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Two-electron ejection from helium by Compton scattering
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Double ionization of the ground state of helium by Compton scattering is investigated using many-

body perturbation theory. Representative calculations of cross sections differential in the scattered
photon energy and angle are given to illustrate the nature of the process. Total cross sections for
single ionization and double ionization of helium and the ratio of these cross sections are presented for
energies from 2.5 to 20 keV. Current experimental data for the ratio due to both Compton scattering
and photoionization are in reasonable agreement with the corresponding calculations presented here.
However, comparisons of the present results with other calculations reveal substantial discrepancies.
Possible reasons for these differences at finite energies are proposed. Our results for double ionization

by Compton scattering have not reached an asymptotic limit.

PACS number(s): 32.80.Cy, 32.80.Fb, 31.15.—p

I. INTRODUCTION

One area in the study of atomic structure that has
been of interest for many years is the investigation of
the effects of the interactions (or correlations) between
electrons. Perhaps no single correlated system has been
the subject of as much investigation as the helium atom.
Several types of projectiles have been used to study this
system. Charged particles suffer &om the fact that they
interact with all of the electrons in the atom. Photons
are superior probes in this respect because one photon in-
teracts with mainly one electron. In principle, Compton
scattering of photons &om bound electrons can serve as a
valuable probe of atomic structure [1]. The main reason
for this is that the measured cross sections are approxi-
mately proportional to the momentum distribution of the
scattering charge.

Coupling this relationship to the availability of high
photon Buxes from synchrotron sources at energies where
it is expected to hold seems to make inevitable the in-
vestigation of correlations in helium by Compton scat-
tering. Such investigations have recently been reported
[2]. However, the motivation and chronology leading to
these experiments differ entirely from the reasons just
discussed.

In fact, the use of synchrotron sources in photon inter-
actions with helium has generally been motivated by the
desire to understand correlation effects in the photoeffect,
a problem that has been investigated on and off, using
other tools, for nearly 30 years [3]. The new synchrotron
based investigations have made possible observation of
the ejected electrons [4] and precision measurements of
the double to single ionization ratio [5—7] at energies near
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the photoeffect threshold. The extension of these studies
to much higher photon energies, where photoeffect calcu-
lations predict the double to single ionization ratio to be
a constant (approximately 1 7%%uo), s.eemed to be a logical
new direction.

Experiments measuring this ratio in the several keV
range have been complicated by the fact that such inves-
tigations do not distinguish between the photoeffect and
Compton scattering. Compton scattering is the domi-
nant ionizing process at high photon energies. Recently,
Samson, Greene, and Bartlett [8] noted that the agree-
ment at the highest energies between experimental data
and theory was curious because the theoretical predic-
tions were for the photoeffect and the experiments were
mainly measuring Compton scattering. A contempora-
neous effort to estimate this scattering contribution to
the double to single ionization ratio, at the highest ener-
gies measured by experiments, found substantially lower
values than those predicted for the photoeffect, but still
marginal agreement with experiment [9]. The agreement
of this estimate with the measured result is not partic-
ularly surprising because experimental uncertainties are
rather large and because the estimate was based on pho-
toeffect data, also in agreement with experiment.

While such estimates of the Compton contribution rep-
resent a useful start in furthering the understanding of
the experimental measurements of the double to single
ionization ratio, a more systematic study of double ion-
ization by Compton scattering is desirable for the follow-

ing reasons. A first-principles treatment of double ioniza-
tion by Compton scattering would dispense with the ad
hoc assumptions of prior estimates. More importantly,
a more complete treatment of correlations in Compton
scattering could be used as a starting point for investi-
gations that sensitively probe the effects of these interac-
tions on the momentum distribution of bound electrons.
Although only rigorous within the impulse approxima-
tion [10] to single ionization by Compton scattering, the
relationship between the measured cross section and this
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distribution (or Compton profile [11]) should be a valu-
able interpretive tool. A calculation that goes beyond
the impulse approximation should provide guidance on
the applicability of the impulse approximation to two-
electrori processes and on the importance of the inclusion
of final state correlations.

