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Following Bhatia and Temkin [Rev. Mod. Phys. 38, 1050 (1964)] we decompose the Hamiltonian
of a two-electron atom (or ion) with a fixed nucleus in terms of Euler angles, and thereby reduce the
energy-eigenvalue problem to a set of coupled equations involving only three lengths, the distance
of the electrons from each other and the distances from the nucleus. However, our equations differ
from those of Bhatia and Temkin since we use a different expansion of the wave function. When the
total orbital-angular-momentum quantum number L is zero or one our equations are the same as
those derived by Hylleraas [Z. Phys. 48, 469 (1928)] and Breit [Phys. Rev. 35, 569 (1930)]. We give
the transformation relating the generalized Hylleraas-Breit equations to the equations of Bhatia and
Temkin. Our derivation is facilitated by a special factorization of one-particle angular-momentum

operators.
PACS number(s): 31.15.—p

I. INTRODUCTION

Ignoring electron spin, a two-electron atom (or ion)
with a fixed nucleus has six degrees of freedom, e.g., the
coordinates r; and r, which locate the electrons relative
to the nucleus. The Hamiltonian of the system is (we use
atomic units throughout)

zZ Z 1

Ha=’—%vf-%V§—;—l-;;+E, (1)
where r3 = r; — r; is the separation between the elec-
trons. Since the Hamiltonian is invariant under a rota-
tion, we may assume that an eigenfunction of the Hamil-
tonian is simultaneously an eigenfunction of the total
orbital-angular-momentum operator L? and its projec-
tion L, along a fixed axis, say the z axis, with eigenval-
ues L(L + 1) and M, respectively. Eigenfunctions of L2
and L, are finite linear combinations of the rotation ma-
trices ’DQJ’K(a,ﬂ, v), where the Euler angles «, 3, and ~
specify the orientation of a body-fixed Cartesian system
(z',y',2') relative to a space-fixed system (z,y,z) (see,
e.g., the book by Edmonds [1]). Here K is an eigenvalue
of the projection of the total orbital angular momentum
along the z’ axis, and if IT (= %1) is the parity we have
II = (-1)X. The complete eigenfunction @ﬁ’M(rl,rz)
can therefore be expressed as the finite sum

™M (rq,r2)

K=L

- ¥

K=—L,(—1)K=I

DX (a, 8,7k (r1,72,73).  (2)

It follows that the energy-eigenvalue problem, i.e.,
Haléﬁ’M) = El@ﬁ’M , can be reduced to a set of coupled
differential equations for functions in the three variables
r1, T2, and r3.

A set of equations in these three variables was origi-
nally worked out for S states (L = 0) by Hylleraas [2],
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and later for P states (L = 1) by Breit [3]. [The equations
of Breit were based on an expansion that is different from
Eq. (2) — see below.] Subsequently, Bhatia and Temkin
[4] gave a general derivation, applicable to arbitrary L.
While the equations of Bhatia and Temkin are equivalent
to those of Breit when L = 1, the form of their equa-
tions is somewhat more complicated; see Appendix III of
Ref. [4]. In this paper we generalize the Breit equations
to all L by expanding @I[{’M(rl,rz) in terms of special
linear combinations of the rotation matrices; this expan-
sion coincides with Breit’s expansion when L = 1. Our
derivation follows that of Bhatia and Temkin in so far as
we make an Euler angle decomposition of the Hamilto-
nian, but by contrast we utilize a special factorization of
one-particle angular-momentum operators which greatly
facilitates our analysis. In the Appendix to this paper
we give the (nontrivial) transformation relating our set of
equations to those of Bhatia and Temkin. However, while
we have chosen to decompose the Hamiltonian in Euler
angles in order to make contact with Bhatia and Temkin,
a simpler derivation of the generalized Breit equations
can be given by expressing the Hamiltonian in Cartesian
coordinates, as indicated at the end of this Introduction.

