PHYSICAL REVIEW A

VOLUME 51, NUMBER 4

APRIL 1995

Correlation of radiation-field ground-state fluctuations
in a dispersive and lossy dielectric

T. Gruner and D.-G. Welsch
Friedrich-Schiller Universitit Jena, Theoretisch-Physikalisches Institut, Maz- Wien Platz 1, D-07743 Jena, Germany
(Received 11 October 1994)

The correlation of the quantum-mechanical ground-state fluctuations of the electric-field strength
in a dispersive and lossy linear dielectric are studied in terms of the symmetrized autocorrelation

function, with special emphasis on the optical frequency domain.
quantization scheme developed by Huttner and Barnett [Phys.

Starting from the canonical
Rev. A 46, 4306 (1992)], the

analysis is based on a quantization of the phenomenological Maxwell theory, the effect of the medium
being described by a frequency-dependent complex permittivity. In this way, the spectrally resolved
ground-state autocorrelation function of the electric-field strength can be expressed in terms of the
real and imaginary parts of the refractive index. Both analytical and numerical results are presented
and the effects of dispersion and absorption including their dependence on the frequency interval
chosen are discussed. A comparison with the vacuum fluctuations in free space is given.

PACS number(s): 42.50.Ct, 42.50.Lc, 03.70.+k

I. INTRODUCTION

As is well known, the vacuum fluctuations (ground-
state fluctuations) of radiation fields play an impor-
tant role in both the basic theoretical concepts of quan-
tum electrodynamics [1] and the practical application of
quantum-optical schemes for generation, processing, and
detection of nonclassical light. A typical example is the
spontaneous emission of light by an excited atom inter-
acting with the vacuum radiation field. In this process
vacuum fluctuations and self-reaction can be regarded as
essentially contributing to the dynamics of the optically
active electron [2,3]. In particular, using symmetrized
correlation functions, a physically well defined separa-
tion between the two contributions can be made which
from a statistical-mechanics point of view is consistent
with the usual physical pictures associated with vacuum
fluctuations and self-reaction [3].

When (source) light together with the vacuum passes
through passive optical instruments, the effect of vacuum
fluctuations on the quantum statistics of the output light
requires a careful consideration. For example, dividing a
signal beam by a beam splitter into two output beams,
the vacuum field in the unused input channel introduces
additional noise in the output beams, which may be re-
duced by the use of a squeezed vacuum in place of the
ordinary vacuum in the unused input channel [4]. The
problem of additional noise introduced by vacuum fluc-
tuations is also observed in optical processing based on
active devices, such as quantum amplifiers [5,6].

The above beam-splitter example already shows that
it is necessary to take into account the presence of op-
tical instruments when considering the quantization of
radiation fields. In principle, optical instruments could
be included as a part of the matter to which a radia-
tion field is coupled and treated microscopically. How-
ever, there is a class of instruments whose action can be
included phenomenologically in the quantization proce-
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dure, namely, passive macroscopic bodies that respond
linearly to the radiation field under study. Moreover, if
the dispersion and absorption can be disregarded, such
optical instruments can be regarded as dielectric bodies,
with a refractive index that may vary in space. The pres-
ence of optical instruments of this type can be taken into
consideration by quantizing the radiation embedded in
a dielectric with a space-dependent refractive index [7].
A canonical quantization scheme for radiation fields in
linear dielectrics with a space-dependent refractive index
was developed by Knoll, Vogel, and Welsch [8] and later
by Glauber and Lewenstein [9] (for applications see, e.g.,
[7,9-12]).

If the quantum statistical properties of short-pulse
light that propagates over long distances in a dielectric
are desired to be studied, the effects of dispersion and
absorption must be taken into consideration. A typi-
cal example is the propagation of quantum solitons in
optical fibers [13]. In this context the question arises
of how to quantize radiation fields in dispersive and
lossy linear dielectrics to correctly describe their quan-
tum features including the vacuum fluctuations, that is,
the radiation-field fluctuations in the ground state of the
coupled light-matter system. There have been a num-
ber of approaches to this problem [14-20]. Using the
Hopfield model of a linear homogeneous dielectric [21]
and representing the medium by a collection of inter-
acting bosonic matter fields (a polarization field and a
continuum of reservoir fields), Huttner and Barnett [18]
presented a canonical quantization scheme for the elec-
tromagnetic field in the dielectric (for applications see
[22,23]). It is worth noting that both the dispersion and
the absorption by the medium are taken into account in
a quantum-mechanically consistent way.

