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The interaction of a bichromatic quantized field with three-level A-type atoms is analyzed on the basis
of c-number Langevin equations. In the presence of ground-state coherence one particular combination
of field modes is selectively absorbed leading to a correlation of the output fields. This correlation mani-
fests itself in a matching of Fourier components of the field modes and in a strong reduction of the
diffusion of the difference phase. This correlation phenomenon is studied for the case of externally gen-
erated coherence as well as for coherence produced by population trapping in conjunction with a nona-

diabatic atomic response.

PACS number(s): 42.50.Lc, 42.65.Ky, 42.50.Hz

I. INTRODUCTION

The optical properties of a three-level A- or V-type
atom interacting with a bichromatic field can be best un-
derstood in terms of so-called normal modes [1]. If per-
fect coherence is established between the pair of upper or
lower levels, one particular combination of field modes or
normal mode does not couple to the atom under condi-
tions of two-photon resonance, while the corresponding
orthogonal combination does. This separation into cou-
pled and decoupled normal modes due to the presence of
coherence leads to interesting correlation phenomena.

For example, in a two-mode laser with three-level V-
type atoms in which coherence is established between the
upper levels, the emission of photons is possible only into
the coupled normal mode and hence correlated fields are
generated. Since the same restriction applies to spon-
taneous transitions, there are no noise contributions due
to spontaneous emission to the beat signal which corre-
sponds to the uncoupled normal mode. This is the
essence of the so-called correlated spontaneous-emission
laser (CEL) [2], which has interesting potential applica-
tions for active gravity wave detectors and laser gyros [3].

Similar effects are to be expected for the case of ab-
sorption by a coherently prepared A system. Here only
field components corresponding to the coupled normal
mode are absorbed, whereas the medium is transparent
for the orthogonal superposition. Eventually correlated
fields are generated by the interaction process. This situ-
ation is investigated in the first part of the present paper
in a perturbative approach using c-number Langevin
equations and standard linearization techniques [4]. In
particular we study the propagation of a bichromatic field
through a beam of three-level atoms which are injected
into the interaction region in a coherent superposition of
the lower levels. In the case of two pulses, a nearly per-
fect matching of the Fourier components of the semiclas-
sical field amplitudes occurs. Furthermore, a correlation
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of the phase fluctuations of two cw fields is found. The
latter is of particular interest since it could lead to an
essential noise reduction in measurements of phase
differences.

The selective absorption of the coupled normal mode
in a A system with ground-state coherence is also the
basis of the recently predicted pulse matching in elec-
tromagnetically induced transparency [5]. A pair of
strong fields in two-photon resonance dumps the atom
into a decoupled coherent superposition of the lower lev-
els [6]. Since this trapping state involves the relative am-
plitude and phase of the fields, fast oscillations of these
quantities, which do couple to the trapping state, are ab-
sorbed. Only oscillations fast compared to the atomic
response time are affected by this process, since slowly
changing fields drive the atom quasi-instantaneously into
a new coherent superposition which therefore remains
decoupled at all times [7]. Associated with the nonadia-
batic correlation of Fourier components is a reduction of
quantum fluctuations of the relative amplitude [8] and
phase [7]. A detailed analysis of the correlation of
phases, which was recently reported by one of the au-
thors (M.F.) in Ref. [7] will be the subject of the second
part of the paper. In particular the propagation of two
quantized cw fields through a vapor cell with three-level
atoms is studied.

II. CORRELATION PHENOMENA
FOR INITIALLY PREPARED COHERENCE

A. Stochastic differential equations for fields propagating
through a beam of coherently prepared atoms

We here consider the one-dimensional situation shown
in Fig. 1(a). Two fields propagate along the z axis
through a beam of atoms with a level structure indicated
in Fig. 1(b). The atoms enter the interaction region at a
time #; and a position z; in a coherent superposition of
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FIG. 1. Two light fields propagate through a beam of
coherently prepared three-level atoms (a) with a level structure
shown in (b).

levels b, and b,. The interaction of the atoms with the
two fields can then be described by a set of Heisenberg-
Langevin equations [4].

For the case of a single atom characterized by the
atomic operators

g,=la)al, oo=|b){b,|,
Ubl=|b2)<bll’ 0'1=tb1><a| » (1)
O'b2=|b2)(b2|> azzlbz)(al >

and two field modes described by the annihilation and
creation operators a #,a}: we find, in a rotating frame,

o'-a=—r'o-a—igle(t—tj)(a1{01~H.a.)

—ig,0(t—t;a}o,—H.a.)+F, , (2a)

d,,l=—7/¢7,,1+1/1cra—Hgle(t—tj)(aJ{al—H.a.)+Fb1 ,
(2b)

Gy, = V0, 1720,

+ig,0(t—t;)(a}o,—H.a.)+F, , (2c)
d0=_roao_igle(t_tj)alaz

+ig,O(t—t))alo+F, , (2d)
d‘1=—-(iA+%F)01+ig16(t—tj)al(abl—Ua)

+ig,0(t —t;)ayo0tF, (2e)

0‘2= —(1A+%I‘)0‘2+1g29(t—tj )az(O'bZ—O'a)

+ig,0(t —t;)a,0{+F, . @
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The generalization to many-atom variables and to propa-
gating, i.e., multimode, fields will be done later. The in-
jection into the cavity is modeled by a turn-on of the
atom-field coupling at time ¢; and the finite interaction
time is taken into account by an effective decay out of the
system with rate ¥ [9]. The g’s are the coupling strength
of the corresponding transitions, which are given by
the dipole moments gp,,, the transition frequencies
@ab, the beam cross section 4 and interaction length L,

g, =V #iw,/2¢,AL p,/#. The dipole moments are as-
sumed to be real, such that g, =g;. We have assumed in
Eq. (2) two-photon resonance conditions, that is,
Wgp, ~ @gp, V17 V3 A=y —VI=0gH, V2 is the de-
tuning of the fields from the one-photon resonance and
r=y,+y,+2y, I'=y,+y,+v, and I'(=v. The noise
operators in Eqgs. (2) have zero mean value and are &
correlated. The corresponding diffusion coefficients can
be obtained from the generalized fluctuation-dissipation
theorem [4,9].