Choosing the z axis to be the polar axis, and defining
0, and ¢, to be the polar and azimuthal angles of ry, and
0, and ¢ to be the polar and azimuthal angles of ra, we
introduce

(1 =sin(61)e™", 3)
(2 = sin(fz)e?2. (4)
Note that, with !; and [, non-negative integers,

L.¢h¢k2 = (I, + 1)¢i¢t2. Furthermore, denoting the
angular-momentum raising and lowering oPerators by
L, and L_, respectively, we have L+Cil 2 = 0. It
follows that ¢! 22 is an eigenfunction of both L? and
L,, with eigenvalues L(L + 1) and L, respectively, where
L =1; + 1. There are L + 1 possible (linearly indepen-
dent) terms ¢}*¢% for which l; + I, = L, and each term
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has parity (—1)L. Since, for fixed L and M, there are
L + 1 linearly independent rotation matrices with parity
(=1)L, an eigenfunction of L? and L, with eigenvalues
L(L + 1) and L, and with parity (—1)%, is, in general,
composed of all possible terms C{‘ Cé’ for which l;+1, = L.
Therefore, if Il = (—1)%, we can expand an eigenfunction
for which M = L in the form

L.M=L L I Ay
e 1)L(r1,l‘2) E 1Ty (G
li+l2=L

Iy oL
22f11,12 (r1,72,73)-

(5)
To develop the corresponding expansion for the case
II= —(—1)L, we restrict I3 and I3 tol; +1; = L —1, so
that Ci‘ ;’ has parity —(—1)¥ and is an eigenfunctions of
L? and L, with eigenvalues L(L — 1) and L — 1, and we
multiply Ci‘ C;’ by an angular function © which has posi-
tive parity and is such that L, ® = 0 and L,© = ©. The
L linearly independent terms @C{l Cé’ are eigenfunctions
of L? and L., with eigenvalues L(L + 1) and L, and each
term has parity —(—1)L. Referring to the expressions for
L, and L given by Egs. (29) and (31) below, we see that
a suitable choice for © is ® = e*®sin3. Hence, noting
that there are L linearly independent rotation matrices

62
[arl + P L=

J

2 98 8 2 9 82

H® = — 4 =
ry1Ory  Ori

with parity —(—1)%, we can expand an eigenfunction for
which M = L and IT = —(—=1)% in the form

q’ﬁ—{w_( 1)L (rla 1'2)

= et sin(B) rirz sin(612)

X Z éﬂfll;,lz (7‘1,7'2,1‘3), (6)

L +lz=L-1

I 02 A1y
Ty 7'2C

where 6;, is the angle between r; and r;, and where we
have introduced the factor r;73sin #;, since its inclusion
leads to the simplest form of the radial equations.

Eigenfunctions with total magnetic quantum number
M < L can be generated by application of L_; the ac-
tion of L_ on an eigenvector of L? and L, is straight-
forward to evaluate. Incidentally, if S is the total
spin quantum number, the Pauli principle implies that
ftll',z2 (r1,7r2,73) = (—)L"'Sl'lfllz’,ll (re,71,73).

The result of applying H, to an S-state eigenfunction
(L =0 = M) was worked out many years ago and is[2]

H,3%° = HO £ (r1,72,73) (7)

where H.SO) is the differential operator

(r1,r2)

+ r?—r2 42 o2 N ri—r?+r2
riT3 67‘18’!‘3 TaT3

In this paper we show that, for all L, and parity (—1)%,

Ho @57 (v, m2) = Z
Li+l=

Ul
7'1 7'2

where, suppressing the arguments r;, 75, and r3,

113__*_12 (ll+lg) o

L _ 17(0) ¢L
9,0, = H, B
bola a fiin, ryOr1 19 Org r3

Cz fIz1 12 (7'1,7'2, 7‘3),

) E

+ (ll + 1) afllll‘f‘l,lz_l + <l2 + 1) 8f11—1,12+1a

4 0
ra s
82 VA VA 1
arzars] Thn e th ()

(9)

T3 Ors T3 Ors "
while for parity —(—1)%
L, i . .
H, q)niw (Ll)L (1'1,1‘2) = i@ Slll(,B) 1T sm(012) Z 'I'l 1‘2 C <2 q,l,lz ("'1’ T2, 7‘3)’ (11)
I 4+l=L—1
where
L _ 17(0) ¢L (bh+1) 8  (2+1) 8 (h+l+2) 8 L
—H |\ttt
91,1, a fll,lz ( "'1 61‘1 2 (91‘2 + T3 31'3 fh,lz
N Ii+1 3f,f+1,,2_1 + Ip+1 3fzIf-1,tz+1 12
r3 Ors T3 ors "
[
It is simple to extend Egs. (9) and (11) to M < L since ‘IIL{,lz - Eftf,lz’ (13)