Starting from the Huttner-Barnett scheme, we will
show that the influence of the medium can entirely be
described in terms of the complex frequency-dependent
permittivity, so that this scheme should also be appli-
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cable to media other than the harmonic-oscillator media
considered in the derivation. In particular, introducing
frequency-dependent radiation-field operators and ex-
pressing their commutators in terms of the complex per-
mittivity, we may regard these commutation relations as
a general prescription of quantization of the phenomeno-
logical Maxwell theory of radiation in a dispersive and
lossy linear dielectric. To test the consistency of the
quantization scheme, we show that it yields the well-
known commutation relations of the field operators at
equal times and that in the case of vanishing dispersion
and absorption the familiar quantum theory of radiation
in a dielectric with constant refractive index is recog-
nized.

Clearly, dispersion and absorption may be expected to
essentially affect the quantum statistics of radiation in a
(linear) dielectric. In the present paper we analyze the
effect of dispersion and absorption on the correlation of
the ground-state fluctuations of the radiation field, with
special emphasis on optical frequencies. Both analytical
and numerical results are presented and a comparison
with the correlation of the vacuum fluctuations in free
space is given. Following the arguments given in Ref.
[3], the analysis is based on the symmetrized correlation
function of the electric-field strength, the properties of
which have been studied extensively for the cases of both
the free-space vacuum (for example, see [24]) and the
blackbody radiation [25].

The paper is organized as follows. In Sec. II the quan-
tization of the phenomenological Maxwell theory of ra-
diation in a dispersive and lossy linear dielectric is per-
formed. In Sec. III the theory is applied to the determi-
nation of the correlation of the ground-state fluctuations
of the electric-field strength. Finally, a summary and
some concluding remarks are given in Sec. IV.

II. QUANTIZATION OF THE
PHENOMENOLOGICAL MAXWELL THEORY
FOR A DISPERSIVE AND LOSSY DIELECTRIC

In the phenomenological classical Maxwell theory the
propagation of radiation in a dispersive and lossy linear
(homogeneous and isotropic) dielectric is frequently de-
scribed by the equations

curl E = —B,
curl H = D,

divB = 0, (1)
divD =0, (2)

where B = uoH and the displacement field D(r,t) is re-
lated to the electric field E(r,t) as follows:

D(r,t) =€ [E(r, t) + / dr x(7)E(r,t — T)J ,  (3)
0
which in the Fourier space reads as
Q(ra w) = GOG(W).E_(I',W), (4)

where

e(w) =1+ Loo dr e x (1) (5)
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is the frequency-dependent complex permittivity intro-
duced phenomenologically. Expressing the electric and
magnetic fields in terms of the vector potential,

E(r,w) = iwA(r,w), (6)

B(r,w) = curl A(r,w), (7)

the Maxwell equations (1) and (2) are satisfied when

AA(r,w) + i—ze(w)é(r,w) =o0. (8)

To give a quantized version of this theory, let us start
from the Huttner-Barnett (HB) model of quantization.

A. The Huttner-Barnett quantization scheme

As mentioned, the HB quantization scheme [18] is
based on a microscopic model of Hopfield type [21]. To
describe the interaction between the electromagnetic field
and the dielectric medium, the latter is represented by a
collection of matter fields. The electromagnetic field is
coupled to a polarization field which for its part is cou-
pled to a reservoir to allow for absorption. Assuming
that the polarization field is a single-frequency harmonic-
oscillator field and the reservoir comprises a continuum
of harmonic oscillators, the Hamiltonian of the transverse
fields of the overall system can be diagonalized to obtain

=3 /de»k/owdwnwé;(k,w)@(k,w), )

A=1,2

where the operators Cy(k,w) are linear combinations of
the bosonic destruction and creation operators of the
transverse medium excitations and the photon destruc-
tion and creation operators.

The elementary excitations described by the Hamilto-
nian (9) can be regarded as polaritons. Their creation
and destruction operators C’I‘ and C\ satisfy the familiar
boson commutation relations

[C’,\(k,w),é:{,(k’,w’)] =6k — K)6(w — '), (10)

[(:u(k,w),éx (k’,w’)] =0, (11)
so that in the Heisenberg picture they evolve as
Ca(k,w,t) = Cxr(k,w,t') e @ Et=t), (12)

The diagonalization implies that both the medium and
the electromagnetic (transverse) fields can be expressed
in terms of the elementary-excitation creation and de-
struction operators C’l and C‘A, respectively. From in-
spection of the relations given in [18] one can prove that
the effect of the medium is entirely determined by the
frequency-dependent complex permittivity e(w),
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e(w) = € (w) + i€;(w) (13)

(e» = Re{e}, ¢, =Im{e}). In particular, the operators of
the vector potential and the electric- and magnetic-field
strengths of the radiation field may be represented as

< 1
A(l‘) = (271'—)375 [_ Ze/\

e \:1
X /oodw —wig—)—c)\(k w)e®* + Hec.
0 w?e(w) — k2c? ’

(14)

B(r) = (27r)3/2/ \/72(”(1()