In order to describe the propagation of the two fields
we follow an approach used in Ref. [10] and introduce
space- and time-dependent, collective atomic variables.
For this the interaction volume is subdivided in 2M +1
cells of length L /(2M +1), L being the total interaction

length, with  center points z,=IL/(2M+1),
I=—M,...,M. We define
1. "
au(z,t)zﬁn}gnw(ZM+l)2 o(1—t,; )U;L L (3)
J 1

where N is the mean number of atoms in the sample. The
superscripts j and [ in Eq. (3) characterize the injection
time and position of the particular atom. As shown in
Appendix A, the interaction of the atomic beam with two
propagating fields can be described by replacing the
single-mode operators a,(¢) and a,(¢) in Egs. (2) by
space- and time-dependent operators a,(z,¢) and a,(z,?),
which obey the Maxwell equations in slowly varying am-
plitude and phase approximation

i) 0 .

3 +caz a,(z,t)=ig,No(z,t), (4a)
i+ci a,(z,t)=ig,No,(z,t) (4b)
ot az | 27 82N 022,00 -

Due to the presence of the step function in Eq. (3), the
equation of motion for the collective atomic variables ob-
tains an additional term which accounts for the injection
of the atoms

1 ..
Ti?aﬂ(z’t)_ﬁn}lflqu+l)

X3 8(t—1t;)ail;) + - (5)
j

Zl —2Z

Since the injection times are random, this term has a sto-
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chastic nature. We therefore add it to the effective noise
operator, after subtracting its average value

1 .. -

N A}linw (2M+1 )<28(t—tj )0{,’(t)> =yo . (6)
J z,—«»z

Here 02 is the expectation value of the single-atom

operator at the time of injection. As discussed in Appen-
dix B, the collective noise operators

2

(Fﬂ(z,t)Fv(z’,t’))=Nl— Jim (2M+1)8(z—2)8(: = ') 3, 0(1—1,)D,,,
J
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1

Fy(z,t)= detnw(ZM+l)ze(t—tj)Fﬁ(t)
J

+—§A}gnw(zM+1)

—yop (7)

ZI—PZ

X3 8(t—1;)ollt;)
j

again have zero mean value and, if we assume that each
atom is coupled to an individual reservoir, are § correlat-
ed in time and space. If we furthermore assume a Pois-
sonian injection statistics we find

Zj—>z

+~]%L8(z—z')8(t—t’)(a”(tj o (1)), (8)

where the D, are the single-atom diffusion coefficients.
Note that the last term contains an operator product
evaluated at the time of injection. The equations of
motion for the collective atomic operators are then

6,(z,t)=—T"0,—ig,[a}(z,t)0,—H.a.]
—igz[a;r(z,t)az—-H.a.]+F,,(z,t) , (9a)
Gy (2,1)=y0] —yo, +110,
+igi[a](z,t)0,—H.a.]+F, (z,t), (9b)
Gy, (z,0)=y0} —y0, +7,50,
+ig,lal(z,t)0,—H.a.]+F, (z,t), (90
Golz,t)=y03—Tooo—ig,a,(z,t)0}
+igyal(z,t)o+F, (2,1) (9d)
c'rl(z,t)=—(iA+%I‘)01+igla,(z,t)(ab1—0,,)
+ig1a2(z,t)ao+Fal(z,t) , (9e)
0y(z,8)=—(iA+3T)o,+igra,(z,t )0, —0,)
+ig1a1(z,t)a$+F02(z,t) . (99

An exact analytic solution of the Heisenberg-Langevin
equations (4) and (9) that would give all information
about the system is not possible. The properties of the
system can, however, be derived to a very good approxi-
mation from c-number Langevin equations which origi-
nate from the Liouville equation for the system density
operator p. p can be expressed in terms of a generalized
quasidistribution which obeys a Fokker-Planck equation.
The Fokker-Planck equation, on the other hand, is
equivalent to a set of stochastic c-number equations
which are much easier to handle than the Heisenberg-
Langevin equations given above [4]. Correlation func-
tions of ordered operator products can then be obtained
from the correlation functions of the corresponding c-

[
number variables. The operator ordering is thereby
defined by the relation between the quasidistribution and
the density operator. Here we choose the ordering

a;,aI,O’;,UI,O’S,O",,O'bx,sz,Uo,O'1,(72,01,(12 .

The equations of motion of the c-number variables are
formally identical to the Heisenberg-Langevin equations
(4) and (9). We will use in the following the same symbols
for the c-number counterparts of the atomic operators.
The c-number field variables will be denoted by a; and
a,. The corresponding c-number Langevin noise terms
F“(z,t) are & correlated as the operators, however, with
different diffusion coefficients D,,,(z,?)

(F”(z,t)FV(z’,t’))=8(z—z’)8(t—t')71\;‘$m(z,t), (10)

which can be obtained from the quantum diffusion
coefficients as shown in Appendix B.

We will now discuss the semiclassical evolution of the
system assuming weak fields, so that perturbation with
respect to the atom-field coupling strength g, , is possi-
ble.