the angular-momentum lowering operator L_ commutes
with H,. The eigenvalue problem Ha|<I>II-‘I’M = E|‘I‘ﬁ’M
gives rise to the M-independent coupled equations

since each term on the right-hand sides of Egs. (5), (6),
(9), and (11) is linearly independent (for we may hold
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r1, T2, and r3 fixed while varying ¢;). For L = 1 we
recover the Breit equations [3]. Accurate calculations of
atomic properties of helium have been performed by, for
example, Kono and Hattori [5] and Drake [6], who used
basis functions in the coordinates ri, r2, and r3 [multi-
plied by vector-coupled spherical harmonics y{;{‘j , which
for M = L are equivalent to our angular functions for
the case II = (—1)X]. It is often more convenient to
work with perimetric coordinates, which are special lin-
ear combinations of ry, 72, and r3; see, e.g., Pekeris [7],
or more recently Wintgen and Delande [8]. The relevant
equations for the eigenvalue problem in perimetric coor-
dinates may be obtained directly from Egs. (13).

In the next section we discuss the Euler angles and
in Sec. III we discuss the angular-momentum opera-
tors. While the material in these first two sections is
not new, it is introduced as a preliminary to Sec. IV,
where we describe the key development — the factoriza-
tion of the one-particle angular-momentum operators in
terms of derivatives with respect to the Euler angles and
the angle 0,5. This factorization is an invaluable tool in
simplifying the two-electron Laplacian, which is carried
out in Sec. V.

We conclude this Introduction by returning to our ear-
lier remark that the generalized Breit equations, i.e.,
Egs. (13), can be derived without decomposing the
Hamiltonian in Euler angles. We first recognize that the
factor (r1¢1)% (r2¢2)" in the expansion of Eq. (5) can be
written as (z1 + iy1)"*(z2 + iy2)'?, which is a polyno-
mial in Cartesian coordinates, and is in fact a solution
of the Laplace equation. Therefore, the application of
the Laplacian to the right-hand side of Eq. (5) can be
carried out if the Laplacian is expressed in Cartesian co-
ordinates (note ri, 72, and r3 are simple functions of
Cartesian coordinates). A similar statement holds for
Eq. (6) upon recognizing (see the next section) that the
factor e sin(B) r1r2 sin(612)(r1¢1)" (r2¢2)"? can be writ-
ten as —i[(z1+iy1) 22 — (T2 +iy2) 21) (1 +iy1) " (z2+iy2)"2;
again, this factor is a solution of the Laplace equation.

II. EULER ANGLES

Let the unit vectors X, ¥, and z form a right-handed
triad (i.e., Z = X x §) fixed in space. Let the unit vectors
%', ¥, and 2’ form a body-fixed right-handed triad, whose
orientation relative to the space-fixed frame is specified
by the standard Euler angles a, 8, and v (see, e.g., [1]):

%' = (cosacos Bcosy — sinasiny)x

+(sin o cos B cosy + cos asiny)y

—(sin B cos vy)z, (14)
¥’ = —(cos a:cos Bsiny + sin a cos y)X

+(—sinacos Bsiny + cos acos )y

+(sin Bsin )z, (15)
%' = cos asin 8% + sin asin By + cos 02, (16)

with 0 < a <27, 0< B < m and 0 < v < 27. The
“body” is the atom, whose electrons are located relative
to the nucleus by the coordinates r; and r;. Hence, with
0,2 the angle between r; and rz, we follow Bhatia and

Temkin [4] (with a minor difference in the definition of
the Euler angles — see the Appendix) and define the
body-fixed triad as

! i;1 + i'2

= — 17
* 2 cos(012/2)’ (17)
~l i;2 - i\'1

— LI 18
Y = 25in(012/2)’ (18)
g =1 2T2 (19)

sin 012

It follows that

f; = [cosacos B cos(y — %012) — sinasin(y — %912)]5:
+[sin & cos B cos(y — 3012) + cos asin(y — 1612)]y
—sin B cos(y — 3612)%, (20)

# = [cos acos Bcos(y + 1612) — sinasin(y + 36012)]%
+[sinacos Bcos(y + 1612) + cosasin(y + 3612)]¥
—sin Bcos(y + 3012)3. (21)

Note that ©; and #» are interchanged by changing the

sign of 642.