= w? 6,,((4)) A ik-r
X[) dw [WC,\(I(,W)G — H.c. N

(15)

B(r) = Goys / 3k\/—2k x ex (k)
x /0°°dw l:#;i_(u:ﬁé)\(k,w)eik" —H.c.

and the displacement field reads as

D(r) = (2‘"_—1)3/5 d3 ”weo ZeA

x /O°° dw[(eoe(w) 2 ') k2c2 - \/el(w)

xé’k(k,w)eik" - Hc} (17)

Note that there is no dispersion relation. In principle,
for each value of w excitations of arbitrary wave-number
vectors k contribute to the fields. Clearly, the main con-
tributions to the radiation field result from excitations
whose |k| values are in the vicinity of (w/c)y/e [k| =
(w/€)V/€], as can be seen from inspection of Egs. (14) -
(16).

B. Frequency-dependent field operators

To introduce (with regard to the Maxwell equations in
Fourier space) frequency-dependent field operators, from
inspection of Egs. (14)—(16) the non-Hermitian opera-
tors

a(r,w) = = %n(w)
5 /oo Pk Z )‘(k) i)‘(g(,w)e k-r (18)
—oo A=1 (Z) e(w) — k2
and
. 2
Br.w) = Goyare /dkée,\ Ok, w)e™ ) (19)
where

k(w) = Im{\/e(w) }, (20)
n(w) = Re{q/e(w) }, (21)

are suggested to be of special interest. Applying Egs. (10)

and (11), a(r,w) and af(r,w) are found to satisfy the
commutation relations

{éi(r,w),ﬁ;(r’,w’)]

exp [_% n(w)Ar]

_ ' - [w
= 8w — ')Ay %n(w)A'r‘ sm[; W(W)A'r],
(22)
(8i(r,w),8;(r',w")] = 0. (23)
Here the abbreviation
Ar =|r -1/ (24)

is used and the action of A;; on an arbitrary function of
space F(r) is defined by

AijF(r) = /—00 d3r’ 5;';(1' —r')F(r'), (25)

where

1 [ kiki \ e

is the transverse d function. The commutation relation
(22) is closely related to the correlation of the ground-
state fluctuations of the radiation field in a dispersive and
lossy dielectric [Eq. (59) in Sec. III]. Using Eq. (19) and
the commutation relations (10) and (11), we deduce that,
on recalling Eq. (25), the operators f(r,w) and f'(r,w)
satisfy the commutation relations

[f‘i(ra w)af}(r’awl)] = 5(‘-‘1 - wl)Aij(ss(l' — l‘l)
=6(w— )i (x — 1), (27)

~—
>

i(r,w),?j(r',w')] = 0. (28)
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Finally, the commutation relations between a(r,w) and
f(r,w),ff(r,w) are found from Egs. (18) and (19) to-
gether with Egs. (10), (11), and (25):

[a:0, ), £ (r,)]

= —6(w— W')1 / % k(w) Aﬁi exp [z% \/e(_wSAr],
(29)
J

[a,-(r,w),a;(r',w')] = %J(w - w')e—vm{amn[
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[ﬁi(r',w'),f'j(r,w)] = 0. (30)
The field commutators considered above reflect the prop-
erties of the medium only through the real and imaginary
parts of the permittivity e(w). Hence, for an arbitrary di-
electric [with €(w) being given phenomenologically] the
commutation relations (22), (23), and (27)-(30) may
be regarded as the definitions of the operators a(r,w),
(a1 (r,w)] and £(r,w) [£'(r,w)]-

Applying Eq. (25), straightforward calculation yields
the commutation relations in the following explicit forms:

sin BAr + 1 B cos BAr + ysin BAr
Ar (Ar)? B2 +~2

(v? — B?) sin BAr + 2vB(cos BAr — eYAT)
+ Ar(B? +~2)2
Ar, Ar, | sin BATr 3 B cos BAr + vsin BAr
~ (Ar)? Ar (Ar)? B2 +~2
L7 =p)sin ﬂfr + 29 feos fAT - e”“))] } (31)
(8% +v?)
8a(e', ), B (r,0)] = =y 2600 — ) expli(8 + i) ArlI(8° — 47 + 2i) (Ar)*|
x [‘51'1'((/62 — 4% +2iBy)(Ar)? + i(8 + iv) Ar + exp[—i(B + iy) Ar] — 1)
Ar;Ar; 2 2 . 2 . . " ;
~anz (O = 2BvNAT)T i + i) Ar + 3{exp(—i(B + i7)Ar] — 1})}, (32)
I
where the quantities where
=2 1 [hw
p=n) 33) Aw) = gy ). (39)
Y= %"i(“-’) (34)  Further, from Egs. (17) and (19) we see that the displace-

are introduced. Note that in the limit Ar — 0 the com-
mutator [éi(r,w),ﬁ;(r',w')] tends to (2/3)d;;0(w — w').

