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Number and phase uncertainties of the g-analog quantized field
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The g-analog coherent states |z ), are used to identify some of the canonical physical properties of the
single-mode g-analog quantized radiation field in the |z), “classical limit” where |z| is large. In this
quantum-optics-like limit, the fractional uncertainties of most physical quantities (momentum, position,
amplitude, phase) which characterize the quantum field are shown to be O(1), and only vanish as
O(1/|z|) when ¢ =1. In contrast to this more-quantum-like behavior for g1, the fractional uncertain-
ties do still approach zero for the usual number operator, N, and the N-Hamiltonian Hy =#wo(N + 1)
which describes a free g-boson gas. An empirical signature for g-boson counting statistics is that
(AN)?*/{N)—0 as |z|]—> . Properties of the g-analog generalizations of the phase operators of
Susskind and Glogower (SG) and of the phase operator $q of Pegg and Barnett are investigated. In con-
trast to the manifest g deformed properties of SG operators for moderate |z|%, the “Hermitian” phase
operator $q still exhibits almost normal classical behavior in Athe |z ),, basis. In particular, the conven-
tional (approximate) number-phase uncertainty relation ANA¢, = 1/2 and approximate commutation re-
lation [N, $q]=i are found to follow for the single-mode g-analog quantized field. So N and $q are al-
most canonically conjugate operators in the |z ) ; classical limit. The |z), coherent states minimize this
uncertainty relation for moderate |z|%. g-analog generalizations of the P, Q, and W phase-space represen-
tations are treated in the Appendix.
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1. INTRODUCTION AND MOTIVATION

We assume that if g oscillators [1,2] exist in nature
which realize the remarkable symmetries of the new
quantum algebras, then there will also exist a g-analog
quantum field which has such g oscillators as its normal
modes [3]. In the Heisenberg representation, we consider
[4,5] a specific mode of the generic g-analog radiation
field having a specific polarization & where for g real,
0O<g<l,

il/ZaTa= FN/2 ,

aat—gq q (1.n
with [N,af]=af, [N,a]=—a, and [a,a]=0. As g—1,
these reduce to the usual boson commutation relations.
We suppress both the subscript k and the polarization
vectors € for the g-analog electric and magnetic fields,
etc.

In order to recognize the presence of such an underly-
ing g-boson quantum field, we need to know its canonical
physical properties. In particular, what are its number
and phase signatures? Since the usual quasiclassical
coherent states (CS’s) approximately characterize many
types of cooperative behavior in the g=1 case, it is
reasonable to use the g-analog coherent states |z ), to in-
vestigate and identify the experimental signatures of a
generic g-analog quantized field for cooperative phenom-
ena.
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The g-analog CS’s satisfy

alz),=zlz),, (1.2)

where z is a complex number. Up to a phase choice, they
are

=N - Z—n_ N .
lz),=N(z) n§0 v In), (1.3)

where N(z)=e,(|z|>)7"/%.  Here e,(z) is the g¢-

exponential function defined by the power series

8

Zn

o (1

where [n]'=[n][n—1]---[1],[0O]!=1.
“bracket no.” is defined by (s =Ingq)

e, (z)= (1.4)

Al

Il

Note that the

(] =[x] x/2_ g =x/2
x],=[x]= — (1.5a)
q g\ 2—g~ 172
__sinh(sx /2)
sinh(s /2) (1.55)

[x] is called the q deformation of x. It is invariant under
g<>1/q, so we can often consider 0 < g < 1 without loss of
generality.

In the |n), occupation number basis, {m|n)=35,,
and

afln)y=vV[n+1]ln+1), aln)=vTnjln—1), (1.6

with g-boson vacuum [0), such that a|0),=0. We will
often suppress the g subscript on the number basis states,
etc. Notice also that besides the orthodox number opera-
tor

2410 ©1995 The American Physical Society



51 NUMBER AND PHASE UNCERTAINTIES OF THE ¢g-ANALOG . ..

Nln),=nln), (1.7)

there are two g-deformed numberlike operators [N ] and
[N+1] with

ataln Y,=I[Nln),=[nlln),,
aalln Yo=[IN+1]ln),=[n+1]|n), .