B. Dynamics of mean amplitudes: Pulse matching

In this section we study the evolution of the mean-field
amplitudes in lowest-order perturbation theory, in which
case the equations of motion are linear. Under condi-
tions of a stationary atomic beam, the nonvanishing
zeroth-order solutions of the averaged equations (9) read

(c@)=0, (11a)
(of)y=a} , (11b)
<a$,‘;’>=a‘,32 , (11c)
(o) =03=|cfle’® . (11d)

The variables to be evaluated in first order are functionals
of the field amplitudes and hence are time dependent. A
Fourier transformation of Eqgs. (9¢) and (9f) yields, in first
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order of the atom-field coupling,

1'810(131
(o(z,0))= )(al(z,w))

r2+ilo+A

.0
18,00
T2t ileTa) (@),

. 0

ig,09
(1) - -z
(0320 = o)

_igl'g_*____(a(z ))
T/2+i(@t+A) o15@ -

Fourier transforming the field equations of motion and
plugging expressions (12a) and (12b) into them yields

(12a)

(ay(z,0))

(12b)

giNo},
<a1(2,0))>=

. d _ giNoy,
lotes, T2 tiata) (a5

3182N08

—m<a2(2,w)) 8

(13a)
giNo},

TT/atiet) e

ico-+—ci (az(z,co))=

dz

g1g2N<78'r

TT/2tiwtA) e

(13b)

The solutions of these equations can be found very easily.
They read

(a,(z,0)) =1[{a,(0,0)) +e"®(ay(0,0))]

Xexp

—(1+n)B(w)z—im% ]

+1[(ay(0,0)) —e®(ay(0,0) )]

Xexp | —(1=mBlo) —inZ } (14a)
(ay(z,0)) =1[{a,(0,0)) +e "®(a;(0,0) )]
X exp —(1+17)B(co)z—-ia)§]
+%[(a2(0,a)))—e"'e(al(O,a)))]
X exp —(l-n)ﬁ(w)z——iwf ] , (14b)
where we have assumed for simplicity
giNo} g3V,
T/2ti@+h)  T/2+i@ta) <A@ U5
F—%ﬁ%g—m=cnﬁ(w) : (15b)

Here n= |08|/\/021022 is the degree of coherence be-

tween the two lower levels. It is quite instructive to ex-
press the results in terms of the normal modes

(a,(z,0))+{ayz,0))e®

=[{a;(0,0)) +{a,(0,w))e®]

Xexp —(1+n)B(w)z—ia)% ’ , (16a)
(a,(z,0))—{ay(z,w))e®
=[{a,(0,0)) — {a,(0,0) )e’®]
X exp —(l—n)B(w)z—iwf ’ . (16b)

Equations (16) show that the “sum” mode (16a) is
damped out very rapidly, whereas the “difference” mode
(16b) can propagate essentially undamped if the coher-
ence degree 7 is close to unity. This means the interac-
tion leads to pulse matching after a sufficiently long prop-
agation distance and the field amplitudes at the output
obey the relation

(ay(L,0))~—{ayL,0))e® . 1

As can be seen from Eqgs. (15), the pulse matching is per-
fect for Fourier frequencies small compared to I'" /2, that
is, for not too fast varying pulse amplitudes. For
»?>>T2/4 we have B(w)—0 and there is no matching of
Fourier components.

If the relevant range of Fourier frequencies is such that
Blw)=pP(0), i.e., in the adiabatic limit, Eqgs. (14) can im-
mediately be transformed back into the time domain

(al(z,t))=%[(a1(0,t—T))+ei9(a2(0,t—7))]
Xexp{—(1+7)B(0)z}
+%[<a1(0,t—T')>—eie(a2(0,t—7’)>]

Xexp{—(1—n)B(0)z} , (18a)

{ay(z,)) =1[{ay0,t—7)) +e (a0, —7))]
Xexp{—(1+7)B(0)z}
+1[{ay(0,t —7")) —e "9 ay(0,t —7')) ]

Xexp{—(1—n)B(0)z} , (18b)
where 7 and 7' are the retardation times
_z , 2(1+7n)Re[B(0)]z
=£ 4 T ,
¢ (19)
,__z , 2(1—m)Re[B(0)]z
T + .
c r

One can see that the normal modes propagate with
different group velocities. The strongly damped mode is
considerably slowed down, whereas the weakly damped
mode propagates in the case of ideal coherence with
the speed of light c¢. Figure 2 shows the propagation
of two resonant pulses with envelopes
@,(0,¢)=exp{—(I't /10—0.3)?%} and @,(0,1)



2434 MICHAEL FLEISCHHAUER AND THOMAS RICHTER 51

z=10.56"" (b)
0.8 /

0.6
0.4

0.2

z=1.08""
0.8

0.6
04

0.2

z=208"
0.8

0.6
0.4

0.2

-40 -20 0 20 40
I't

z=0.53" (¢)

0.8

0.6

0.4

0.2

z=1.08"
0.8

0.6
04

0.2

z = 2.08"
0.8

0.6

0.4
0.2 -_A
0

I't

FIG. 2. Evolution of coherent amplitudes of two pulses with envelopes @;(0,¢z)=exp{—(I't/10—0.3)*} (curve a) and
@,(0,¢)=v0.5 exp{ —0.005I'*t?} (curve b). The initial pulse envelopes are shown in (a). The pulse envelopes for different propaga-
tion length through the medium are shown in (b) for y,=y,=y =T /4 and 7=0.9, and for n=0.5 in (c).

=v/0.5exp{ —0.005T%¢2} in the adiabatic limit for two
different degrees of coherence and © =7. For smaller de-
grees of coherence the field amplitudes converge slower
and are much stronger absorbed.

Since the originally weak pulse (b) gets amplified for a
not too large interaction length at the expense of the
stronger pulse, one might think of using the present

scheme as an amplifier with one pulse replaced for in-
stance by a strong cw field. One should note, however,
that the signal modulation depth is not amplified by this
process, but rather a background is added depending on
the shape of the “pump” field. This can be seen from
Eqgs. (18). Let a, be a strong pump field and a, a weak
signal field. One finds after a sufficiently long propaga-
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tion distance for © =1
_;_( az(t _TI) >ine —(l—n)ﬁz

+L{a(t—7'))e " 1ITME

(aZ(t ) >out~

Since 7 <1 the input signal is diminished by at least a fac-
tor 1 and amplification is due to the addition of the pump
field amplitude. One can see that the system can be used
for an energy transfer from one field to the other, which,
as shown by Agarwal, Scully, and Walther [11] can be
noiseless, but not as an amplifier.