Since #; and ¢;, and 6, and ¢,, are the polar and
azimuthal angles of r; and r, relative to the space-
fixed frame, we have the following useful relations which

summarize the transformation from (6y,¢1,602,¢2) to
(o, B,7,012) [see Egs. (20) and (21)]:

cos 1 = —sin B cos(y — 3012), (22)
cos 2 = —sin B cos(y + %012), (23)
sin(01)eﬂ:i4’1 = e***[cos B cos(y — %6’12)
Lisin(y — 101)], (24)
sin(02)e**%? = e***[cos B cos(y + 1012)
+isin(y + 1612)]. (25)

III. ANGULAR-MOMENTUM OPERATORS

The one-particle angular-momentum operators in the
space-fixed frame are, suppressing the subscript 1 or 2
temporarily,

.0
lzz—Z%, (26)
o? 3 1 2
2 _ _ — — 27
l (302+C0t039+sin293¢2)’ (27)
) 7] 0
_ tig (L9 o
ly=e (ﬂ:80+zcot06¢), (28)

where Iy = I, £ il,. Note that ¢’ is an eigenfunction of
both 12 and I,, with eigenvalues [(I4-1) and [, respectively.

The total angular momentum operator in the space-
fixed frame is L = l; + l,, and the total angular-
momentum raising and lowering operators are Ly =
l4+1+ 14 2. We want to express these operators in terms
of derivatives with respect to the Euler angles, and to
this end we first show that
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o
= —j— 29
L, 7 B (29)
We can verify Eq. (29) by writing
17] o o o o
B 30
90 = Mg, T A2, T Bigg, t Brgg (0

and letting 8/8a act on both sides of Egs. (22)—(25) to
yield the coefficients Ay, A2, By, and B;. Thus, letting
8/8a act on both sides of Eq. (22) gives B; = 0, and
doing the same with Egs. (23)—(25) gives B, = 0, A; =
A, =1, thereby establishing Eq. (29).

In a similar fashion we can verify that

; 0 i 7] o
Lo =efo |4+ — 4 —_— . 31
=€ [ 3,3+sinﬂ (Cosﬁaa 8’)’)] (31)
Since L, and L. do not contain derivatives with respect
to 012, we can use Egs. (29) and (31) to express deriva-
tives with respect to the Euler angles in terms of L., Ly,
and L,; we find, in addition to Eq. (29), that

—i—é(% = —sin(a) Ly + cos(a)Ly, (32)

—i% = cos(a) sin(B) L + sin(a) sin(B) Ly + cos(B)L..

(33)
Noting that L? = Z(L4L_ + L_Ly) + L? we also have

from Egs. (29) and (31)
1 (62 &
sin2 B \8a? = 02

(34)

LZ=— +coﬁ

[8[32 o3
_2cot B 0% ]

sin 3 8ady |

The invariance of L? under the interchange of a and
~ suggests it would be useful to introduce new angular-
momentum operators defined by interchanging a and +:

(35)

: 1o} 3 7] 7]
L’:‘: = ei"f)‘ [i% + — IB (COSﬁ'gZ - %)] . (36)

We have, of course, L'? = L?, and combining Eqgs. (35)
and (36) with Egs. (29), (32), and (33), using Eqgs. (14)—
(16), we can see that

L, =%-L, (37)
L =(-x'+4y')-L. (38)
Hence L’ is an angular momentum operator in the body-
fixed frame (but note that its projection along the =’ axis
is —L' rather than L’). As is well known, L? (=L'2),

L,, and L/, are a commuting set of operators whose eigen-

functions are the rotation matrices ’DgI’K(a, B,7), with
K the eigenvalue of L, (see, e.g., Ref. [1]).

IV. FACTORIZATION OF ONE-PARTICLE
ANGULAR-MOMENTUM OPERATOR

In the space-fixed frame the one-particle angular-
momentum operator 12 has the simple and well-known
factorization

P 'eiwi sina—‘?——ii
1 sin? 0 s 1301 0p1 1691 8¢1 /)"

(39)

More generally, if we introduce the three functions fi
and x, with

fofo =1, (40)

we can factorize 12 as
7] i 0
—f- (861 sin 6; 8#431 + X)
7] i 0
xS+ (?970' " sin6s w) ) (41)

where, taking into account Eq. (40),

_ Ofy , i 0ft
X = cot by (601+sin618¢1 /$+

9 i 0 . .
= [(3_01 + ;111_91?451) (f- sm01)] /(f-sin6y). (43)
We recover Eq. (39) by putting fi = sin@; (which yields
x = 0). We now express the operators
9, i 0
860,  sin6, 8¢,

(42)

in terms of derivatives with respect to 6,2 and the Euler
angles, thereby obtaining a factorization of 12 which is
useful in simplifying the two-electron-atom Hamiltonian.

