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Formation of antihydrogen in the ground state and n =2 level
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The cross sections of antihydrogen formation in the ground state and n =2 level by the impact of an-

tiprotons on the ground state of positronium have been calculated under the framework of the eikonal
approximation for incident energy of 30—1000 keV. The excited-state capture cross sections are quite ap-
preciable and are even larger than the ground-state cross sections for impact energies ~ 75 keV. The to-
tal eikonal cross sections {o.=o.i, +o.2, +~») are always higher than the corresponding first-order Born
approximation cross section throughout the present energy span.

PACS number(s): 36.10.—k

I. INTR@DUCTION

The antihydrogen (H ) is the simplest antimatter atom
and its stability is greater than any other exotic atoms,
such as positronium, muonium, protonium, etc. The in-
vestigations into the properties and production of antihy-
drogen lead one to study the fundamental questions in
physics regarding antimatter-matter interaction. The
symmetry on the atomic scale can be tested experimental-
ly with the production of antimatter in the laboratory [1].
Further, H could be used as a probe for the additional
gravity test with antiparticles [1]. For this reason much
attention is being paid by both the theoretical [2—7] and
experimental workers [1,8-11] to studying the process of
antihydrogen formation in antiprotons (P ) and positroni-
um (Ps) collisions. Since the antiproton (p) beam is now
available from the Low Energy Antiproton Ring (LEAR)
facility at CERN, it is now possible to produce anithy-
drogen in the laboratory through anitproton and posi-
tronium collisions. Although some experimental groups
[1,8 —11] have reported their experimental techniques for
producing antihydrogen in the laboratory, until now, to
our knowledge, no experimental data for H formation
cross section has been available in the literature for the
process: @+Ps—+H+e. Even very few theoretical works
for the calculation of the antihydrogen formation cross
sections have been performed. This demands further
theoretical study of the process p+Ps~H+e.

In the present paper we have calculated the cross sec-
tions of antihydrogen formation in the ground and excit-
ed (Zs, 2p) states in antiprotons and positronium (from
ground-state) collisions within the framework of eikonal
approximation.

II. THEORY

The exact eikonal amplitude (post form) for H forma-
tion in the nhm state for the p-Ps collision process is writ-
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where r& and r2 are the position vectors of the electron
and the positron, respectively, of the target Ps atom from
the incident antiproton (p ). r, 2 denotes the coordinate of
the positron with respect to the electron. r &2

= r2 —r, .r„
and r2, are the z components of the respective vectors. p
denotes the position vector of the electron with respect to
the center of mass of the H atom, and s denotes the posi-
tion vector of the center of mass of the Ps atom from the
antiproton with p=r, ar2 and s= —,(r—i+r2), where
a =1/(M~+1), M~ being the mass of the antiproton.
rl; =Lt; /k;; p; and Lt& are the reduced masses of the initial
and final system, respectively; k; and kf are the initial
and final momenta, respectively. P; and P„t refer to the
initial ls and final (ls, 2s, or 2p) bound-state wave func-
tions of the Ps and H atoms, respectively. We use atomic
units throughout our calculations.

We choose our coordinate system such that the scatter-
ing takes place in the xz plane and the direction of the in-
cident antiproton is along the z axis. The ground-state
wave function of the Ps atom is

P, (r&z) = Coexp( —A, ;ri2),
with Co= 1/v (8tr) and A, , =0.5. The ground- and
excited-state (2s, 2p) wave functions [13] of the H atom
are given as follows:

P„(r~ ) =Coexp( Af r2 ), —
1

with Co= —and A,f =1;
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g 2p g 2p and g 2p are the x, y, and z componentsp p p z

of the 2p capture amplitude, respectively. In order to
evaluate Eq. (1},we first start with the parent integral
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where Vis an arbitrary vector introduced in order to gen-
erate gzp, g2P, and gzp through the relationp„' p z

Pz, (rz ) =C I ( 1 ,' —rz —}exp( A—f rz )

with C& = 1/2V(2m') and Af =0.5;

Pzp (rz ) =Czrzexp( Af r—
z )sin8 costp;

Pz (rz ) =Czrzexp( A&rz )s—in8 sinter;Py

Pz (rz ) =Czrzexp( A&rz
—)cos8,

with Cz =1/4&(2n ) and Xf =0.5.
The matrix elements g„i in Eq. (1) for the degenerate

final 2p states corresponding to m = —1, 0, + 1 are denot-
ed as g „go, and g+&, respectively. It can be shown
that

However, for capture in the 1s or 2s state, we put c=0 in
(2).