(1.8a)
(1.8b)

The normalization [see Eq. (1.3)] and resolution of uni-
ty for the g-analog CS’s involve the g-exponential func-
tion e,(z), Eq. (1.4). Since qu(z)l <e,(|z]) <exp(|z]), the
series representation for e,(z) converges uniformly and
absolutely for all finite z independent of the value of q.
For 0=¢ <1, e,(z) is an order zero entire function [6].
For x>0, e,(x) is positive, but for x <0 and
g <(q} =0.14) there is a universal behavior independent
of the value of g, consisting of an infinite number of in-
creasing amplitude oscillations of decreasing frequency as
x—(—o). For g small and/or n large, the asymptotic
formula for the infinite number of real zeros of e,(x) is
B,=—gq"?1"""/(1—q), n=1,2,.... As q increases
above the first collision point at g} ~0.14, these zeros
collide in pairs and then move off the negative real axis
into the complex z plane. They move off as (and remain)
a complex conjugate pair. Thus, e (x)—exp(x) as g — 1.

It is not yet known whether nature makes use of g bo-
sons as some type of nonlinear quasiparticle excitation of
the ordinary electromagnetic field (or other known field)
or as the quanta for a more novel type of cooperative
phenomena. Possibly the physical occurrence of g bosons
requires a background lattice, as in the case of phonons,
or requires some other type of material medium to break
the Lorentz invariance.

In this paper we use the g-analog CS’s to investigate
the |z )q classical limit, where the modulus of z is large,
for various quantities characterizing the single-mode g-
analog quantized radiation field.

In Sec. II, we show analytically that the fractional un-
certainties of most physical quantities (momentum, posi-
tion, amplitude, phase) are of order 1 and only vanish as
O(1/|z|) when g=1. In this respect, for g1 the |z )y
classical limit exhibits a more-quantum-like behavior
than occurs in the ¢ =1 case. The fractional uncertainty
still approaches zero, however, for both the usual N
operator and for the N-Hamiltonian Hy=#w(N+1)
which describes a free g-boson gas. At the end of Sec. 11,
it is emphasized that the N-Hamiltonian H, does possess
conventional physical properties but that the quadratic P,
Q Hamiltonian H P,QE%(fn-f—Q 2) probably does not
permit a consistent physical interpretation [3] based on a
smooth limit to a conventional free quantized field.

In Sec. III, we review the explicit reasoning [7] which
shows that the usual Bose-Einstein energy distribution
holds for a free g-boson gas. We analyze the g-boson
number distribution PJ(z) for |z )q CS’s, which differs
distinctively from a Poisson distribution. Specifically, for
qg71 there is the important signature for g-boson count-
ing statistics that

(AN)2_>
(N)

lim

'Zf—-)eu

0. (1.9
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Section IV reviews the g-analog generalizations [3] of
the phase operators of Susskind and Glogower (SG) [8],
cos(¢), sin(¢), and of the phase operator of Pegg and
Barnett (PB) [9,10], ¢,. In Sec. V properties of the g¢-
analog SG phase operators are studied analytically [6,11]
in the |z ), classical limit (with |z| large). In general, the
q deformation of the polar decomposition of the creation
and annihilation operators, a=([N+1])"%£p(i¢),
affects both the angular and radial parts of functions of
the SG phase operators. We find, however, that some
operators (class II) which are functions of the SG phase
operators possess the property that only their radial parts
are g deformed in the |z ) ¢ basis in the large-|z| limit. So
if the relevant physical observables for a g-boson
superfluid, or superconductor, are class II, then, in analo-
gy with the g =1 description [12], for such observables
the true state would be expected to have expectation
values of the order parameter of the form

(P(x,1)) =V p,(x,t)exp{id(x,t)} , (1.10)
with only a g deformation of the amplitude, 1/ Py(x,2),
and no g deformation of the phase ¢(x,¢). So in spon-
taneous symmetry breaking, by Eq. (1.10) the ¢ deforma-
tion would only directly affect the Higgs modes and not
the Goldstone modes.