Referring to Eq. (21) we see that r2 depends on v and
012 through the combination v + %012. It follows that,
with C and D angle-dependent coefficients,

o 190 c 9 0

g 2 = % ip_. 44
30, 207y _ sin6, 04, | 06 (44)

Letting both sides of Eq. (44) act on cos#;, using
Eq. (22), yields
sin @sin(y — 3612) = Dsin#;. (45)

Letting both sides of Eq. (44) act on sin#;et*%:, using
Eq. (24), yields

e***[cos Bsin(y — 1612) F icos(y — 1612)]

= [+4C + Dcos8;]e*®. (46)
Solving Egs. (45) and (46) for C and D gives

C = —cosB/sinby, (47)
D =sinBsin(y — 3612)/sin6;. (48)

Note that C2 + D% = 1.
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Equation (44) is one of two identities that we need to
accomplish our goal. The second identity is based on
the observation that, since r -1 = 0, the operator £, - L
is simply #2 - l;, and therefore involves only derivatives
with respect to the angles of r;. Hence, with C’ and D’
angle-dependent coeflicients, we can write

CRLRPED

sin 6, 9¢, 86, (49)

f'z . L = —1 sin(012) (

Now, putting @« = 8 = v = 0 on the right-hand side of
Eq. (21) (so the unprimed and primed coordinate systems
coincide) gives

2 = cos(3012)%’ + sin(16:2)y, (50)
so that [recall Eq. (38)]
£3 - L= —cos(3612) L}, + sin(3612)L},
= L(e%2L, 4o l2L ), (51)

Letting both sides of Eq. (49) act on cos#;, using
Egs. (51), (36), and (22), yields

cos(@)/sinb, = D'. (52)

Letting both sides of Eq. (49) act on sin8;e**%, using
Egs. (51), (36), and (24), yields

—e*sin B = [+iC’ 4 D’ cos 6 ]eTi%1, (53)
Solving Egs. (52) and (53) for C’ and D’ gives

C' =D, (54)

D'=-C. (55)

It follows from Egs. (44), (49), (54), and (55) that

8 18  #-L , 8 i 8
L Ik A o2 2 ).
6., 20y T smp,, L *i) (aol ¥ sno, a¢1)

(56)

This suggests that we choose fi = D =+ :C, which is
consistent with Eq. (40) since C? + D? = 1. Hence, from
Egs. (41) and (56), we have, using Eq. (51),

2= _ _6__ B 1_6_ N eiem/erJr + e~i012/2]! s
1 0612 20y 2sin 61, -
i912/2LI ‘1'912/2LI
T R =). 1)
8012 2 8’7 2sin 012
It remains to determine x. Since
f+ = [sinBsin(y — 1613) F i cos §]/sin 6y, (58)

we have, using the left-hand side of Eq. (56) to carry out
the differentiation on the right-hand side of Eq. (43),

X = cot(f12)/f-. (59)
Consequently, if we introduce

P, =X;4+Y + cot b2, (60)

=X, -Y, (61)

where X; and Y; are the operators

_ 0 10
X1:6012 ~ 23y (62)
eiau/le + e—ieu/le_
)= * , (63)
2sin 6,
12 has the factorization
1! = -PQ,. (64)
Similarly, l% has the factorization
lg = _P2Q27 (65)
where
PzEXz +},2 +C0t012, (66)
Q:=X; - Ys, (67)
and where X, and Y; are the operators
7] 19
Xo=— + -, 68
2 8012 + 2 6’7 ( )
—i013/2LI iGlz/ZLI
2 = € + +e — (69)
2sin 912
V. LAPLACIAN
The Laplacian for both electrons is
% 20 8 290 1B I
v2 2_ - , 2 7 7 42 7 12
1+ V2 or? + r10r1  Or2  rpdry r: rl
(70)