It is interesting to note, furthermore, that in contrast
to the case of electromagnetically induced transparency
(EIT), no front-end losses [1,12] of the pulses occur in the
present scheme and in principle very weak fields can be
used. This is because the atoms are prepared here in a
trapping state, whereas in EIT the fields have to dump
the atoms into a decoupled coherent superposition. The
necessary energy for this has to be provided by the pulses,
which leads to absorption at the front edges.

C. Phase correlation of quasimonochromatic fields

We now study the evolution of the phase fluctuations
of two quasimonochromatic, resonant (A =0) laser beams
propagating through the medium. In particular we cal-
culate the spectrum of the phase-difference fluctuations
as a function of the propagation distance. We again con-
centrate on a lowest-order perturbation analysis and as-
sume small fluctuations of the dynamical variables
around their semiclassical steady-state values.

We introduce an intensity-phase representation accord-
ing to

i1,

a1,2=|a1_2|e " (20a)
01,2~ |‘71,2]f—’i61'2 , (20b)
0'0=|0'0|ei00 (200)

With these definitions we find, from Egs. (4) and (9), the
phase equations

2435
3. o,
at — |@,(z, t)—g2N| ] cos(0,—¢,) , (21b)
and
la,|
=) glNlall( (©—0*)cos(©;—4,)
1
la, Fo
+g2N| | '0’0|COS(91 ¢2 GOH-Im : N
(22a)
la, |
gﬂTﬁ<bﬂW%me —,)
!a1| F,
+g1N|—ajIao|cos(92—¢1+90)+lm - |
(22b)
. FU
Oy=—vsin(6;—0O)+1Im . (22¢)
0

We now consider small fluctuations of the dynamical
variables around their semiclassical steady-state values.
The semiclassical steady-state values are obtained by
neglecting the noise terms in Eqgs. (22) and by setting all
time derivatives equal to zero. We assume the following
relation between the semiclassical steady-state field am-
plitudes:

a(z)=—ayz)e® (23)

Note that the interaction process generates fields which
will anyway obey this relation after a sufficiently large in-
teraction distance. Under this condition we find the
semiclassical stationary phase values
8,=0, ©,~¢,=—+6, 6,~¢,=—7 -0,
(24)
T T
— =—, e - =
$1=7" ©=¢="

We now linearize Eqgs. (21) and (22) around these
steady-state values, Fourier transform the results, and

i-{-c—— bi(z,t)=g, Nﬂ cos(©,—¢,) (21a) plug the expressions for the atomic phases back into the
ot 9 || field equations. We arrive at
_
2
glNUbl oyl £182N 10| |ay
+ ——&8¢,+ + )
tote s, ’8‘1’1 T Tarie TN Tt T Ta [ 0%
+ 818:N oyl |a,| m F"o __81N|‘71l 1 F”n (25a)
(T 2+io)y+io) |a o la;] T/24ie o, |’
2
No
d &2V 0, loa| |yl g182N ool layl
j — =——08¢,+ ) ]
ity ‘5"’2 T2tie 002 T8N T 0 180 00 o, 9%
. g182N 10| |ay| Fo, _82N|‘72} 1 Fo, (25b)
(T 24+io)y+io) |a,l g, la,] T/2+io o,
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The fluctuation of the phase difference between the two modes §¢¥=056¢, — 54, obeys the equation

d . rs2 I'%/4 ®
—8Y(z,0)=— 1—(14+n)cf————— |+c 1+ —c SY(z,w)
<3 Ve 1o LSy ] Bt Nt | TP g Y
4 — Fo Fo
cnBT o | _cBl—1n) 1 "o 26)
(T24+io)y+iw) oy I'/2+iew o o, |’
[

where B=PB(w=0). Equation (26) can easily be solved length A, [9]:
and we can calculate the spectrum of phase-difference 2 22
fluctuations, which we define as gi= P _ 3 M cyy . (30)

Sy(z,0)=0® [ 7 dr(8%(z,)6¢(z,t —7))e

2 0
=== [ 7 do'(8i(z,0)8¢(z,0)) . @7)
2T Y -

The factor w? is introduced in this definition of the spec-
trum, so that for a single field with freely diffusing phase,
S is equal to the linewidth. Since, as mentioned in Sec.
IT A, c-number correlation functions correspond to nor-
mally ordered correlation functions of operators, vacuum
contributions are not included in S,. Therefore S=0
corresponds to the vacuum limit. We find

S y(2,0)=58(0,0)e ~2*

301 7, yw?
+—"=(1—7)
7A T V(4o +4ad)
2 2
O L/ 5240?4302
(0¥ p—1)+nI%/2]
x[l_e—ZK(a))Z] , (28)
where
2 _ 2
w(w)=pe - Dt9I7/2 29)

I2/4+w?

In Eq. (28) we have substituted the coupling strength g,
in terms of the radiative decay rate y; and the wave-

o
v

L AL

AT PR ST LT

2% ..*.». L P AT TS

K

AL AL
O o

FIG. 3. Exponential decay factor of initial phase-difference
fluctuations for 7=0.8 and y =y, =y,=TI /4.