Also studied are the cOs(¢), sﬁ1(¢), and N uncertainty
relations. Unlike the usual g =1 classical behavior, for
g#1 we find for moderate |z|2(~10<|z|?< few 100)
that the SG phase operators for describing the g-analog
radiation field remain correlated, and therefore nonclassi-
cal. This result prompts the following question: What
mechanism causes the SG phase operators to be g de-
formed and to behave nonclassically in the |z )q classical
limit when g1, but to behave classically when g =1?
While additional work is required to fully answer this im-
portant question, note that the g-deformed commutation
relations also give a finite AN and a nonzero Ag¢, for the
PB phase width.

For g1, the g generalization of the SG phase opera-
tors continues to assign a nonrandom phase behavior to
the g-analog vacuum state |0),. This property of the
sﬁl((f:) and c0Os(¢) operators in the ¢ =1 case has been cri-
ticized in the literature [9]. Note, however, that now
when 0<g <1, the vacuum component of the g-analog
CS’s, |z) 4> has a larger relative amplitude a,/a, for
n>1 in the expansion |z),=3a,|n ), than in the more
familiar ¢ =1 case. In Eq. (1.3) for 0<g <1, the bracket
factorial [n]! increases more rapidly [11] with » than
does the usual n! for g=1. In addition, from the statisti-
cal viewpoint, the g-boson number distribution PJ(z) for
the z), coherent states is non-Poisson for g71. Thus
for g1 the intrinsic coherence and interference in the
quantum field in the |z )q basis are not that of statistically
independent sources; in particular the contribution of the
vacuum state is more significant.

In contrast, in Sec. VI it is shown that the g-analog PB
Hermitian phase operator $q, does exhibitA almost normal
classical behavior in the |z )q basis. The ¢, phase opera-
tor gives a random phase to the g-analog vacuum state
|0),. The g-boson PB phase distribution P,(6,,) for |z),
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CS’s is introduced. It is wused to show that
($q ) =6=arg(2), to investigate the variance (A$q )2, and
to show that lim|z|_,qu(9m)|q¢1—>211'8q(9—6m ), gF#1.
The fiducial quantity §,(60—6,,) is a bell-shaped function
which is centered on @=arg(z) with finite width and
finite height. For ¢ =1, it is a Dirac § distribution [9]. A
g-dependent constant 7, characterizes the g deformation
with AN —m, and Ag, —(2n,) " for moderate |z,

In Sec. VII it is shown that the g-boson CS’s |z ), give
the approximate number-phase commutation relation
[12] [N ,$q ]=i. So in contrast to the _more-quantum
behavior for g1 of the standard Q and P operators, the
number and phase operators N and $q do turn out to be
almost canonically conjugate in the |z ) ¢ Classical limit.
Thus the conventional (approximate) number-phase un-
certainty relation of Dirac [12] still does follow for the
generic single-mode g-analog quantum field:

ANAG, > 1 . (1.11)
The |z),
relation for moderate |z

Further applications of PB formalism to g1 are dis-
cussed in Appendix A. In Appendix B, we use |z )q CS’s
to generalize to g1 the phase operator treatment of
Paul. Appendix C contains a brief discussion of g-analog
generalizations [3] of the standard P, Q, and W phase-
space representations.

CS’s are also found to minimize this uncertainty
2

IL FRACTIONAL UNCERTAINTIES
IN |z ), CLASSICAL LIMIT

Using g-analog CS’s, we can obtain analytically the
fractional uncertainties in the classical limit for various
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quantities characterizing the g-analog quantized radia-
tion field. Some of these are tabulated in Table I.