Since we have expressed, through Eqgs. (60)-(69), the
one-particle angular-momentum operators in terms of
L,(= —id/8v), L', and /8012, we could easily work
out the effect of applying the Laplacian to a finite lin-
ear combination of the rotation matrices. Recall that
the rotation matrices are eigenfunctions of L., L/, and
L'? (= L?), and that both Ly and L', are raising and
lowering operators (see the Appendix). Thereby we could
reduce the energy-eigenvalue problem to a set of coupled
radial equations. (Ultimately we change variables from
012 to r3.) These equations would be similar to those
derived by Bhatia and Temkin [4]. However, as noted
in the Introduction, we obtain a simpler set of radial
equations if we apply the Laplacian to the terms on the
right-hand side of Eq. (5) or (6). We first do this for the
case Il = (—I)L, i.e., we apply the Laplacian to the terms

Li¢lzg where g = riirk2 flll‘h (r1,72,73). We make use of
the factorization of lf and l% developed in the preceding
section, noting the following properties. (i) The action
of X; on a function of r; only, or the action of X, on
a function of r; only, yields zero; recall that r; depends
on v and 6, through the combination v — %012, while r,
depends on vy and 6;2 through the combination y + %012
— see Egs. (20) and (21). (ii) The action of ¥; on a
function of rs only, or the action of Y, on a function of
r; only, yields zero; recall that Y7 = —(£2 - 1)/ sin(6;2)
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and Yo = —(#; - l2)/sin(612). (iii) The action of Y7 or
Y, on a function of 7y, r2, and r3 only (e.g., the function
g) yields zero since such a function is invariant under a
rotation (it is independent of the Euler angles) so that

J

—lf ll 2 2g = (PlQl)C

=P [(Qlc'il)c;’g +GG 5%]

=y [(Q1C{1)(P1 — cot012)g + (P1Q1(i)g + +(Pult ) Bg + Py

.| 99 .
=G [80—12(P1+Q1)C{ T+ 392
Since P; + Q1 = 2X; +cot 6,2, and since l1C1 =L+
1)¢!, we have
- l‘C g= C I: (2X1 + cot 6’12)C1
62
~L(h+ 1)+ T (72)
003,
Next, we show that
X1¢h =1, cot(B12)Ch — g, (73)

sin 6

We start by noting that from Egs. (22) and (62) we have

X cosf; = —sinBsin(y — 012/2). (74)
We can rewrite the right-hand side of Eq. (74) using

—sin 012 Sill("y - 912/2)

= cos(7y + 012/2) — cos(y — 012/2) cos 012. (75)

From Egs. (22), (23), (74), and (75) we obtain
|
o2 2 0 8?2 2 9

2 [R——— — —— —
(Vl + V )C g C [87'% + T1 61'1 + 31"% T2 67‘2

l
+<i1 éz [é (2 Cot(elz)ae— -

2l (o}

Cl1 -1 lg+1
Ty Sll’1012 3012

a7 9 — C1

We can change variables from ;2 to r3 by using r2 =
r2+72 27175 cos f15. After some straightforward algebra
we obtain, upon including the Coulomb potentials, the
desired reiult given by Eqgs. (8)—(10) for the case of parity
Im=(-1)".

We now outline how the result given by Egs. (11) and

D)+

1+1Clz -1

the action of L/, yields zero.

Using these properties, along with Egs. (60)—(64), and
observing that X;9 = 0g/06:2, noting that later we
change variables from 6,2 to r3, we obtain

7]
— cot 012) 80.?2
(711)
[
cos 0,
Xicosf; =cotfipcos6; — ———. (76)
sin 62
Applying L, to both sides of Eq. (76) gives
X1¢1 = cot(612)C1 — G2 (77)
sin 012 ’

and using X1¢}P = n¢? "' X1(; yields Eq. (73). This yields

finally

2

o
_lf i1<§2g = dx éz [Wﬂ + COt(GIZ)W

+0 (2 cot(6:2) 8212 — (L + 1))]9

2 7]

sin 012 8012 9

Cll lclg +1

(78)

A similar equation holds for 12; we replace I? by 12, and
interchange [; and I, and {; and (5.