We recently evaluated the nonrelativistic A matrix
element for the double ionization of helium by Compton
scattering, using many-body perturbation theory, for in-
cident photon energies from 4 to 12 keV [12]. These
results were in agreement with the available experimen-
tal data. Our purpose here is to present the framework
used in these calculations, to extend these results over a
broader range of incident photon energies, and to more
thoroughly investigate this process. In the next section
we present the formalism used in our calculations and
discuss the validity of our approach. In Sec. III we give
additional numerical results, extending our calculation to
higher as well as to lower energies. We examine in more
detail structure observed in our previous results. Subse-
quent to our earlier work, several other authors have cal-
culated double ionization by Compton scattering within
the A approximation, obtaining results substantially dif-
ferent from ours [13,14]. We discuss possible reasons for
these discrepancies. In Sec. IV we present our conclu-
sions.

II. FORMALISM

An exact calculation of ionization by Compton scatter-
ing should start with the relativistic S matrix element for
the process. Evaluation of this amplitude for single ion-
ization of an atom by Compton scattering is a substantial
task and has only recently been accomplished with pre-
cision [15]. The prospects of extending this formalism to
the double ionization problem, particularly at the high
photon energies of experimental interest, seem rather re-
mote. For high incident and scattered photon energies,
the validity of using the A term of the nonrelativistic
interaction Hamiltonian [16,17] and approximations to
it [10,11] have long been assumed. A recent systematic
study, using the S matrix code [18], confirmed the valid-
ity of these approximate methods used to calculate single
ionization by Compton scattering for high photon ener-
gies.

Our treatment of the ejection of both electrons bound
in helium by Compton scattering starts from the nonrela-
tivistic A amplitude. The cross section doubly differen-
tial in scattered photon energy and angle is then written

d acs
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da
\[ I

Mf l
d(etdOt t,dB f ) Th 0 ~i )

2

x dPq dP2 4~ e' ' 'IJ I
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where && is the classical or Thomson scattering
deaf

cross section with Of being the solid angle of the scat-
tered photon. 41~~~ and El~~~ represent the many-body
wave functions and energies of the initial (final) atomic
states. w;(f) are the energies of the incident (scattered)
photons and p1 and p2 are the momenta of the ejected
electrons. k (ur) is the momentum (energy) transferred
to the atom during the process. In Eq. (1), the energies
of the two ejected electrons e„, and e„, satisfy energy
conservation

+CP2 = &+ EI.

As discussed above, choosing Eq. (1) as a starting point
represents a considerable simplification of the task from
that of a fully relativistic or S matrix calculation. One
may ask what has been neglected in using this approxi-
mation. Clearly, the approach neglects relativistic effects
in the initial and final states. These effects should be
fairly small in the helium atom. Additionally, contribu-
tions corresponding to a second-order evaluation of the
p. A terms of the nonrelativistic interaction Hamiltonian
are not included. These terms diverge at zero scattered
photon energies in all subshells (the infrared divergence)
and at scattered photon energies corresponding to Hu-

orescence lines in outer shell cross sections. The latter
divergences do not occur in scattering from the ground
state of helium as all electrons are in the K shell (such
divergences are readily removed in any case by including
the width of the state). The resolution of the infrared
divergence problem in this context has been discussed
elsewhere [18], where it was verified that accurate total
photon-atom interaction cross sections may be obtained
by adding photoeffect calculations and the A approxi-
mation to the Compton scattering cross section.

At the high photon energies of interest here the cross
section for single ionization of helium by Compton scat-
tering is adequately described by this nonrelativistic A
approximation. In Fig. 1 the expected agreement of the
A approximation with the results obtained using the S
matrix code of Suric et al. [15] for single ionization by
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FIG. 1. Results obtained within the nonrelativistic A ap-
proximation (solid curve) [20] and from the relativistic S ma-
trix (diamonds) [15,18] for the cross section doubly differential
in scattered photon energy and angle for single ionization of
helium by Compton scattering of 8-keV photons.
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Compton scattering is demonstrated at photon energies
typical of those considered in this report. Figure 1 also
demonstrates the low energies available to the electrons
ejected by Compton scattering. For 8-keV incident pho-
tons the energy transferred to the atom, equal to the
difference between the incident and scattered. photon en-
ergies, is likely to be less than several hundred eV.

Ideally one would evaluate Eq. (1) using exact wave
functions for the correlated initial and final atomic states.
While such wave functions may be obtained using the
variational method for the ground state and for some ex-
cited states of helium [21], no such wave functions are
known for the continuum three-body Anal state for arbi-
trary energy. One possible approach is to use the fully
correlated ground state wave functions with an approx-
imate wave function for the final state. Attempts to
evaluate the double photoionization cross section using
a correlated helium initial state and uncorrelated or ap-
proximate correlated final states have been successful in
predicting the ratio of double to single ionization (using
the velocity and acceleration form of the dipole opera-
tor) in the asymptotic region. However, this method has
also produced results that vary widely, depending on the
form of the dipole operator, at low ejected electron ener-
gies [22,23] such as those available in the present study.