C. Phenomenological field quantization

We now express the operators of the vector poten-
tial and the electric-field strength in terms of the oper-
ators a(r,w) and af(r,w). For this purpose we combine
Egs. (14)—(16) and (18) to obtain

Ar) = A ~ do A(w)a(r,w) + He., (35)
B(r) =i L ~ dw wA(w)a(r,w) + He., (36)
B(r) = curl A(r), (37)

ment field D(r) can be expressed in terms of a(r,w) and
f(r,w) as

D(r) =i A ~ du [weoe(w) A(w)a(r, w)

—eoF(w)f(r, w)] + Hec,, (39)
where
Fw) = 2¢4/ % K(w) Aw). (40)

Recalling Eq. (12), from Egs. (18) and (19) we easily
see that in the Heisenberg picture a(r,w,t) and f(r,w,t)
evolve as

—iw(t—t")
b

a(r,w,t) = a(r,w,t') e (41)

f(r,w,t) = f(r,w,t) et (42)
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Hence, complementing in Eq. (35) a(r,w) and a'(r,w) by
exp(—iwt) and exp(iwt), respectively, we obtain a Fourier
representation of the (Heisenberg) operator of the vector

potential A(r, t):

A(r,t) = / ~ dw e A (r,w), (43)

-0
where

A(r,w) = A(w)a(r,w) (44)

[note that A(r, —w) = ~A?(r,w)]. Equation (44) reveals
that [apart from A(w)] a(r,w) corresponds to the Fourier
transform of the operator of the vector potential A(r, t).
Similarly, the Heisenberg operators of the electric- and
magnetic-field strengths can be represented as, according
to Egs. (36) and (37),

E(r,t) = /;00 dw e ™tE(r,w), (45)
E(r,w) = iwA(r,w) = iwA(w)a(r,w), (46)

and
B(r,t) = /- " dw e B(r, w), (47)

B(r,w) = curl A(r,w) = A(w) curl a(r, w). (48)

Finally, Eq. (39) implies that

D(r,¢) = /_ " dwe=tD(r, W), (49)

D(r,w) = eoe(w)E(r,w) — eoF (w)f(r,w). (50)

Substituting in the phenomenological Maxwell equations
(1) and (2) for the fields E(r,w), B(r,w), and D(r,w)
the results of Eqgs. (46), (48), and (50), respectively, we
find that

2

A&(r,w) + ‘;’—ze(w)a(r,w) =4[ —

K(w) f‘(r, w), (51)

2mc

which is of course consistent with the definitions of
a(r,w), Eq. (18), and f(r,w), Eq. (19).

Equations (43) - (51) together with the commutation
relations (22), (23) and (27), (28) may be regarded
as the quantum-theoretical version of the classical phe-
nomenological field theory [Egs. (4)—(8)]. The micro-
scopic model primarily used does not explicitly enter
into the equations and the effect of the medium is fully
taken into account by the real and imaginary parts of
the frequency-dependent permittivity €(w) satisfying the
Kramers-Kronig relation.

The quantized theory must of course be consistent with
the canonical commutation relations of the fields at equal
times. Indeed, noting that from the analytic properties

of a given e¢(w) the relation
/ dw w exp [—fn(w)A'r] sin [En(w)A'r] = —c*né'(Ar)
0 c c

(52)

can be proved (see the Appendix), the familiar equal-
time commutation relations can easily be derived. In
particular, we obtain

[Ai(r,t),l:]j(r',t)] = —ii;‘aé(m). (53)

Another test of the consistency of the theory is the
behavior in the limit e(w) =1 [e,(w) = 1, €;(w) = 0]. In
this limit, from Eq. (22) the operators

(k) = @ /:o dw /[K[on (@)

1 b .
X W/ d3r e_'k"ex(k) -a(r,w) (54)

—O00

are found to satisfy the photonic commutation relations
[&,\(k), a;(k)] = Sax O(k — k') (55)

and the vector potential A, Eq. (35), takes the familiar
form

A I ™ h
A(r):wgl/_wd kdme,\(k)

x [ax(k)e™ ™ + H.c.]. (56)

It is worth noting that there is an essential difference
between the classical and quantum-theoretical descrip-
tions. Comparing Eq. (50) with Eq. (4), we see that
in the quantum constitutive equation (50) an additional
term oc 1/k(w) f(r,w) appears which gives rise to the in-
homogeneous wave equation (51) in place of the homo-
geneous equation (8). This term is obviously required to
correctly describe the additional (quantum) noise intro-
duced by the absorption of light by the medium. Only in
the case when the losses are disregarded [k(w) =0] can the
classical constitutive equation be directly transferred to
quantum theory. Clearly, in this case a(r,w) and af(r,w)
can be regarded as basic-field operators. They satisfy the
homogeneous wave equation [Eq. (51) with x(w)=0] and
their commutation relations are given by Egs. (22) and
(23).