Collecting together the results obtained so far in this
section, we have

(L D) (2t core
2 +2) \ae, T W32 ) |9

Iz
—% (2 cot(@lz)ae

21, 15]
r25sin 02 6012‘(]'

+ 1))]

(79)

(12), for the case of parity IT = —(—1)%, can be ob-
tained. We start by noting a few identities involving
the operators X; and Y; of Egs. (62) and (63) and
© = e™sinB: (i) X109 = 0; (i1)Y210 = —i[cot(012)(2 —
Cl/sinﬂlz]/sinﬂu; (iii) X1Y1® = —cot(@lz)YlG); (IV)
Yi(1 = —i0; (v) Y20 = ©/(sin®6,2). We briefly out-
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line their proof. The relation (i) follows since ® =
e'*sin B does not depend on either vy or 6;3. The ac-
tion of Y] is easily calculated by applying the expres-
sion for L'y; see Eq. (31). Hence it is straightforward
to obtain (iv). Similarly, we obtain Y10 = £»/sin6;
where & = e**[cos(y + 612/2) + isin(y + 612/2) cos 3].
After some simple manipulation £; can be expressed
as o = —i[cot(012)(z — (1/sinb;3], thus proving (ii).
Since X;&; = 0 we have X,Y10 = £X;(1/sinf;;) =
—&; cot(#12)/sin 0,2, and now relation (iii) follows imme-
diately. Using (ii), and (iv) in the second step, we get

9? o o}
——l @sm(012)C g @sm(alz)( [302 + COt(elz)%; + (11 + 1) (2 cot(012)60
12

—681:1(012)(" “i¢htt 2

A similar expression holds for —lg@ sin(@lz)C{‘ Cé’

(V2 + V2)Osin(612)( ¢ g

2 2
— @ sin(f12)Ch ;[‘9 206 .9

2 o T o2
[(ll + 1) (2 COt(Olz)
1

2l 7]
7‘ sin 912 801

+0O sm(t‘)m)c

—Osin(f12)¢P TR

Changing variables from 6,5 to ri2, we obtain after
some straightforward algebra Egs. (11) and (12).

ACKNOWLEDGMENTS

This work was supported by the Division of Chemi-
cal Sciences, Office of Basic Energy Sciences, Office of
Energy Research, the Department of Energy.

APPENDIX

In this Appendix we make contact with the work of
Bhatia and Temkin [4]. The Euler angles (®,0, ¥) used
J

L 20
7'281‘2

——g — O(sin )¢tk

Y20 = iY1(1/(sin? 612) = ©/(sin® 6;3), thus proving (v).
Proceeding in a similar way as we did in deriving Eq. (78)
we obtain

1 2l1 cot 012

_ 72 —-_ l2
l1@C Cz 9=-6hL sin 0,

i1< g+@<~l1 1 12+

(2l1 + 1)

80
sin? 61, 12g (80)

Replacing g by gsinf;; in Eq. (80) and Eq. (78) and
combining Eqs. (78) and (80) gives

—(h+z>) p

sin 012 6012 90127 (81)
g. This yields
1 9?2 o
" ) (802 +eot(fra) 5 )] g
) (I3 + 1) a
ET - (ll + 2)) + T—g_ ( t(elz) ETI (lz + 2))]
21, (82)

r2sin 6,5 8612 g-

by Bhatia and Temkin differ only very slightly from our
Euler angles (o, 3,7); we have a = ® — 7/2, 8 = ©, and
y=y

1. Laplacian

We first show that our factorized expression for 12,
given by Egs. (60)—(64), i.e.,
lf = —(Xl +Y1+C0t912)(X1 —YI), (Al)
is equivalent to the expression of Egs. (63) and (64) of
Bhatia and Temkin:

92 15] 1 .
- = 6%, + cot(912)80 —+ 2_sin2—012{_L2 + cos(f12)[sin(2y) A2 — cos(2v) A4]
+sin(f12)[sin(27) Ay + cos(29) As]} — —2 — Leot(br) 2 4+ (L - —L ) 2 (A2)
12 V) A V) A2 00,0~y 2 128 4 2sin?6y, ) 924’
o2 8,
= —_— A3
A= 26ﬂ2 + 502 T L% (A3)
cotB 0 2\ 0 2 62 8?2
= 9 _ G2 T L ocot(B)—a—.
Az 2sin,B oa (14 2cot™f) Oy sinf 9p0a +2cot(B) opB0~ (A4)
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It follows from the equivalence of the expressions for I2
that the expressions for the Laplacian are also equivalent.
Noting that

[Xl, Yl] = — COt(Blz)Yl, (A5)
we have, from Eq. (A1),
—12 = X2~ Y2 + cot(612) X1. (AS6)

5? o] 1
12 —_— —_—
Ly 862, + cot(012)8012

62

This expression is equivalent to Egs. (A2)-(A4) if we
can identify

L2 = e*?7(Ay +iA,). (A10)

These identities may be readily established upon squar-
ing L', , utilizing Eq. (36), and comparing with Eqgs. (A3)
and (A4).