A. g-boson resolution function A(z)

This analysis exploits the relationship between the g-
boson resolution function A(z) and the g-exponential
function e, (z):

Mz)=(z|Alz) ,

=(z|[N+1]lz)—(z|[N]lz) (2.1a)
=(q'?—1)|z[*+{e (g T*z[*) /e, (|z|*)} (2.1b)
=(q 2= D)z|*+{e,(g "'z [*) /e, (12|} . (2.10)

Note that A(0)=1 for the usual vacuum state, and that as
qg—1, Mz)— 1. The last line follows by the g<>1/g sym-
metry. Equivalently [3],

o 2ncosh{s(2n +1)/4}
Az)=N(z)? |z|*"cos ’
(2)=N(z) EO [n Jicosh (s /4]
where g =exp(s), and N(z) is the CS normalization fac-

tor; see Eq. (1.3). R
Notice that the associated resolution operator A is sim-
ply the basic commutator

(2.1d)

A=[a,a’]. 2.2)
On the other hand, the anticommutator,
{a,a’}  =[N+1]+[N] (2.3)
is proportional to the quadratic P, 0 Hamiltonian
Hpo E%ﬁw(aTa +aa")
=1(P24+0? . 2.4

TABLE 1. Fractional uncertainties for the single-mode g-analog quantized radiation field. Except for N and Hy, quantum effects

are pervasive in the |z ), classical limit for g71.

A A
uantit o —— as |z| > Case
Quantity I
q=
Position 0 L Dte/lP :
2 cos@ 200§6|z|
=172 2
Momentum P 2sin Vi De/lz] 2sindlz]
E,B fields’ E.B SV =D+e/lzf 7]
amplitudes
Deformed (V] Vig P —D+e /2] ﬁ
number operator )
Deformed (N +1] Vig 2=+ (—1+2g)€/|z*+ - - - -
lzl+
(N+1) operator ] |z]
— 1
Quadratic P,Q Hpo Vg =D+ (—1+2¢)e /122 + - - o
z|+
Hamiltonian ] 2z
a 1
Hy approaches zero

Number operator }

and N Hamiltonian

aFor |z|?> few 100.
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This resolution function characterizes the Q and P uncer-
tainty relation

(z|[Q,P)lz)=i#(z|R|z) =i#iMz) > i#i (2.5)
in the |z ), basis. For

z=|zl|e® (2.6
just as for g =1, the mean values [13],

(z|Plz)=(2%w)'?|z]sinb , (2.7a)

(z|0lz) =(2#/w)'?|z|cosb , (2.7b)
where

P=i(#iw/2)"Xa"~a), (2.8a)

0=#/20)"%a"+a) . (2.8b)

Equation (2.8) assumes the canonical relation between
Q and P, and @ and a'. While in principle N-dependent
functions which became unity in the limit g—1 could be
introduced and investigated, Eq. (2.8) is both simpler and
preserves free-quanta additivity in the field-theoretic
momentum for significantly dispersed quanta.

|z >q’s are minimum uncertainty states, for they still do
minimize the fundamental commutation relation [0, P].
For example, if we define the correlation parameter

_ 2AQAP—|{[Q,P])]

= 20, 2.
Yer="""\ig,P)| 29
we find for the |n ), states that
3 +[n+1
Ulln)¢|0)=T[ny%]-[:n_’[—n]i>0 . (2.10)

But, for the |z) q coherent states, and the usual vacuum
state [0),, Up p=0. It is interesting that this minimiza-
tion occurs for both the g-coherent states and the g¢-
vacuum state because, for ¢ =1, several of the important
properties of the usual CS’s can be understood simply by
considering them as being either displaced, or projected
[14], vacuum states.

B. Fractional uncertainties

This resolution function also determines [3] the vari-
ances of the generic E and B fields (and of their associat-
ed potentials)

(AE)2||Z)=(A§)ZHZ)
fiw fiw

= ZGOVMZ)> 26,V 2.11)
where
E=i(#iw/2€6,V)"*{a explik-r—iwt)
—alexp(—ik-r+iot)) (2.12)
has the expectation value
(z|E|z)=—2#iw/2¢,V ) ?|z|sin(k- T—wt +6) , (2.13)

since
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(zlalz)=z=|z|exp(i0) .

Expression (2.13) has the formal structure of a classical
field, and the amplitude could provide an operational
definition [15] for the modulus |z|, see Eq. (2.6). Howev-
er, the physical situation is unclear since it follows from

Eq. (2.12) that the fractional uncertainty in the £ ampli-
tude is of order 1 for |z| large.