2, AL 41 a

One can see from Eq. (29) that for large coherence de-
grees (n~=1), initial phase-difference fluctuations above
the shot-noise limit are absorbed due to the locking to the
phase of the injected coherence. It is interesting to note
that, in the absence of coherence (7=0), there is an
amplification of high-frequency phase fluctuations. This
can be understood in the following way: The incoming
field induces an oscillating atomic dipole, whose phase is
correlated with the phase of the field. Due to the finite
response time of the atom, there is, however, a small re-
tardation. For Fourier frequencies larger than the in-
verse response time of the atom I', the phase fluctuations
of the oscillating dipole become independent of the field
fluctuations and the total phase noise is amplified. For
intermediate values of 7 both mechanisms compete such
that  phase  fluctuations are  quenched  for
w?<[n/(1—7)]T%/2, but are amplified outside this fre-
quency region. Figure 3 shows the exponential damping
factor k(w) as function of w/I" and Bz for 80% coher-
ence.

The second term in Eq. (28) accounts for atomic noise
contribution due to absorption and spontaneous reemis-
sion of photons. It vanishes if the degree of coherence 7
approaches unity. Since the atomic noise also vanishes as
the Fourier frequency goes to zero, the long-time
diffusion coefficient of the difference phase is not affected
by it. The atomic noise term is plotted in Fig. 4 in units
of (1—m)(3A3y,y /mAT).

atomic noise

FIG. 4. noise contribution in units of

Atomic
(1—3)(3A%yy,/m AT ) for the same parameters as in Fig. 3.
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III. CORRELATIONS
DUE TO ELECTROMAGNETICALLY INDUCED
TRANSPARENCY

A. Stochastic differential equations
and semiclassical dynamics in the adiabatic limit

We here analyze the propagation of two strong fields
through a vapor cell with three-level A-type atoms such
as those shown in Fig. 1, however, in a closed system, i.e.,
without the injection and decay channels. Since col-
lisions cannot be neglected in a cell as opposed to the sit-
uation in a beam, we take into account a collisional de-
phasing of the lower level coherence with a rate y,. We
assume that this contribution to the decay rate of the
lower-level coherence is the dominant one and laser
linewidth contributions [13] are small compared to it. In
this scheme there is no externally generated coherence.
However, the two strong fields will dump the atomic pop-
ulation into a coherent superposition of the two lower
levels, which is essentially hidden from the fields. This
phenomenon is well known as coherent population trap-
ping [6]. Since the trapping state involves the relative
phase and amplitudes of the two fields, small perturba-
tions with different relative phases and amplitudes do
couple to the trapped state and are absorbed if they hap-
pen on a time scale short compared to the atomic
response time. Slow fluctuations on this time scale will
drive the atom adiabatically into a new coherent superpo-
sition and the atom will remain in a dark state.

The interaction of the two fields with the atomic sys-
tem is again described with c-number Langevin equations
for space- and time-dependent variables, similar to those
of Sec. I A. The equations of motion for the atomic and
field variables are formally identical to Egs. (9) and (4)
with R =y =0 and I'y=v,. The collective atomic opera-
tors are defined as in Eq. (3) without the © functions.
The noise operators are & correlated according to Eq.
(10), with diffusion coefficients listed in Appendix C.
Since coherent population trapping is a nonperturbative
effect, we cannot apply perturbation theory as in the first
part of the paper. For simplicity we assume, however,
resonance of the carrier frequencies of the bichromatic
field with the corresponding atomic transitions.

In a first step we discuss the semiclassical properties of
the system in the adiabatic limit. For this we neglect the
time derivatives on the left-hand side of Eq. (9) and disre-
gard all noise operators. Solving the set of algebraic
equations yields

4y,0302
o,= ——ODI—Z— , (31a)
4709%Q%+29%(7’19§+7’29%)+?’071I‘Q%
Oy = D , (31b)
4700105 +208(y 1 Q5+ 7,01 + 7y, Q]
o, = , (31c)
b, D
21’?’07’19'19'%3%1
o=—— (31d)

D ’
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. 2 it
_ 20707200 Q0e
o= 31e)
27,02 +7,00" "7 a 0,
0o= D . (319)

In Egs. (31) we have introduced the Rabi frequencies of
the fields according to g,a,(z,t)=Q,(z,t) exp{id,(z,t)}
and

D =127,0203+(y,0}+7,9) [y, L +2(03+03)] . (32)

Plugging the adiabatic values for the coherence o, in
the field equations (4), we find

_ 281 ,NQ3 1vo¥ 1,

i) d
+c D

at dz

ayy(z,t)= ay (z,t) .

(33)

One can immediately recognize from Eq. (33) that there
is no mutual coupling of the phases of the two fields.
Furthermore, the normalized differences of the intensities
la,(z)I2/y,—lay(z)|*/v, is a constant of motion. This
implies that any initial difference of the phases or normal-
ized amplitudes is unaffected by the interaction process in
the adiabatic limit, which means that there is no match-
ing of Fourier components. One can also see from Egs.
(33) that, due to the collisional dephasing of the lower-
level coherence, which corresponds to a decay of the pop-
ulation trapped state, the absorption of the two fields is
nonzero. The corresponding intensity absorption rates
are

_ 48%,2NQ%,17’07’1,2
Dc ’

Figure 5 shows the dependence of k =k; =k, for the sym-
metric situation of equal Rabi frequencies (2,=Q,=Q),
decay rates (y,=7¥,=%), and coupling strength as a
function of the Rabi frequency ). One recognizes elec-
tromagnetically induced transparency for Q%> yy [12].

