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Common eigenstates of two particles' center-of-mass coordinates
and mass-weighted relative momentum
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We give the explicit form of the common eigenstate Ig') of the center-of-mass coordinate p, , Q, +pzQz
and the mass-weighted relative momentum p2P& —p&P2 of two particles, which is more complicated than
the common eigenstate of the other pair of commutative operators Qz

—Qi and P&+Pz. The orthonor-
mal and completeness relation of Ig) are investigated easily by virtue of the technique of integration
within an ordered product of operators. The normally ordered squeezing operator for p, Q, +pzQz and

y,zP, lz, Pz is—also derived by using the Ig) representation.

PACS number(s): 03.65.Ca, 03.65.Fd

I. INTRODUCTION

mp
Pi + ~ P2 + ~ Pi+P2

m& m2 m) m2
(2)

are the reduced masses, and mi (mz) is the mass of the
first (second) particle. In solving dynamical problems it is
frequently useful to convert from individual particle
coordinates Q, and Qz to center-of-mass and relative
coordinates (correspondingly, the individual particle mo-
menta transform to total momentum and mass-weighted
relative momentum) [3]

In Ref. [1] the explicit form of the common eigenvec-
tors Izi) of the relative position Qi —

Qz and the total
momentum P, +Pz of two particles are constructed. The
fact that [Q, —Qz, P, +Pz]=0 was considered by Ein-
stein, Podolsky, and Rosen [2] in their argument that the
quantum-mechanical state vector is not complete. As
shown in Ref. [1] the state Izl), expressed in two-model
Fock space, is given by

Izl &
= exp[ ,'IrlI'+g—a—t zl'bt+a —b ]IQQ), (1)

where [a,a ]=[b,b ]=1, IQO) is the ground state. Hav-
ing noticed another commutator [Q i +Qz, P i Pz ]=0, —
the simultaneous eigenstate of Q i +Q z and P i Pz is-
also derived in Ref. [1]. In the present work we go a step
further to consider the common eigenstate of the center-
of-mass coordinate Q, =piQ, +pzQz and the mass-
weighted relative momentum p2P, —p, P2 —=P„, where

Qc.m. P'1Q1+P2Q2 ~ Qr =Qz
—Ql

P, ~ =P)+P2, P, =P2P j
—PIP2

(3)

(4)

Since [Q, ,P„]=0, it is meaningful to construct the
simultaneous eigenstates of Q, and P„ in terms of con-
ventional creation and annihilation operators. We shall
make full use of the technique of integration within an or-
dered product (IWOP) [4] of operators to examine the
orthogonality and completeness relation of such eigen-
vectors. As one can see from Sec. II, these eigenvectors
take more complicated forms than Eq. (1), as they must
be p& or p2 dependent. In Sec. III we study orthonormal
and completeness properties of Ig). In Sec. IV we derive
the squeezing operator for both Q, and P„.

p 2

Ig) = exp — + —[(p, +p )g'+(p —p )g']a

II. THE COMMON EIGENSTATES
OF Q, AND P,

We show that in the two-mode Fock space spanned by
tnbtm

Inm &
= IQQ)

n!m!
the common eigenstates of Q, and P„are all given by

[( z z)(atz btz) 4 lz atbt] ~

IQQ)
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where g=g&+i g2'is an arbitrary complex number, and

A, =2(p, +pz) . (7)

(uia+C z»~k&=[&~ki —
(C ia'+Verb')]lk&

(p, b —p,a)lg& =( i&ag, p—,,at+@,bt)lg & . (12)

We want to prove that ~g& is the common eigenstate of
the pair operators

Q, = —[p)(a+a )+@2(b+b )],1

P„= [p,(b b)—p~(a——a )] .
2l

For this purpose we act with a and b on
~ g &, respectively,

to derive

—(p)g)+ ~ pp(2) —4
2 P&P2

Combining the results of Eqs. (11), (12), and (6)—(8), we
obtain the eigenvalue equations

1/2

Q. Ik& = — 4) && =v'p', +p,'k, lk&, (»)

1/2

kit&=V Pi+@2/2 g& (14)

In particular, when p, =p2, Eq. (6) reduces to Eq. (14) of
Ref. [1]. Comparing Eq. (6) with Eq. (14) of Ref. [1],we
see that the former is more complicated than the latter,
so the generalization in this section is nontrivial.

+ Z(V2 Vi)a—' ~4&

2 . PtP2—(p2$1 lP, 1/2) 4
~

a

—
Z(p2 —Vf)b' ll& .

It then follows from Eqs. (9), (10), and (7) that

(9)

(10)

III. SOME FROFER TIES OF
~ g &

We now examine if
~ g & spans a completeness relation.

By virtue of the I&OP and the normal ordering form of
the two-mode vacuum projector

~00&&00~ =:exp[ —a a —b b]:, (15)

we can easily perform the following integration:

:exp — + — p&+p2 a +b + p&
—

p2 a —b

—a ta bb+ ——[(p, —pz)(a b)+(p, +—p2)(b +a)]

+—(pz —p f )(a —b" +a b) p,p2—(a tb —t+—ab) "=1

Next we calculate the overlap & g'~ g &. In terms of (13)—(14) we see that

1/2
2

(17)

Thus

(18)

which leads to

(19)

Hence ~g& is an orthonormal eigenstate of Q, and P„.