In the general case of dispersion and absorption (re-
lated to each other by the Kramers-Kronig relation) both
the operators a(r,w) and f‘(r,w) appear. It should be
pointed out that a(r,w) and f'(r,w) are not independent
of each other. Regarding Eq. (51) as the spatial-evolution
equation for a(r,w) and the term o /k(w) f'(r, w) as the
source field, we easily see that Eq. (51) is solved by
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o f'(r’,w)exp[igw/e(w)lr’ —rl]
<o o]
(57)

Although this a(r,w) looks like a particular solution of
Eq. (51), we are not free to add a solution of the homo-
geneous equation. Recalling the commutation relations
for the f(r,w) and ff(r,w) [Egs. (27) and (28)], one can
prove that Eq. (57) yields the correct commutation rela-
tions (22) and (23) for a(r,w) and &'(r,w) as well as the
correct mixed commutation relations (29) and (30). Note
that Eq. (57) is in agreement with Egs. (18) and (19). Ex-
pressing, according to Eq. (19), the operators Cx (k,w) in
terms of f(r,w) and inserting the result in Eq. (18), we
just obtain the representation of a(r,w) given in Eq. (57).

We see that in the general case of a dispersive and lossy
dielectric being considered f(r,w) and ' (r,w) [in place of
a(r,w) and a'(r,w)] may be regarded as basic-field oper-
ators whose commutation relations are given by Egs. (27)
and (28). All the other fields, such as the vector poten-
tial and the electric field, can uniquely be obtained from
f(r,w) and fi(r,w). It is worth noting that in this quan-
tization scheme f(r,w) is not a Langevin (white-)noise
operator, frequently introduced in a (Markovian) relax-
ational treatment of losses. In particular, the average
of f(r,w) cannot be zero in general because, according
to Eq. (57), this average determines quantities, such as
the average of the electric-field strength, that essentially
depend on the coherence properties of the light.

h d?

Kmnl&07) = =420, ar?

oo
/ dwe 72" coswT
0

III. SYMMETRIC GROUND-STATE
CORRELATION FUNCTION OF THE
ELECTRIC-FIELD STRENGTH

Applying the results of Sec. II, we now turn to the
study of the correlation of the radiation-field ground-
state fluctuations in a dispersive and lossy linear die-
lectric characterized by a frequency-dependent complex
permittivity.

A. Basic equations

Following the approach frequently used in quantum
electrodynamics [24,26], let us consider the symmetric
correlation function of the electric-field strength,

Kpn(Ar,7) = %<O|Em(r, t +7)E,(r + Ar,t)
+E,(r + Ar, t) Ep (r,t + 7)[0).  (58)

Using Egs. (45) and (46) and recalling that (0|af(r,w)=
0=4a(r,w)|0), we may rewrite Eq. (58) as

K (Ar, 1)

-1 / dw / do’ A(w) A(wJw!
2Jo 0

x{[&m (r,w), &}, (r + Ar,w’)] e t+) "t

+ [n(r + Ar, o), &1 (r,w)] O (59)

Applying the commutation relation (31) yields

(Ar)?

» {6mnl:smAﬂrA'r + 1 (ﬂcosﬂAr + vysin BAr

ﬂz +f},2

(v? — B%) sin BAr + 270 (cos BAT — €7A7)
Ar(B% 4 42)?

B? + 2

_ Ar,,Ar, I:sin BAr 3 <ﬁ cos BAr + vsin BAr

(Ar)Z | Ar T (Ar)?

N (v2 — B%) sin BAT + 27 (cos BAr — e7A7)

A,,.(IBZ + 72)2

So far, Eq. (60) is exact. To perform the w integral,
knowledge of the dependence on frequency of the permit-
tivity of the medium actually considered is required. In
general, the calculation of this integral is hardly expected
to yield a closed solution.

B. Optical region

To illustrate the influence of a dielectric on the motion
of the vacuum fluctuations, we perform the w integral in

I

'7

Eq. (60) approximately. Restricting attention to optical
frequencies within an interval of width 2Aw,

wo — Aw < w < wy + Aw, (61)
Aw o1, (62)
wo

where wy is an appropriately chosen center frequency, and
assuming that dispersion and absorption are small on a
length scale of 37! and a time scale of w™!, we may let
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BAr)™t <1, (63a)

(wr) 'k 1. (63b)

Hence, in Eq. (60) in each set of large square brackets we
may keep only the first term to obtain

Kopn(Ar,7) = —kpmn(Ar)

d2 wo+Aw
/ dw e AT cos wT sin BAr,
w

x 27——2 0—Aw
(64)
where the abbreviation
h 1 Ar,, Ar
kmn A = T o A mn —r_n
(Ar) 4m2c2¢9 Ar [ (Ar)? } (65)
is used.

