)

For example, the amplitude of the A
&

SRC is
(Az/A)[I /(I ~ I z)]~M(A&)~, while that of the 82
SRC is ( A, /A )[r' /( r, r, ) ] ~

M (a, ) ~

'.
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