IV. SIMULTANEOUSLY SQUEEZING UNITARY TRANSFORMATION FOR Q, and P,

Since [Q, ,P„]=0,it is possible to derive the squeezing operator for both Q, and P„. After using g=g, +igz and
reexpressing ~g& as
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= exp — + —[(p]g]+]pg2)a +(p2(] ]'p]$2)b ]2 A,

——p]p2atb + (a b— ) ~00), (20)

we construct the following integral form unitary operator:

d
(21)

where cr and p are two independent positive numbers. The unitarity of U can be seen from (19) by calculating

UU =ov o
d 2$

Using (15), (20), and (7) as well as the IWOP technique, we can perform the integration in (21) and obtain

U =Ho vI:exp ' — (1+o ) — (1+v )+ g] [(p]a +p2b )cr +p]a +p2b]
4 2 2

4P ]P2+ g 2[( p2a
t p, bt—)v p2a+—p, b] — (a b +ab)

+ (at2 bt +a —b) —a—ta bb ". —

2vov 1
exp [(cr'—v')(p', +p', )(a '+b ')

+[(p22 —p2)(at2 —b ) —4p,p2a b ](1—o v )I

a
X:exp (a b~)(g —1) b

. exp I(v —o. )(p, , +p2)(a +b )

+ [(p2 p, )(a b)—4p, p2a—b](o —v 1)]— (22)

where 1 is a 2 X 2 unit matrix, and

o.p](1+v )+vp2(1+cr )

(1+o )(1+ ), g ~ [(1+ 2} (1+
Note that

—p,p2[(l+o )v —o(1+v )]
o.p2(1+ v }+vp]( 1+o )

(23)

4vcr
detg =, gL

op2(1+v )+vp, (1+o ) p,p2[(1+cr )v o(1+v—)]

crvg p,p2[(1+o )v cr(1+v—)] crp](1+v )+vp2(1+cr )
(24)

Let

a
S=:exp (a bt)(g —1) (25)

where

=(g )]]a +(g )]2b
—[2k, (g ')»+ (g ' ),2k3 ]a

)1lk3+2(g )12k2]b (27}

we can derive

sas '=(g ')„a +(g ')„b,
sbs '=(g '},a +(g ') b .

It then follows from Eqs. (25), (26), and (22) that

(26)

[(1—cr'v')(p2 —p] )+ ( o' —v')(p2]+ p,') ],1

[(cr'v' —1)(p2 —p] )+(o' —v')(p, +p', )],1

(o v —1).4P&P2 2 2

A,L

(2&)
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Similarly, we have

UbU '=(g ')z, a +(g ')22b

—[2k, (g ')2, +(g ')22k3 ]a
—[(g ')2,k, +2(g ')2zk2]b

As a result of Eqs. (27)—(29) and (8), we obtain

UQ, U '=tr 'Q,

UP U '=v 'P, .

(29)

(30)

(31)

APPEND1X

Here we give a rigorous proof for Eq. (15). Without
loss of generality we prove ~0) (0~ =:e ' '. for the
single-mode case. Actually, supposing ~0)(0~ =:W:, W
is to be determined. From the completeness relation of
the Fock state

oo a~"

„=o
' &n!

Comparing Eqs. (30) and (31), we see that U is indeed an
operator simultaneously squeezing Q, and P„We.can
also employ the normally ordered form of U to calculate

UQ
g [(p2 p't )(p'tQ] +p2Q2 )

2

we have

1= y ~!n )(n'~
&n n'! dZ'

'n
e)n

z'=o

+~v(S i+V2)(VtQ2 —
C 2Qt)] (32) =ea d/dz ~0) (Q~ez a .e 0 Q~. (A 1)

2
UP, U '=

~ [(p2 —p, )(pzP, ptP2)—
vA,

+~v(Pl +92)(P1P1 +I 2P2 ) ]

Especially, when p, t
=p2, Eqs. (32) and (33) reduce to

U(Vi=V2)Q, U '(Vi=u»=vQ,

U(p, —p2)P, m U '(p) —p~) —uP, m

(33)
Then we use the property of the normal ordering symbol,
that is, the symbol:: which is within another symbol that

aa —aacan be deleted, to compare (Al) with 1=:e' 'e ' ': and
—a~aobtain:8'. =:e ' '.. Further, using the mathematical

formula

In summary, we have found a representation ~g) in
two-mode Fock space, which possesses orthonormal and
completeness relation. The IWOP technique plays an
essential role in our derivations.

and the property that the order of Bose operators a, b and
a, b t within:: can be permuted, we perform the integra-
tion of Eq. (16) to reach the result of completeness of

~ g ).

[1]Fan Hong-yi and J. R. Klauder, Phys. Rev. A 49, 704
(1994).

[2] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).

[3] Fan Hong-yi and J. VanderLinda, Phys. Rev. A 43, 1604

(1991).
[4] Fan Hong-yi, H. R. Zaidi, and J. R. Klauder, Phys. Rev.

D 35, 1831 (1987); Fan Hong-yi, Phys. Rev. A 47, 2379
(1993)~