For a transparent medium, such as a fiber, it may fur-
ther be justified to approximate (in the frequency interval
chosen) the refractive index and absorption coefficients
n(w) and (w), respectively, as follows:

w
n(w) = 1o +m—, (66)
Wo

Kk(w) = k(wo) = Ko- (67)

Substituting in Egs. (33) and (34) for n(w) and k(w) the
(approximate) expressions (66) and (67), respectively,
Eq. (64) may be written as, on changing the integration
variable,

Kpn(Ar,7) = K. .(Ar,7) + K. (Ar, —7), (68)
d2

K:nn(Ara T) ~ _%kmn(Ar) F

+Aw
X / dw exp [—gno(wo—i—w)}
c

—Aw

2A
X sin ((U()Tl +wre +m bl —T) , (69)
wog C
where

Ar
1= (no + 771)7 -, (70)

A
T2 = (0 + 2n1)TT - (71)

In general, Eqs. (66) and (67) imply that (in the fre-
quency interval chosen) small losses are observed, so that

Ko K Mo + 7M1 (72)

In this case one can go on to simplify Eq. (69). Recalling
the conditions (72), (63a), (63b), and (62), we easily see
that, compared with sinfwor; + wrs + 71 (w?/we)(Ar/c)],
the exponential function exp[—(Ar/c)ko(wo + w)] is

slowly varying in w and may therefore be removed from
the w integral in Eq. (69). Further, replacing d?/dr? by
—w? (note that Aw/we < 1), we obtain
' 1 2
K] .(Ar,7) = %wokmn(Ar)

X exp (—ﬁ,‘{owg) exp(iwoty) I(Ar, T)
c

+c.c., (73)
where
+Aw 2 A
I(Ar,1) = %/ dw exp[i (w‘rz + nlw——r):'. (74)
—Aw wo €

Introducing the (slowly varying) amplitude

Kon (AT, 7) = wlkpmn(Ar)

X exp(—%wong> |[I(Ar,T)], (75)

Eq. (73) may be rewritten as
K! , (Ar,7) = Kpn(Ar, 7) sinjwery + or(A7,7)], (76)

where pr(Ar,7) is the phase of I(Ar, 7).

For the sake of transparency it may be convenient to
introduce the real phase and group velocities vpp(w) and
vgr (w), respectively,

w (&

Vph(W) = - = ——, (77
B Mo + 771w—
0
dw c
Vg (W) = — = ——— (78)
£ a8+ 2771(%
0

[cf. Egs. (33) and (66)]. It should be noted that in
classical optics complex wave numbers £k = g+ iy =
(w/e)[n(w)+ik(w)] are frequently introduced and complex
phase and group velocities w/k and dw/dk are defined.
As long as the dependence on frequency of the (small) ab-
sorption coefficient may be neglected [cf. Egs. (67) and
(72)], the real part of k essentially reflects the medium
dispersion [cf. Eq. (66)]. In this case the effect on light
propagation of the real part of the complex wave num-
ber B can well be distinguished from the effect of the
imaginary part of the wave number v and a description
in terms of the real phase and group velocities (77) and
(78) and the (real) absorption coefficient may be more
illustrative than the use of complex quantities.
Recalling Eqgs. (70) and (71), we see that

Ar

T = m - T, (79)
Ar
To = —’Ugr(wo) - T (80)

and Eq. (74) reads as
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+hw Ar
I(Ar,'r):%/ dwexp|i | ———v—~ —7 | w|.
ver (o0 + )
(81)

From inspection of Eq. (76) together with Egs. (75) and
(81) we see that (under the assumptions made) the di-
electric affects the slowly varying part of the correlation
function through the absorption coefficient and the group
velocity including its dispersion, whereas the effect of the
medium on the rapidly varying part is given by the phase
velocity and a (space-time dependent) phase shift owing
to the group-velocity dispersion.

In particular, Eq. (81) reveals that with an increasing
value of Aw the effect of the dispersion of the group veloc-
ity needs a careful consideration. It may be disregarded
when the frequency interval is sufficiently small, so that

where 7, is given in Eq. (80) [or Eq. (71)]. Note that

Aw Ar Ar
T2 £ 2m wo ¢ Vgr (Wo £ Aw) T (84)

Typical examples of the correlation of (optical)
radiation-field ground-state fluctuations are shown in
Figs. 1-3. Whereas in the vacuum (n =1, k = 0) the
fluctuations are strongly correlated to each other at the
space-time points on the light cone Ar/c~=+7 (Fig. 1), in
the case of a dispersive medium the range of strong cor-
relation is shifted towards the space-time points linked

nmm’q'o'v mmmm
KRR 'Q""‘ff
m (A

H’ ‘
| i ommo
“m"”"“” ’ mmo’o’o’m mm.o‘o‘o. il
T “"x‘&’u’u’o’mmmnomm i
%S““\’g“m‘« i .