2. Transformation between different expansions

Now we derive the connection between the coefficients
f&(r1,72,73) in the expansion of Eq. (2), which is similar
to Bhatia and Temkin’s expansion, and the coefficients
fﬁ,lz (r1,72,73) of Egs. (5) and (6), which lead to the gen-
eralized Breit equations, Eq. (13). With a conveniently
chosen phase for the rotation matrices ’DQJ’K (o, B,7), the
result is

. L’z ) L’z
= | etz | Z+ —i612 [ = 17,2

IR SR
80,,0y 2 Oy 4  2sin?6;5, ) 0%y

Substituting our explicit expressions for X; and Y; [see
Egs. (60)—(64)], and using

L L' + L L', =2(L? - L?),

=2 (L% + o (A7)
o2 )’

yields

(A8)

(A9)

L1
Ty ftI{,zz (r1,72, 7‘3)01[1{,12 (612)

fE(ri,ra,m3) = Z

ly+l=L
(Al11)
for the case of IT = (—1)%, while

f}l{l(rlv 7'277'3)
= 27‘17‘2 sin(012)

x

lLi+la=L—-1

,,.111 TIZZ fllll,lz (Tlv T2, 1'3)C111{,12 (912) (A12)

for the case of Il = —(—1)¥. In the above equations the
functions C,If’ 1,(012) are given by [with 3F; a hypergeo-
metric function]

|
O (g < (SN A
bt (012) = N (@, =, KV /2l 1, + KO/
xe "l +K/D0a LB (— L1y 4+ 1y + K), —lz, (I — I — K) + 1,€%92), (A13)
with
2L +1) (2L)!
NE = (-1)E ( , Al4
r =01 [ 8n? (L — K)(L+ K)! (A14)
valid for both parity cases. Note the symmetry property C{fylz (612) = CIIZ{;II (—612)-
et us start by defining the rotation matrices (e, B,7), With our phase convention:
L by defining th. i ices DY ¥ (a, B ith h
'DLM’K(Q,,B,’Y) - (_1)[|K—Ml+K+M]/2N£W,K SID|K-M|([3/2) COS|K+M‘(ﬂ/2)eiMaeiK~/
X oFi[-L+ 3|K — M|+ }|K + M|,L+ }|K — M| + }|K + M|
+1,1 + |K — M|,sin*(3/2)], (A15)
where the normalization constant N £’I K s
1/2
MK _ [(RE+1) (L 3K + M| + 3K — M|)! (L~ §|K + M|+ 3|K ~ M) 2 (A16)
z 872 (L 3K+ M| 3K - M) (T + 3K +M|- 5K -M)!] [K-M]
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Note that DIIE{’K(a,,B, v) = ’Df‘M(ﬂ,a,’y). Our phase
convention is in accord with

LiDM% = /(L M)(L+ M +1)DM*V%  (A17)

and

DMK = /(LT K)(L £ K + 1)DM¥%1. (A18)

It suffices to consider the case M = L, for which the
rotation matrices take a particularly simple form:

Dyt (@, 8,7) = NE e 7 sin® ¥ (8/2) cos™ ¥ (8/2).
(A19)

To prove Eqs. (A11) and (A12) we first invoke Egs. (24)
and (25):

(1 = e"[cos?(8/2)" 1002/ —sin? (B/2)e= 7= 012/2)]
(A20)

(2 = e*[cos?(B/2)e (7 H012/2) _gin? (ﬂ/2)e_i(7+91’/2)].
(A21)

Some simple algebraic manipulations readily yield
L

I rla
152 —

K=—L,(-1)K=(-1)L

D (a,B,7)CK,, (612)

(A22)
for the case of IT = (—1)L, while
% sin(ﬁ)eia(i1<£2

L

-y

K=—L,(-)K==(-1)

DX (a, 8,7)CK, (612), (A23)

for the case of Il = —(—1)L. Substitution of these expan-
sions into Egs. (5) and (6), respectively, and comparing
with Eq. (2), yields Eqs. (A11) and (A12).
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