K12 (34)

0.8

0.6

0.4

0.2

0 2 4 6 8 10
Q% /70

FIG. 5. Absorption rate « in arbitrary units as a function of
9.2/707. For 92270'}/ one recognizes electromagnetically in-
duced transparency.
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B. Nonadiabatic correlation of phase fluctuations

In this section we investigate the phase fluctuations of
two quasimonochromatic fields interacting with the
atomic sample. As discussed in the Introduction and
shown in the preceding subsection no correlation effects
arise in the adiabatic limit. We therefore have to take
into account the full dynamics of the atomic evolution.
In order to simplify the analysis, however, we eliminate
the fast decaying variables, which are the upper level
population o,, the sum of the population of the lower
levels abl+ab2=1—aa, and the two optical polariza-

tions o, and o, Plugging the solutions of the corre-
sponding algebraic equations into the equations of
motion for the phases ¢, , of the fields and the phase 6,
J

of the lower-level coherence o, we find, after some alge-
bra,

d 3 2 91,2 —id,
—~+c— = NRe|—e ’
a7 +c % 1051,2 g1, Q,, ]
2831,N Q,,
= i —¢,— )
T 91,2|00\Sm(¢1 é, 0
Foy, -is
+2g%,N Re =g L2 (35)
£1,2 er ‘

and

d .. 209, (r;+y,) | 240,Q, (Q2—Q3)3
dteo— EX D sin(¢; —¢,—O,)+ EX D' sin(¢, —¢,—6y)
480203 _ 60,0 F
+—"1:‘1),— COS(¢1—¢2_60)SIH(¢1_¢2—60)+"_‘;(‘)l—‘ F_D' Sln(¢1—¢2—90)
Q.IF;‘,‘2 b Q;‘F(,1 s
+Im —2Re e '|—2Re e’ (36)
oy Tog Tog

Here D'=(y,+7,)T+6(Q3+03), F=(2i0.e"'F}
+2i Qze"f)2F32 +c.c.)+TF,, and we have introduced the

difference of the lower-level populations
2=(0p —0,)/2. In order to make the above given

equations tractable we apply standard linearization tech-
niques and assume small fluctuations of the variables of
interest around the semiclassical steady-state values
x(z,t)=x(z)+8&x(z,t). Higher-order terms in the fluc-
tuations are disregarded and all dynamical variables ap-
pearing in the diffusion coefficients are replaced by their
semiclassical steady-state values. Since we have, in the
steady state,

11— d,—6y=7, (37)

we can disregard the fourth term on the right-hand side
of the (linearized) equation (36). A Fourier transforma-
tion turns the linearized Eq. (36) into an algebraic equa-
tion. Extracting 6O,(z,w) from this equation and substi-
tuting the result into Eq. (35) yields an ordinary linear

|

8g1g3(03/g3+Q3/83)(y Q3 +7,0}) T, +iw

F,p(z,w): T'Dc
71 —i¢ 72
+2N lg% Re [ ar® '1—giRe e

The damping rate of the phase-difference fluctuations
displays a Lorentzian dip at »=0, which means—in
agreement with the adiabatic result—that the damping
vanishes as ®—0. The width of the Lorentzian dip

I, =7,+2(Q}+03)/T 1)

2 2
Fg+a)

[
stochastic differential equation for the phase-difference

fluctuation 8¥(z,w)=6¢(z,w) —d¢,(z,w):
‘—;1;8¢(z,a))= —%[K,p(z,w)-—ik,/,(z,w)]&ﬁ(z,a))
+Fy(z,0), (38)

with k, and K, being real and positive. The damping rate
of the phase-difference fluctuations reads

8gigIN(Q1/g} +Q3/85) (v, Q5 +7,00)

ky(z,0)= I'De
w2
2+’
_ 8gigiN(01/g1+05/g3) o

(39)
2 2, 27
Tye Iy +o
where in the second line we have assumed that y is small
compared to the radiative decay rates. The effective
noise term F, has the form

Q,F . . F
il_e_l% el¢1 1 +1Im { %0

Q.F3,

—2R
€ o,

lZ Re

I

Tog Op

[decreases when the Rabi frequencies of the fields become
smaller. That is, in order to correlate low-frequency
phase fluctuations, one has to either increase the propa-
gation length or reduce the rabi frequencies of the fields.
On the other hand, as can be seen from Eq. (34) and Fig.
5, the transmittivity of the vapor cell decreases as well.
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The extent to which phase-difference fluctuations can be
suppressed by the interaction process therefore depends
on the ratio of the phase damping length A, =1/k, to the
absorption length A=1/k (where symmetric conditions
are assumed for simplicity, such that k;=k,=«). This
ratio is plotted in Fig. 6 as a function of the Fourier fre-
quency o for different values of the Rabi frequency
Q=0,=Q,. An optimum quenching of phase-difference

fluctuations is achieved if () is of the order of a few yy,,.
We now consider the spectrum of phase-difference fluc-
tuations S,(z,w), as defined in Eq. (27). From the equa-
tion of motion (38) of the phase-difference fluctuations 8
J

dz
—fda) f dz' (Flp(z y@)F y(z,0 Ve

where we made use of the fact that phase fluctuations at
the input of the cell z=0 are statistically independent
from the noise operators corresponding to some location
inside the medium. Making use of the correlation prop-
erty (10) of the noise operators

(Fyl2,0)F (2,0) =271 D 4y (2,08(z 2" 8(0+ o)
we find
jZS,p(z )= —Ky(2,0)8y(z,0)tky(z,0)Ny(z,0) , (44)
with
2
K¢(z,w)N¢(z,w)=%ﬁDw(z,w) .
Equation (44) can be solved analytically if the propaga-
tion distance is small compared to the absorption length.

In this case the z dependence of ky and N, can be
neglected and we find the solution

-40 -20 0 20 40
w / Yo

FIG. 6. Ratio of fluctuation damping length A to absorption
length A for a symmetric situation. The parameters are
Q2/y70=0.5 (curve a), 1 (curve b), 2 (curve c), 5 (curve d ), and
10 (curve e).