"

(ArAw)/c 27 .

FIG. 1. The slowly varying amplitude of the symmetrized
ground-state autocorrelation function of the electric-field
strength K(Ar,7) = Kmn(Ar, 7)/[wikmn(Ar)] of the radia-
tion field in free space is shown for a frequency interval of
relative width Aw/wo=0.3.

(vgrAw) /vg: < 1, which means that 7;(Aw/we) K 1 [cf.
Eq. (74)]. In this case we may let vg; (wo+ 3 Aw) R vg, (wo)
and Eq. (81) simply reduces to

- 7') Aw] .

(82)

renn= [ -] nl(te

Clearly, for any finite value of Aw the dispersion of
the group velocity becomes observable when the dis-
tance Ar is sufficiently large (and the absorption is small
enough). The exact values of I(Ar,7) may be found
by expressing the integral in Eq. (74) in terms of Fres-
nel integrals S(z) = (2/v2m) [; dx sinz? and C(z) =
(2/V2r) [ dx cosz?:

Aw Ar 1 woC Aw Ar
av = il Bhed il oIy —= =0
T2+ 2m wo € )) +15(2 mAr <Tz +2m wo € ))

by the group velocity wvg (wo), i.e., Ar/vg(wo) = +£7
(Figs. 2 and 3). In a dispersive and lossy dielectric an
additional spatial exponential decay of the correlation of
the field fluctuations is observed, the characteristic length
¢/(kowo) being in agreement with the classical absorption
length (Fig. 3). Similar to the case of classical light prop-
agation, a radiation-field ground-state fluctuation that
has been created randomly at time ¢ and space r and

(ArAw)/c 27 N

FIG. 2. The slowly varying amplitude of the symmetrized
ground-state autocorrelation function of the electric-field
strength K(Ar,7) = Kmn(Ar,7)/[wikmn(Ar)] of the ra-
diation field in a dispersive dielectric is shown for a fre-
quency interval of relative width Aw/wo = 0.3. The val-
ues of the refractive index and the absorption coefficient are
n(we) = Mo +m = 1.46 (no = 1.1, ;1 = 0.36) and Ko =0,
respectively.
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FIG. 3. The slowly varying amplitude of the symmetrized
ground-state autocorrelation function of the electric- field
strength K (Ar,7) = Kmnn(Ar, 7)/[wikmn(Ar)] of the radia-
tion field in a dispersive and lossy dielectric is shown for a
frequency interval of relative width Aw/wo = 0.3. The val-
ues of the refractive index and the absorption coefficient are
n(woe) = no + 1M1 = 1.46 (o = 1.1, m = 0.36) and ko = 0.04,
respectively.

propagates through the dielectric [Ar/vg,(wo) = £7] can
be destroyed by absorption by the medium, the prob-
ability being increased with distance Ar. Clearly, the
absorption does not “remove” the fluctuations from the
field, which are a consequence of Heisenberg’s uncertainty
principle, but it destroys the correlation of the fluctua-
tions at different space-time points. Two contrary ten-
dencies in the behavior of the correlation of the field fluc-
tuations are observed when the value of Aw is increased.
First, the range of correlation is more restricted to the
vicinity of space-time points that satisfy the condition
A7 /vg(wo) = +7 (which in vacuum corresponds to the
light-cone condition). Second, the effect of group-velocity
dispersion implies that the range of strong correlation is
broadened with increasing distance (Fig.2).

IV. SUMMARY AND CONCLUSIONS

Starting from the HB quantization scheme for a micro-
scopic (Hopfield) model of a dispersive and lossy linear
dielectric, we have represented the radiation field opera-
tors in terms of frequency-dependent basic-field operators
whose commutators at different space-frequency points
depend on the medium only through the complex per-
mittivity €(w). This representation may therefore be re-
garded as a general prescription of quantization of the
phenomenological Maxwell theory for a dispersive and
lossy linear dielectric. In particular, in the limit when
€(w) — 1 the familiar quantum theory of radiation in free
space is recognized.

It is worth noting that the quantization requires an op-
erator constitutive equation (in Fourier space) that dif-
fers from the classical one in an additional term propor-
tional to the square root of the imaginary part of the
permittivity describing the losses. This term is required

to correctly describe the additional noise introduced by
absorption. In consequence of the modified constitutive
equation the operator of the vector potential satisfies an
inhomogeneous wave equation (in Fourier space) in place
of the familiar homogeneous equation in classical theory.
The inhomogeneous term o +/Im[e(w)]f(r,w) only dis-
appears when the losses are ignored.