Here we include the electron-electron interaction in
the initial and Anal states consistently, using many-body
perturbation theory (MBPT). We choose to apply this
framework to the current problem of the double ioniza-
tion of helium by Compton scattering for the following
reasons. (i) We have deinonstrated in Fig. 1 that, for the
case of single ionization, the scattered photon carries o8'
most of the energy of the incident photon and that the
ejected electron is likely to have little kinetic energy. We
expect this observation to hold as well for the case of dou-
ble ionization (i.e. , the final state energy shared between
the two ejected electrons should be small relative to the
incident photon energy). Accordingly one must take into
account the wave function of the doubly ionized state
in the low energy regime. In studies of the double pho-
toionization of helium, calculations performed using the
MBPT method agreed with experimental results over a
wide range of energies [24,25]. (ii) It is known that the
cross section for double photoionization within MBPT
formalism remains almost invariant under the change of
the form of dipole operator [25]. This invariance is a nec-
essary (although not sufficient) criterion for selecting a
valid theoretical framework. We are unaware of any other
theoretical framework for double photoionization which
preserves this invariance (even approximately). We sub-
sequently show in detail that the "generalized" length
L and velocity V forms of the A Compton scattering
amplitude for double ionization are identical in MBPT.
(iii) Since the basis functions of MBPT are constructed
as products of a radial wave function and an associated
angular function, the scattering amplitude can be cast in
the form of a partial wave expansion. This is quite conve-
nient in numerical calculations. These facts indicate that
the MBPT might be able to be successfully extended to
double ionization by Compton scattering.

The present theoretical framework is similar to that

used by Hino et al. in their study of the double photoion-
ization of helium [25]. The transition matrix element of
Eq. (1) is expanded in powers of the electron-electron
correlation interaction v. The basis set (P ) of the ex-
pansion with orbital energies e is constructed using the
V i potential defined in Eq. (9) of Ref. [25].

The four diagrams contributing in lowest order MBPT
to double ionization by Compton scattering are shown in
Fig. 2. In these diagrams it is understood that the hole-
hole interactions are incorporated to all orders to give
the ground state energy of helium

rather than the sum of the 18 orbital energies. While
one may not attach physical meaning to the individual
diagrams, they have acquired names that bring to mind
diferent physical mechanisms. The diagram labeled TS1
represents the so-called two-step-1 amplitude. This am-
plitude and the ground state correlation mediated by a
hole propagation (GSCh) amplitude result from expand-
ing the final state wave function in the electron-electron
interaction. The amplitudes labeled SO (shake-off) and
GSCp (ground state correlation mediated by a particle
propagation) [26] are associated with the initial state
wave function. The meaning of these diagrams as ini-
tial state or as Anal state correlations is fixed. However,
the actual contributions of the amplitudes are dependent
on the form of the interaction operator.

The transition amplitudes for these four diagrams are
expressed as

1s CP1 +~ (2)

rS1
P P

GSCP

1s P' 1s

GSCh

P P ls

FIG. 2. Lowest-order MBPT diagrams for double ioniza-
tion of helium by Compton scattering using the nonrelativis-
tic A approximation. The electron-electron interaction is
shown by a dashed line. It is understood that the hole-hole
interactions are incorporated to all orders to give the correct
Hartree-Fock energy for the ground state of helium. Exchange
diagrams are also included in the present calculations. The
individual amplitudes are called shake-off (SO), two-step-1
(TS1), ground state correlation particle (GSCp) and ground
state correlation hole (GSCh).
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as the difFerence between the generalized length form of
each of the amplitudes i given in Eqs. (2)—(5) and the cor-
responding generalized velocity form amplitude obtained
by using Eq. (10), we obtain

The one-body operator V „& representing the A interac-
tion of the applied electromagnetic Geld with an electron
is

ik-rV g
——e

AA = ——(is lv~, i, I
is) (pi I

v,„~I
is),

AA = ——(pi I
V,„gv~, i, I

ls) —AA

(12)