The ( ls-ls) capture amplitude is, therefore, given by

(4)

PfCo, Ci BJ
g2, = — C)J+

2 f 0
(5)

The x and the z components of the ( ls-2p) capture ampli-
tude are

Pf COC2
g2p

= — J
X 277

Pf CoCz
g~ = — J, .

Due to the choice of our coordinate system as mentioned
before, g2P =0.

py

We now use our technique [12,14] of evaluation of the
exact eikonal amplitude to reduce J into a single-
dimensional integral. For this pupose, at first we use the
following contour integral representation for the eikonal
phase term occurring in Eq. (2):

( —A, )'~ ' ~d A,

2i sin(zizz)l (ig} c

where C=CoCo. The ( ls-2s) capture amplitude is given

by

J„,= —i lim
J

(3)
Thus, in view of Eq. (8), Eq. (2) reduces to

J= f f f f exp( ikf p)—exp( . Afrz)ex—p(iE rz)
I 2 r&

Xexp( —
A, r&z)exp(ik; s)p&(A&, r& )pz(Az, rz)dr&drzdk, ,diaz, (9)

where

and

Using Fourier transform techniques, the space integra-
tions (over r& and rz ) in Eq. (9) can be performed analyti-
cally. The actual space integral occurring in Eq. (9) can
be generated [12] by parametric differentiations of the
function

dx
Jo 2m

ax +2Px+y
(10)

where a, P, and y are functions [12] of k;, kf, c, A,;, and
The product ay is split in such a manner [15] that

both the functions a and y are individually linear func-
tions of the integration variables A, , and A,2. By virtue of

I

this choice we can perform the A,
&

and kz integrations
analytically.

We now proceed to carry out the k& and A,2 integra-
tions analytically following the method developed by
Sinha et al. [12], leaving behind the x integration occur-
ring in Eq. (10). The result of integration (Io) with
respect to A,

&
and A,2 can be expressed in terms of the

Gauss hypergeometric function (zF, ):

4n b
' c ' ad

a a la bc

XzF&(1 i rA, i q;, 1;z)—, —

with z=l —(bc)/(ad); a, b, c, and d being functions of
the variable x, and the parameters k;, kf, c, 1,;, and A,f.

Thus, we are finally left with a one-dimensional real in-

tegral over the variable x which has been carried out nu-
merically by the Gaussian quadrature method. We have
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TABLE I. H formation cross sections in the ground state (o I, ) and n =2 level (a.2, and o» ) for the
process p+Ps(1s)~H (1s, 2s, or 2p)+e (in units of 10 ' cm ). The numbers in square brackets indi-
cate the power of 10 by which the entry is to be multiplied.

Incident p
energy (E)

in keV

30
40
50
75

100
125
150
175
200
225
250
275
300
325
350
375
400
425
450
475
500
750

1000

FBA

4.67[—1]
2.32[ —1]
1.25 [—1]
3.46[ —2]
1.22[ —2]
5.10[—3]
2.39[—3]
1.22[ —3]
6.72[ —4]
3.91[—4]
2.38[—4]
1.51[—4]
9.88[ —5]
6.66[ —5]
4.61[—5]
3.26[ —5]
2.35[—5]
1.72[ —5]
1.28[ —5]
9.69[—6]
7.41[—6]
8.54[ —7]
1.76[ —7]

OIs
eikonal

4.34[ —1]
2.44[ —1]
1.44[ —1]
4.53[—2]
1.72[ —2]
7.48[ —3]
3.61[—3]
1.89[—3]
1.06[ —3]
6.22[ —4]
3.83 [ —4]
2.45[ —4]
1.61[—4]
1.09[—4]
7.59[—5]
5.39[—5]
3.90[—5]
2.86[ —5]
2.14[—5]
1.62[ —5]
1.24[ —5]
1.44[ —6]
2.98[—7]

FBA

1.12[—1]
5.41[—2]
2.86[ —2]
7.41[—3]
2.46[ —3]
9.73[—4]
4.36—4]
2.16[—4]
1.15[—4]
6.52[ —5]
3.88[ —5]
2.41[—5]
1.56[ —5]
1.03[—5]
7.06[ —6]
4.93[—6]
3.52[ —6]
2.56[—6]
1.89[—6]
1.42[ —6]
1.08[—6]
1.18[—7]
2.38[—8]

eikonal

9.46[ —2]
4.11[—2]
2.33[—2]
7.69[—3]
2.96[—3]
1.28[ —3]
6.07[ —4]
3.12[—4]
1.71[—4]
9.92[ —5]
6.02[ —5]
3.79[—5]
2.47[—5]
1.66[—5]
1.14[—5]
8.01[—6]
5.74[ —6]
4.19[—6]
3.11[—6]
2.34[—6]
1.78[ —6]
1.99[—7]
4.02[ —8]