By g<>1/q symmetry, that is from Eq. (2.1c),
Mz)=(g 7= D)lz[*+{e,(q' Iz} /e (|2} . (2.14)

So, because e, (|z|?

diverges linearly in |z
lim AMz)—(q~'2=1)|z|>+¢; ,

|z|—>oo

) increases monotonically in |z]|, A(z)
%,

(2.15)

for 0<g =1. It is useful to define two non-negative, g-
dependent functions ¢;(]z|?):

elElzlli—er {eg(q'?|z1?) /e, (12]*)}

122
= lim {[] ———— [=[I(¢"»=0, ¢<1,
lz]— o n=1 1+_Z_ n=1
Zﬂ
(2.16)

by the product representation of e (z) [see Eq. (37) of
Ref. [6]]. Note z, is the value of the nth zero of e (z).

ei= (e alzF e < )

=|1|im &(|z|)=0, g<1. (.17
Z|— 0

Note that €;,,(|z]?)<¢;(|z]*)<1 for g1, but
€(|z|*)—>1 as g—1. For arbitrary |z| values, A(z) is
bounded:

(L, 2= D)Iz| M) < (g 2—1)|z|*+1}, (2.18)

where the more restrictive lower bound depends on ¢ and
|z|. The €,’s characterize the “g-exponential falloff®’ of
various mean values and uncertainties for the g-analog
quantized radiation field in the classical limit (x =|z|?):

(Hpo)=(1+q ?)x+¢(x), (2.19)
(AHp o =(g ™2+ 1)X(g ™' —1)x?
+(g 71+ 1429"?)xe,(x)
+ey(x)—(€,(x))?, (2.20)
in units of (fiw /2), and
(N =x, 2.21)
(AIN]?*=(q V2= 1)x2+xe,(x) , (2.22)
([N+1])=q "*x+¢€/(x), (2.23)
(A[N+1])2=(q‘3/2—q_1)x2
+(g =272+ 2)x€,(x)
+ex(x)—(€,(x))? . (2.24)
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It is straightforward to work out upper and lower bounds
for these variances analogous to those for A(z) in Eq.
(2.18).

Unlike for the other quantities, the last row of Table I
shows that the fractional uncertainty is still zero for both
the usual N operator and for the elementary N-
Hamiltonian operator

Hy=#o(N+1). (2.25)

This is a numerical result, see Sec. III. In contrast with
the situation for the Hp ;, Hamiltonian operator, the N-
Hamiltonian operator Hy does possess the conventional
properties of (i) free-quanta additivity in energy for wide-
ly separated quanta, (ii) an orthodox free-field limit in-
cluding operator diagonalization in the Fock |n ), basis
and zero fractional uncertainty, and (iii) mathematical in-
dependence from the basic commutation relation
[a,aT]=A when g7 1. All of these properties are absent
for Hp . In particular, due to the hyperbolic nature of
the definition of [x] [see Eq. (1.5b)], there is the operator

identity [3] for qfl which relates Hp, and
[0,P1=i#[a,a’|=i#A:
2
{A cosh(Ls)}?— %HP,Qsinh(%s)] =1. (226

Because Hp, lacks (i)-(iii), it is doubtful that the
J
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Hamiltonian operator Hp , permits a consistent physical
interpretation [3] based on a smooth limit to a conven-
tional free quantized field. In Sec. VI we also find that
while the commutator [H N,$q] has canonical g = 1-type
behavior in the |z ) , basis in the |z ), classical limit, this
is not the case for the [Hp o, $q] commutator. Here $q is
the Hermitian Pegg-Barnett phase operator, see Secs. IV,
VI, and VII below.

II1. ¢-BOSON COUNTING STATISTICS

For the sake of completeness, we begin this section by
reviewing some known material on properties of the free
g-boson gas. Knowledgeable readers should skip to about
Eq. (3.9).