It is worthwhile to investigate the dependence of the
transition matrix element on the form of the interaction
operator in Compton scattering. To this end we first
define an alternative interaction operator V,'„, [27] by

V„'„, = [V,„t,Ho],

where Ho is the Hamiltonian of the target atom. If the
wave functions Ql and v/i~ are exact eigenfunctions of Ho
(and assuming energy conservation), the following rela-
tionship holds:

= —(is
I
V,„t I

1s) (pi I v„ i, I
1s),

(d

AA = ——(pi IV,„tv„,i, lis) —AA

where
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(i5)

The squared magnitude of the matrix element
(@x Iv, „q lgl) is proportional to the generalized oscillator
strength (GOS). One may also write

The difference between the forms of an individual am-
plitude is not zero. Therefore the cross sections corre-
sponding to each amplitude depend in general on the
form of the interaction operator. Provided that our
lowest-order perturbation is a good approximation, the
right-hand sides of Eqs. (12)—(15) should cancel when
summed. In the present case they cancel exactly, as was
the case f'or double photoionization [25]:

These diferent forms of the operator have been used
by Kim and Inokuti [27] in calculations of the GOS for
helium. Appealing to the behavior of these forms at very
low momentum transfer (i.e. , k -+ 0), the two expres-
sions become the matrix elements of the length and ve-
locity forms of the dipole operator. In this context, the
matrix element of V„& may be called the "generalized
length form" and that of V'„~ may be called the "gener-
alized velocity form" of the GOS, although not too much
signiGcance should be placed on these names. The iden-
tity of the two forms can be used as a test of the exactness
of wave functions and of the accuracy of calculations.

In the calculations presented here we use the gener-
alized length form of the A operator exclusively. It is
useful, however, to examine how the individual MBPT
amplitudes vary depending on the form of this operator.
As the V potential used here is chosen to be a local
potential [25], Eq. (7) can be recast as

v.'„, = [v.„„h.].
Here 6 is the Hartree-Fock Hamiltonian. The eigenfunc-
tions of h have been adopted as our basis functions (P ).

= 0.

This means that correlation must be included in the ini-
tial and final states consistently to get an invariant am-
plitude.

III. R,ESULTS

In this section numerical results for single and dou-
ble ionization of helium by Compton scattering are pre-
sented. Results are selected that help to elucidate the
nature of the process, that provide accurate predictions
of the cross sections for these processes in the energy
range of experimental interest, and that provide ratios
of double to single ionization for comparison with exper-
iment. The calculations presented here are for incident
photon energies ranging from 2.5 to 20 keV. The lower
limit of this energy range has been selected for two rea-
sons. One reason is that below this energy Compton
scattering makes a negligible contribution to the total
ionization cross section (compared to the photoeffect).
Additionally, below this energy, the p . A terms that we
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FIG. 3. Angle integrated cross sections for double ioniza-
tion by Compton scattering shown as a function of the energy
transfer. The results are given for incident photon energies
of 4 keV (dotted curve), 12 keV (dashed curve), and 20 keV
(solid curve). The arrows represent the energy transferred to
a free electron in a Compton scattering event at maximum
momentum transfer. These arrows are given for photon ener-
gies of (from left to right) 4, 12, and 20 keV.

have neglected become larger than the A2 terms retained
in our approximation. The higher end of the energy range
was selected because at higher photon energies relativis-
tic effects may have to be considered and because the cal-
culations become increasingly cumbersome as the photon
energy increases. In fact, the data for double ionization
presented here at 16 and at 20 keV have been obtained
using the full calculation for only the first nine partial
waves of the A operator and using the shake-off terms
calculated here to estimate the convergence of the entire
amplitude for higher angular momenta.

In Fig. 3, angle integrated cross sections for the double
ionization of the ground state of helium by photons with
energies 4, 12, and 20 keV are presented. This figure
clearly demonstrates the low electron energies available
to the ionized electrons (here the total energy available in
the final state is shown). In the photoeffect, the ejected
electrons share an amount of energy nearly equal to the
incident photon energy. In Compton scattering, however,
the scattered photon takes much of the energy of the in-
cident photon. The most probable electron energies are
below 100 eV with higher energies possible at higher inci-
dent photon energies. The vertical arrows represent the
predictions of the energy transferred in a free Compton
scattering process if the photon is backscattered. This
is clearly a reasonable estimate of the maximum energy
available to the ejected electrons. At zero energy trans-
fer, the cross section for double ionization vanishes (as
expected). This contrasts with the single ionization case
where the cross section is finite at threshold [10].