4.86[—1]
1.64[ —1 ]
6.46[ —2]
9.86[—3]
2.28[ —3]
6.87[—4]
2.48[ —4]
1.02[ —4]
4.68[ —5]
2.32[ —5]
1.23[—5]
6.87[—6]
4.02[ —6]
2.4S [ —6]
1.54[ —6]
9.98[—7]
6.64[ —7]
4.52[ —7]
3.14[—7]
2.22[ —7]
1.60[—7]
1.14[—8]
1.70[ —9]

0»
eikonal

3.62
1.20
4.S7[—1]
6.33[—2]
1.35[—2]
3.84[ —3]
1.32[ —3]
5.26[ —4]
2.33[—4]
1.13[—4]
5.85[—5]
3.21[—5]
1.85[ —5]
1.11[—5]
6.88[—6]
4.40[ —6]
2.90[ —6]
1.95[—6]
1.34[ —6]
9.41[—7]
6.72[ —7]
4.52[ —8]
6.50[ —9]

P
dn pfk '"

dQ Pfk

(12)

(13)

made a general computer code to calculate the zFI func-
tion over the entire complex plane of the argument, mak-
ing use of its proper analytic continuations. The func-
tions containing branch cuts in Eq. (11) are also comput-
ed with proper care. The convergence of the final one-
dimensional integral has been tested by increasing the
number of Gaussian quadrature points.

In view of the above calculations, we can calculate the
difFerential cross sections through the relations

(o

C0

N
(f)
0

1 01

100

-2
10

and
d o'Pp Pg kf'k (lgol'+lg+II'+Ig II')

Pf k.

'k (lgz, I'+Ig~, I') . (14)
Pf kg

The corresponding integrated cross sections are calculat-
ed using the formula

(15)

III. RESULTS AND DISCUSSION

We have computed the integrated cross sections of an-
tihydrogen formation in the ground and excited (2s, 2p)
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1Q
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2p

1Q
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Incident Antiproton Energy ( k e& )

FIG. 1. The integrated cross sections for antihydrogen for-
mation in the ground-state and n =2 level from the ground-state
Ps atom as a function of incident antiproton energy. lnd1-

cates present eikonal results and ———indicates our FBA re-
sults.
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states for the process p+Ps(ls)~H(ls, 2s, or 2p)+e in
the framework of eikonal approximation for difFerent in-
cident antiproton (p ) energies.

Table I displays the integrated cross-section results for
the antihydrogen formation in 1s, 2s, and 2p states from
the ground state of Ps for the incident energy range
30—1000 keV. Both the eikonal and first-order Born ap-
proximation (FBA) results are presented. The quoted
FBA values (post form) are derived by putting g; =0 in
our same computer program and they show good agree-
ment with those of Nahar and Wadehra [6], who have
studied the same process in the erst Born approximation.
However, it should be mentioned here that the present re-
sults in Table I are obtained using the post form of in-
teraction, while the results of Ref. [6] refer to the prior
form of interaction.

Figure 1 gives a visual comparison of the data quoted
in Table I. It is apparent from Fig. 1 that both the FBA
and the eikonal individual cross sections (ls, 2s, and 2p)
decreases gradually with increasing energy. The 2p

eikonal cross sections are always higher than the corre-
sponding FBA results, while the 1s and 2s eikonal results
are higher than the FBA cross sections for energies «30
keV and «60 keV, respectively. It is also evident from
Table I and Fig. 1 that for eikonal approximation, the
capture into the 2p state is higher than into the 1s and 2s
states at impact energies ~75 keV for 1s and ~250 keV
for 2s. The same condition is also noted for the FBA re-
sults but for different energy limits. This feature is in
conformity with the earlier theoretical [7] findings, which
studied the same process in the low-energy region.

It is evident from Table I that below 7S keV,
oz(crz=oz, +oz~) &o „, i e., in this energy region, cap-
ture into excited states is higher than that in the ground
state, while from 75 keV and onward, the ground-state
capture cross section dominates. It may also be noted
from Table I that the total eikonal cross section
(o.=o „+crz, +crt~ )is always higher than the corre-
sponding FBA value throughout the energy region con-
siderd in this work.
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