2 z
45 (z,0)= —K,l,(z,w)S¢(z,w)+—a)—fdw’f dz'(Fy(z,0)F,(z',0') )e
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we obtain
S (z,0)= —ky(2,0)S (2, 0)
dZ ¥ zZ,0 K'l’ Z,0 v Z,0
>
+oo— [ T do(Fylz,0080(z,01)
2mc
C() © , )
+ 2mre f_wd“’ <8¢(Z,w)F,,,(z,a) )) . (42)

Formally integrating Eq. (38) and substituting the result
into the second line of Eq. (42) yields

”(1/2)(K¢+ii¢)(z—z’)

—(1/2X K¢+1K Nz—z')

) (43)
[
Sy(z,0)=8,0,0) V"4 N, (0,0)[1—e > .
(45)
Figure 7 shows e 7 for Y=v,=y,>>y, and
Q,=Q,=5yv, Outside a certain frequency region ini-

tial fluctuations above the shot-noise level are damped
out very rapidly.

For the symmetric situation of equal oscillator
strength, decay rates, and Rabi frequencies, the atomic
noise term N (0, ) takes on the simple form

2L 20?
N¢(z,w)=g Yo 1+ 27’0
ve QT
3 a2 20y,
T 4r 470 or |’ “o

where we have substituted in the second equation the
coupling strength in terms of the radiative decay rate v,
the wavelength A, and the beam cross section 4. Since A
is small compared to the beam diameter and ¥, can be of

FIG. 7. Damping of initial above-shot-noise fluctuations for
symmetric situation and Q*=5yy, as a function of propagation
distance z and Fourier frequency w.
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the order of kilohertz, the atomic noise contribution can
be neglected for Fourier frequencies w <<y. For exam-
ple, taking 4 ~0.1 cm?, ¥~ 1 kHz, and A~0.5 um, it is
of order 10~* Hz.

In summary, we have seen that in the absence of any
externally generated coherence, bichromatic fields in-
teracting with three-level A-type atoms can become
correlated. At first glance this may be counterintuitive,
since there is no phase to which the beat note of the two
fields could lock. In fact, we have shown that in the adia-
batic regime, where the atom follows any change of the
fields instantaneously, no correlation occurs. Only when
the finite memory of the atomic response is taken into ac-
count may correlation phenomena be observed.
Dressed-state optical pumping established a ground-state
coherence with a phase equal to that of the beat note of
the fields. Due to the finite response time of the atom,
the fields always experience an atom being in a trapped
state, which involves the difference phase and difference
amplitude of the fields at a slightly earlier time. There-
fore fast fluctuations of the difference phase and
difference amplitude couple to the trapped state and are
absorbed.

IV. SUMMARY

In the present paper we have studied the interaction of
two fields with three-level A-type atoms, in which lower-
level coherence is generated either by external means or
by coherent population trapping. Under conditions of
two-photon resonance with the A system, a certain super-
position of the fields, called an antisymmetric normal
mode, does not couple to the coherent superposition
state. Since the orthogonal superposition does couple,
any components in this symmetric normal mode will be
absorbed by the atoms. The interaction thus generates
fields with a certain correlation between the coherent am-
plitudes.

In the case of externally generated coherence, such as,
for example, in a beam where the atoms are injected in a
coherent superposition, the antisymmetric normal mode
is determined by the phase of the initial coherence. The
beat note of the bichromatic field is locked to this phase,
giving rise to nearly perfect pulse matching without
front-end losses. Associated with the matching of
Fourier components is a reduction of noise contributions
above the shot-noise level in the beat signal of the two
fields. We have shown that, due to this locking mecha-
nism, the diffusion of the phase difference of two indepen-
dent input lasers can be completely suppressed for fre-
quencies smaller than the natural linewidth of the transi-
tion. Atomic noise contributions that result from a resid-
ual absorption and reemission of photons are small and
do not affect the long-time diffusion coefficient. This
scheme represents therefore a powerful tool for strong
noise reduction of the difference phase of two input lasers
and, as the CEL may have interesting applications in
high-precision measurements, of phase differences. As
opposed to the CEL, it is passive, i.e., it does not amplify
the input fields. It is, however, interesting to note that
the locking mechanism persists even if a few percent of
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the atoms are injected in the upper level leading to nonin-
version amplification of the fields [14]. The precision of
the locking of course depends on the ability to prepare
the atoms in a coherent superposition with a well-defined
phase, since any fluctutions of the latter will be imposed
on the fields.

Also, in the absence of any externally generated coher-
ence, bichromatic fields interacting with three-level A-
type atoms can become correlated due to the finite
response time of the atom. The most interesting conse-
quence of this correlation phenomenon is the reduction of
the short-time diffusion of the difference phase between
the fields. We have shown that the characteristic time
over which diffusion is suppressed is given by the width
of exp{—ky(0,w)z}. Since the medium has a finite
transmittivity, the propagation distance z has to be small-
er than the damping length A. In this case the width of
the exponential is of the order of I', =yo+2Q%/y. If y,
is of the order of a few kilohertz, a suppression of phase
diffusion is possible for fractions of a millisecond. Noise
contributions from the absorption and reemission of pho-
tons are small and may be disregarded.
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APPENDIX A: PROPAGATING FIELDS

To describe the noise properties of a field propagating
through a sample of atoms we apply a technique de-
scribed in Ref. [10]. To illustrate the method we consider
here the case of a single, quasimonochromatic field with
mean frequency v and a corresponding wave number k.
Since a description of a propagating field requires a mul-
timode approach, we include a finite number of modes

with creation and annihilation operators c,T and c,. The
corresponding wave numbers are
k-k+2” n=—M,...,M. (A1)

The interaction operator of the probe field with the atoms
reads

H™=—%g 3 O(t—t;)cle ""ole™ +H.c.), (A2)

Jhn

where we have separated the fast oscillating spatial phase

from the atomic  polarization. Note  that
3 ;=N /(2M +1) is the number of atoms in one cell.
It is convenient to introduce the field variables
1 2minl
KRNTTYERTE 2 €n XD ‘ 2M+1 ] ’
I=—M,.... M, (A3

which fulfill Bose-commutation relations. In terms of
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these field variables the deterministic part of the total
Hamiltonian can be written as