The angular distribution of 12-keV photons inelasti-
cally scattered from helium are given in Fig. 4. Here the
results for single ionization calculated within the A and
impulse approximations [11] and for double ionization
(multiplied by 100 in order to be visible on this scale)
are shown together with the incoherent scattering fac-
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FIG. 4. Angular distribution of 12-kev photons inelasti-
cally scattered from the helium ground state. The curves are
for the double ionization (solid curve, numbers are multiplied
by 100) and for the single ionization (dashed curve) A ap-
proximation calculations presented here, for single ionization
within the impulse approximation (dotted curve) obtained us-

ing the Compton profiles of Higgs, Mendelsohn, and Mann
[11], and for the incoherent scattering factor (chain dashed
curve) [28,31].

tor results of Hubbell et al. [28]. One effect of binding
on the scattering process is that all of these curves van-
ish at small angles. This is well known and contrasts
with the free Compton scattering (Klein-Nishina) angu-
lar distribution [29] that predicts equal probability for
forward and backward scattering at low photon energies
and forward peaking at higher energies [30]. The inco-
herent scattering factor is derived using a sum over all
final states with fully correlated ground state wave func-
tions [31]. It therefore represents a sum over all inelastic
scattering processes (Raman scattering, single Compton
ionization, ionization excitation by Compton scattering,
and double ionization by Compton scattering) [32].

The shape of the angular distribution of photons scat-
tered in the double ionization process can be understood
in terms of this "sum rule, " i.e., roughly in terms of the
differences between the incoherent scattering factor and
single ionization A approximation curves. Where there
is a small difference between these curves, the amplitude
for other inelastic photon scattering processes such as
double ionization must be small. Where the difference
is large, the amplitudes for these other processes can be
large. Therefore the double ionization curve is small at
small angles and increases to a maximum at back angles
where this difference is largest. If all processes were calcu-
lated using the same wave functions, this sum rule would
be a rigorous check of the results. Here this approach
is not expected to be quantitatively accurate due to the
use of different wave functions in the various approxima-
tions. For example, the impulse approximation for single
ionization (calculated using Hartree-Fock Compton pro-
files) exceeds the incoherent scattering factor (obtained
with variational wave functions) at some angles.

Total cross sections for photons interacting with the
ground state of helium are presented in Fig. 5. The
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FIG. 5. Total cross sections for photon-atom interactions
are given. Cross sections for the single (double) ionization of
helium by Compton scattering, using the formalism presented
here, are given by the upper (lower) chain dashed curve. Sin-
gle (double) photoionization cross sections of Hino et al. [25].
are given by the upper (lower) dashed curves. The incoher-
ent scattering factors of Hubbell et ol. [28] are also given for
reference (solid curve).

data for single and double ionization by photoeffect are
from the calculations of Hino et at. [25]. The energy
where Compton scattering becomes the dominant ioniz-
ing mechanism is near 6 keV. Double ionization by Comp-
ton scattering becomes larger than double ionization by
photoeffect at nearly the same energy. It is remarkable
that no measurement of the total cross section for single
ionization by Compton scattering had been reported un-
til quite recently [33]. The results given in Fig. 5 should
provide accurate cross sections for comparison with such
measurements at low photon energies. At higher ener-
gies relativistic corrections are important and, at the
very least, the Klein-Nishina cross section should be used
rather than the Thomson cross section. The correction
to the total incoherent scattering cross sections reported
here, found using this substitution, is approximately 8%
at 20 keV.

The curve for single ionization by Compton scattering
approaches a constant at high energy. At first glance it
appears that the curve for double ionization by Compton
scattering does also. In Fig. 6 we demonstrate that 20
keV is not a high enough energy to identify such a limit.
Here the cross section for double ionization by Compton
scattering is shown along with cross sections derived from
the individual many-body amplitudes. The full double
ionization cross section drops slightly from its peak value
(although this drop is still within the expected numerical
error of the extrapolation procedure that was described
above). The dramatic decrease of the cross sections cor-
responding to specific final state correlation amplitudes,
particularly TS1, demonstrates that the asymptotic limit
has not been reached. One can extrapolate, using an ad
hoc 1/us dependence for the TS1 amplitude, to deter-
mine the incident photon energy at which the TS1 cross
section is less than 1% of its value at 20 keV to be of
the order of 75 keV. At this photon energy, the aver-
age energy available to the ejected electrons is larger the

FIG. 6. Cross sections for double ionization of helium by
Compton scattering within the many-body perturbation the-
ory framework. The solid curve is the full MBPT cross sec-
tion. The dashed curves are derived from the MBPT ampli-
tudes corresponding to correlation in the initial state. The
dotted curves are calculated from the MBPT amplitudes cor-
responding to correlation in the initial state.

electron energy at which the photoeffect double to single
ionization ratio has nearly reached the asymptotic value.