Although the inhomogeneous term looks like a
Langevin random noise operator, this resemblance is
a formal one because the solution of the inhomoge-
neous wave equation that satisfies the correct commuta-
tion relations is fully determined by f (r,w). It should
be pointed out that in the limit of vanishing losses
(Im[e(w)] — 0) this solution satisfies the homogeneous
wave equation, with e(w) real. Since all field operators
can uniquely be obtained from f (r,w), this field may be
regarded as a basic field in the general case of a disper-
sive and lossy linear dielectric being considered. Clearly,
the average of f (r,w) cannot vanish in general.

The commutation relations of the radiation-field oper-
ators are closely related to the field fluctuations in the
ground state, which in the case of free space are the fa-
miliar vacuum fluctuations. Using the commutation rela-
tions valid in the case when the radiation field is embed-
ded in a dispersive and lossy linear dielectric, we have cal-
culated the symmetrized autocorrelation function of the
ground-state electric-field strength, with special empha-
sis on the optical region. Restricting attention to a trans-
parent medium, we have studied the influence of absorp-
tion, phase and group velocities, and group-velocity dis-
persion on the dynamics of the field fluctuations within
a frequency interval small compared with the center fre-
quency.

As expected, the absorption is responsible for a spatial
decay of the correlation of the field fluctuations. Fur-
ther, the light cone of strong correlation, which in empty
space is determined by the velocity of light in vacuum, is
now given by the group velocity in the medium, provided
that the spatial distance is not too large. With increas-
ing distance the range of strong correlation is smoothed
owing to the dispersion of the group velocity. Compared
with the case of free space, the effect of the dielectric on
the rapidly varying part of the correlation function can
be described by substituting for the velocity of light in
vacuum the phase velocity in the medium.

We finally mention that the theory may be extended
to describe the quantum noise associated with the prop-
agation of arbitrary light pulses in dispersive and lossy
linear dielectrics.

APPENDIX: PROOF OF EQ. (52)
To prove the relation
& w . [w 2 s
dww exp [~——K(w)Ar] sin [—n(w)Ar:' = —c*md'(Ar),
0 C c

(A1)

we first recall some properties of the dielectric function
€(w) =€*(—w), given in [27]. Tt is an analytical function



51 CORRELATION OF RADIATION-FIELD GROUND-STATE. ..

of the complex frequency Q in the upper complex half
plane without zeros and €¢(2) =1 for 2 — oco. In this half
plane the imaginary part of €(2) is positive (negative)
for the positive (negative) real part of Q. Further, along
the imaginary frequency axis €({2) is real, where its lower
bond is given by unity. These properties imply that for
positive real values of k£ and c the equation

Q%e(Q) — k32 =0 (A2)
cannot be satisfied when Q is in the upper half plane. To
show this, we decompose Q and € in real (Q,, €.) and
imaginary (€, €;) parts:

3255
Since
sgn{e;(Q)} =sgn{Q-}, sgn{l} =1, (A5)
Eq. (A4) reveals that
sgn{e.(Q)} = —sgn{Q2 — Q?}. (A6)

Hence the expression on the left-hand side in Eq. (A3)
cannot be zero. Note that this result is also valid for the
real and imaginary axes and the axis Q2 =0Q2.

Using the integral relation

oo -1
3y ikcar | W7 12
d’ke s€(w) —k
c

— 00

(92 — Q?) . (Q) — 20,96 (Q) — k*c? =0, (A3) o2 "
_ 2w A7
= ol ) o
(22 - QF) e:(Q) + 29,6, () = 0. (A4) we may write
|
> w . [w * o w w
d —— A — = — i —+/ —
/0 wwexp[ - K(w) r] sm[cn(w)Ar] A dw 5 {exp [z ; e(w)Ar] c.c.}
I Y Ar *° axar | [w? -t
=%/ dww (—m) /_oo Pk ek A { -c~26(w) - kz:l - c.c.}. (A8)
To evaluate the integral
1 o w? ,17} 1 [ w? -1
A dww { [c—ze(w) —k | - c.c.} = /_oo dww {C—ZG(w) - k2] ) (A9)
we recall that Q[(Q22/c?)e(22) — k2]~! has no poles in the upper complex half plane, so that
1 [ w? -1 1 n R202i0
= d w _ L2 R T 2 ; € _ ,
2t J_o v [cz cw) -k J 2i Rll—I)nooc [; udf R2e20¢(Ret®) — k2¢2 —3me’ (A10)
Combining Egs. (A8) and (A10), we finally obtain
° w . Tw AT [T aeAr Ar d(Ar)
/0 dwwexp[ cn(w)Ar] sm[zn(w)Ar] =c o /_ood ke = CZE(27T)35(AI‘) = czw—gr— = —c*né'(Ar).
(A11)
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