H=HY .+ 2 #fiv,clc, +H™

“Hﬂmm+ﬁv2 blb,+# 3 vybby
I+l
—ﬁgze(t—tj){(zMH)Wb, o'+H.c.], (A4
Jk

where v is the carrier frequency of the field and

M . . )
2mnc {Zmn(l 1) (A5)

vr= X 2M +1

€x
~ ., M +1)L

From Eq. (A4) we find the equation of motion
by=—i3 vyb,+ig 3 M+ 1?0t 1)o7, (A6)
r j

where we have introduced slowly varying amplitudes.
We proceed by applying a continuous approximation in
the limit M —oo. In this limit we have the following
correspondences:
IL —Z
2m +1 ’

QM +1)"2b,—>alz,t), (A7)
=i vyb M +1)12
:

d
caza(z,t) .

Thus the equation of motion for the space- and time-
dependent dimensionless field amplitude reads

3,3

ar €3z |45

=ig lim 2M+1)3 6(r—t,)0” (A8)

ZI-—~>Z

(F (z,t)F,(z',t’ )—7V— lim (2M+1)2<§‘,e(t~t )0t —t; ) Fi(t)F] " (2 )>>

2
J»J

With the definition for the collective atomic variables
given in Eq. (3), this expression goes over into Eqgs. (4).

APPENDIX B: DIFFUSION COEFFICIENTS
FOR INJECTED COHERENCE

The noise operators for the single-atom variables are &
correlated in time

(FMOF]"(t'))=D,,8,,8,8(t—1t') . (B1)

Since the atoms are coupled to individual reservoirs, only
correlations between noise operators corresponding to
the same atom are nonzero. The Heisenberg-Langevin
equations (2) have the structure

X(t)=A,(t)+F,.(t), (B2)

where A, is the deterministic part of the equation and F,
is the quantum noise operator. The associated diffusion
coefficients can be calculated using the generalized
dissipation-fluctuation theorem [4,9]

D,,=—(x4,)—

<A,,y>+ (xy> (B3)

We find the following nonvanishing terms:
D1, =v{op ) +7:los), Dy, =rlo,),
(B4)

D i =vy{a,), D i =v{0,), D,, =v{o;).
020, 000 072

We now derive the correlation function of the collec-
tive noise operator F “(z,t) defined in Eq. (7). Since the
correlation between an atomic noise operator at any time
t>t; and an atomic operator at the injection time ¢; van-
ishes we have

s

ty Jim QMDY S8 —1)8( (o l0)o (1)) —yPlol . (B5)

2
J>J

y
s

Here ( ), denotes an average with respect to the injection statistics. Since operators corresponding to different atoms
are uncorrelated at the time of injection, we can rewrite Eq. (B5) in the form

(F,(z,t)F,(z',t")) = FI- lim (2M +1)%8,.8(t —t’)<z o(t—1; )ny>
j s

2 Mo

+ [1—;— lim (2M+1)2<2 8(z—1;)8(t'—1t; )> —y?

J#J

O

1 . ,
+-FMhinw(2M+l)28,p<§ 8(t—1,)5(1 —tj)>s(ax(tj)0'y(tj)> . (B6)

For a Poissonian injection statistics the second term vanishes and we have [15]

— — N —
<28(t £)8(t" t)>s X —ys—r)

(B7)
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Noting furthermore that lim,, , (2M+1)§,
=8(z—z')L, we find
(F(z,t)F,(z',t"))
L

=8(z—2z")d(t—t )7\’_

> i,—Mliinw (2M+1)3 6t —1,)D,,

J

Zl—>Z

+y o, (t)o, (1)) | . (B8)

The c-number diffusion coefficients can be obtained
from the quantum diffusion coefficients (B4) by trans-
forming the expressions in the fluctuation-dissipation
theorem (B3) into normally ordered operator products. If
the operator product Xy is normally ordered, its expecta-
tion value is equal to the expectation value of the corre-
sponding c-number product. Hence we have

d joey_d
(=) (B9)

Using again the generalized dissipation-fluctuation
theorem, Eq. (B3) and its classical counterpart, we find,
from Eq. (B9),

D, +(24,)=(4,9)=D,,+(x4,)+(4,y), (B10)

where 4, and D,, are the drift terms and the diffusion
coefficients of the c-number Langevin equations. Thus
we obtain

Dy =Dy +{(24,)+{(4,9)—(x4,)—(4,y) . (B

The right-hand side of Eq. (B11) can be expressed in
terms of c-number variables by normal ordering of the
operator products. Hence we finally find
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:DU:%=7/(0',,2)+7/2(0,,)+(ig1(alof)+c.c.)+yogz ,
f@a,al=_2igl<a101> ’
‘:Da?‘vl:y(a“) ,

Do ,0,= —2ig2{ay0,) ,
D,s, =v{0a) (B12)
Doyo, = —ig1{e;00) ,

D,x, =7{02)

Do, =7 0} +igy{ao0) +ig\({ayo, ) — (a0, ),

:Dolozz_igz<a201>"igl<a102> .

APPENDIX C: DIFFUSION COEFFICIENTS FOR EIT

The c-number diffusion coefficients of the closed system
including the phase decay of the lower-level coherence
can be obtained in a similar way as outlined in Appendix
B. We find

$aa‘00=270(0b2>+72(0a ) +(ig{ayot)+c.c.),

Dy o, = —2ig {a10y) ,

‘@afal:%("a) ,

Dy,o,= —2ig2{y0,) ,

200;02=70(0,,) , (C1)
$0001=_ig1<a100> ’

ﬂa:a‘=70<02) ,

Dyoo,=Vol01) +igr{ay00) +ig ({ayo,, ) — (a0, ),

Dy ,0,= —i82{e0,) —ig{ay0,) .
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