In Fig. 7 the ratio R, (Ru;) = o++(fuu, )/o+(Ru, ) ob-
tained from the cross sections for single and double ion-
ization by Compton scattering are shown. We also show
the recent results of Suric et aL [13] and of Andersson
and Burgdorfer [14]; There are quite large quantitative
differences between all of the calculations. As discussed
above, the low electron energies available in the final state
may mean that one needs to go beyond the lowest-order
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FIG. 7. Ratios of double to single ionization of helium
by Compton scattering of a single photon calculated in the
present work are given by the solid curve. The ratios of Suric
et al. [13] are given by the dashed curve. Also shown are
three curves from the work of Andersson and Burgdorfer [14].
The approximate final state wave functions used in these cal-
culations are the uncorrelated product of two Coulomb waves
(dots), the continuum distorted wave function (dash-dotted
curve), and a Byron-3ochain-type function with the corre-
lation coefficient as determined in [9] (dash-double-dotted
curve .
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MBPT approach used here. However, our methods retain
final state correlations ignored in the impulse approxima-
tion used by Suric et al. The calculations of Burdorfer
and Andersson [14] were obtained using two Coulomb
waves for the final state wave function (no correlation)
and with two different approximate correlated final state
wave functions. The difference between the calculations
using different uncorrelated final states and different ap-
proximations to correlated final states shows the need to
include correlation consistently at finite energy.

The need for final state correlation at finite energy,
when the generalized length form of the A operator is
used, is further demonstrated in Fig. 8. Here the an-
gle integrated scattered photon spectrum obtained using
the full MBPT amplitude is contrasted with the spectra
obtained &om using initial (GSCp + SO) and final state
contributions (GSCh + TS1) separately. Integrating over
the spectra shown here, one finds that the contribution
&om the final state correlations alone is slightly larger
than the integrated result obtained by coherently sum-
ming all four amplitudes. The initial state correlation
is approximately two-thirds of this full result. Clearly,
at this energy (12 keV), all amplitudes are necessary to
accurately describe the physics of the problem. For an
incident photon energy of 20 keV, the relative importance
of the final state correlations decreases. However, at this
energy the magnitude of the contribution of these cor-
relations is still fairly substantial, being approximately
two-thirds of the full result.

There had been some speculation that the asymptotic
Compton scattering and photoeffect ratios should be the
same [8,34,35]. The results of Suric et al. [13] approach
an asymptotic ratio of approximately 0.8%. These au-
thors performed a direct calculation of the ratio, also
within the impulse approximation, at infinite photon en-
ergy, finding a value of 0.797%. A similar value has been

obtained by Andersson and Burgdorfer [14], although the
energy at which the asymptotic value is reached is rather
different. We cannot project an asymptotic value from
our calculations, but find it rather unlikely to be the same
as for the photoeÃect. The reason is our expectation that
the TS1 amplitude should become vanishingly small, as
discussed above. It should be noted that the vanishing
of the TS1 amplitude is a necessary, but not sufBcient,
condition for the impulse approximation to hold. Based
on the agreement between the asymptotic results of Suric
et al. [13] and of Andersson and Burgdorfer, it would ap-
pear that the asymptotic value of ratio of double to single
ionization of helium by Compton scattering has been de-
termined. We note that this asymptotic value has been
obtained using the generalized length form of the A2 op-
erator and that this result has not been determined to be
invariant under changes of the form of the A operator.

It is well known, from the photoeffect, that the inde-
pendence of results from the form of the interaction oper-
ator only applies when exact initial and final state wave
functions are used. We have already discussed how, in
calculations of the double photoeffect at finite energies,
results depended strongly on the form of the interac-
tion operator [22,23] when approximate wave functions
were used to represent the final state. Asymptotically,
even the energy dependence of the double photoioniza-
tion cross section depends on the form of the operator.
While the acceleration form of the dipole operator has
been determined to be the most useful in calculating dou-
ble photoeffect [36,37], no similar analysis has been per-
formed for the A operator. These observations do not
apply to the work presented here, which has been demon-
strated to be independent of the form of the interaction
operator when the full amplitude is considered.

A direct experimental resolution of the differing pre-
dictions for the ratio of double to single ionization by
Compton scattering of Fig. 7 is not likely in the near fu-
ture. The reason is that the experiments currently being
performed measure the time of Bight of the residual ions
without distinguishing between the different mechanisms
that create them. One obtains instead the ratio of double
to single ionization by all ionizing processes

R(Lu, ) = o~s(Ru;) + o. „+(Ru;)

arcs(ku, ) + o.+„(Ru,)
' (18)

3
0.02

b

0.00 I ~ II
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FIG. 8. Angle integrated cross sections for double ion-
ization by Compton scattering of 12-keV photons from the
ground state of helium are shown. The solid curve includes
all amplitudes. The other curves are obtained from the fi-
nal state (TS1+ GSCh) correlation based amplitudes (dotted
curve) and from the two initial state (SO + GSCp) correlation
amplitudes (chain dashed curve).

where o&s and tres are the single and double ionization
cross sections by Compton scattering and 0+h and 0 h
are counterparts by photoionization. In Fig. 9 we show
the ratios obtained in the experiments of Levin et al. [2]
and of Bartlett et aL [38] with the theoretical predic-
tions obtained by combining the theoretical predictions
for Compton scattering from the present work and those
of Suric et al. [13] with the MBPT predictions of the
ionization due to photoeffect [25]. Also shown is the esti-
mate of Andersson and Burgdorfer [9]. Due to the rather
large experimental uncertainties, the measurements are
not as yet able to distinguish between the various the-
oretical predictions. However, the high energy data [2]
certainly suggest that the ratio at these energies, where
Compton scattering is dominant, may be similar to the
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asymptotic photoe8'ect ratio. The dip in this ratio be-
tween 2.5 and 8 keV and the high energy range are both
likely regions where future experiments should be able to
distinguish between these theories.

IV. CONCLUSIONS

FIG. 9. Results for the ratio of double to single ioniza-
tion of helium by single-photon impact. The solid line gives
the present overall ratios incorporating contributions of both
Compton scattering and photoionization The dotted curve is
the estimate by Andersson and Burgdorfer [9]. The dashed
curve is from the recent calculations of Suric et aL [13]. The
circles are the experimental data from [2] and the squares are
the experimental data from [38].

to 20 keV) cover the energies of interest for this process,
from the energies where the process becomes significant
to energies beyond the range of experimental data. The
energy transferred to the ejected electrons is rather small
compared to the energy transferred in the photoeA'ect
process at the same energy. These low electron energies
suggest that inclusion of higher-order correlations may
be desirable.

The ratio of double to single ionization by Compton
scattering divers substantially from the recent results of
Suric et aL [13] and of Andersson and Burgdorfer [14].
At the energies considered in this paper, and for the gen-
eralized length form of the A operator, the neglect or
approximate inclusion of final state correlations in their
work and the approximate inclusion in our own work may
be responsible for these discrepancies. The asymptotic
value of this ratio, estimated by Suric et al. , differs from
our high energy data. The reason for this is that our data
have likely not reached an asymptotic limit.

The ratio of double to single-ionization by all single-
photon processes has been compared with the results of
Andersson and Burgdorfer [9] and with the results of
Suric et aL [13]. All of these approaches yield different
predictions. Unfortunately, experimental measurements
are not yet sensitive enough to distinguish between the
approaches. The resolution of these discrepancies will
continue to present theorists and experimentalists with
challenges in the immediate future. The longer term
prospects are also good as Compton scattering can be
a unique probe of the atomic charge density, including
the electron-electron interaction.

Double ionization of helium by Compton scattering
has been investigated. The nonrelativistic matrix ele-
ment for the A interaction operator has been expanded
to lowest order, beyond the Hartree-Pock approximation,
in the electron-electron interaction. While the general-
ized length form of the A operator has been used in
this work, the form invariance of this operator within our
framework has been explicitly demonstrated. However,
the amplitudes corresponding to the individual MBPT
diagrams have been shown to be dependent on the form
of the operator.

The incident photon energies considered here (from 2.5
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