The physically important but mathematically trivial
[a,a]=0 implies that the usual Bose-Einstein energy dis-
tribution still follows for a free g-boson gas (with a non-
degenerate equally spaced spectrum). Several authors [7]
have explicitly confirmed this for the N-Hamiltonian
Hy=%w(N+1). The nontrivial thermal averages for
these free excitations give an equilibrium distribution of
cavity excitations

([N])r=([N+1]) e /kT 3.1

By Eq. (1.6), this means that, for g bosons in a blackbody
cavity,

(absorption rate)=(spontaneous and induced emission rate)

X (Boltzmann ratio of emitting to absorbing wall molecules)

Note that Eq. (3.1) follows quite simply since (B=#/kT)

(INF1D)7==Se "[n+1]

1
z
1

Zeﬁwze—(rﬂ-l)ﬁw[n +1]

=eP([N]Dr . (3.2)

The g-boson absorption and emission rates themselves are
q dependent, with

(IN])p= “;)T ) 3.3)
<[N+1]>T=<L;;i1, (3.4)
where

D={1+(1—q" 2N )}{1+(1—g 2N }(N) 1 .

However, in (3.4) there is the usual, g-independent Bose-
Einstein energy distribution

1

NYr= | =
( T efo/kT_q

(3.5)

An important corollary is that ratios of thermal averages
[16] for a free g-boson gas satisfy the equalities

([NDr (N)r

= — , —fiw/kT
([IN+11>; (AN)p+1

(3.6)

independent of the g value.

On the other hand, the g-analog CS’s |z )q do not give
a Poisson number distribution for g1 since [1,17] the
g-boson number distribution

Piz)=|,(nlz),I?

__ lz*

B [n]e,(|z]?)

with $2_,Pi(z)=1. Note that, for g1, |z|? is the ei-
genvalue of the deformed number operator in the |z ),
basis

SKzIIN]lz), =lz]*.

(3.7

(3.8)

Of course, in the limit ¢ — 1, the Poisson distribution (for
statistically independent sources) occurs.

Since for g1, it is the expectation value of the de-
formed number operator [N ] which is both ¢ indepen-
dent and analytically simple, we have chosen to show the
figures in this paper versus |z|? instead of versus the
mean value {z|N|z ) which is ¢ dependent.

For fixed |z|>=100, the peak of PJ(z) narrows and
shifts to smaller n as g decreases; see Fig. 1. However,
the behavior of the fractional uncertainty, (AN)/{N ), of
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q=0.0625

2
0.30 |zl =100

- /\ /l/=\
0.00 r
0 100 110
n —->

120 130

FIG. 1. The g-boson number distribution in the g-analog
coherent state for fixed |z|>=100. Note that Pi(z)=|,{(n|z),|?
and that |z|>=,(zla%alz),=,(z|[N]lz),. Thus |z|2 is the ex-
pectation value of the deformed number operator in the g-
analog CS basis. In the limit g—1 (i.e., normal boson statis-
tics), Pi(z) is the Poisson distribution and
|z|2=,(z|[N]|z),— (N ), the expectation value of the conven-
tional number operator in the conventional CS basis. In this pa-
per, all expectation values denote g-analog coherent states.

the number operator N versus |z| is not very g dependent;
see Fig. 2. Nevertheless, as shown by Table II, there is a
simple, though unusual, property of g-boson statistics
that, for g1,

(AN )?
(N)

—0. (3.9)

[z|—>oo

-

(aN) / <N> =

N q=095 |
T T T

0.01 0.10 , 100 10.00
1ZI™>
FIG. 2. Behavior of the fractional uncertainty in N, that is of
(AN)/{N), as |z|? varies for fixed g#1. For ¢=1,
(AN)/{N)=1/lz|.

100. 00
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TABLE II. Comparison of g-boson counting statistics with
known photon statistics.

Bose-Einstein statistics ((AIJ\\I,) =(N+1) Thermal source
2
Poisson statistics (?jvv; =1 Laser light
(g=1 CS’)
2
g-boson statistics (<A11vv>) o q++1 CS’s

That is, the ratio of the variance to the mean value for g-
boson counting statistics is radically different from that
of ordinary photon counting statistics. This simple signa-
ture Eq. (3.9) should prove to be an important test for
identifying g bosons versus other field quanta.

Table III summarizes the number operator and phase
operator uncertainties in the |z ), classical limit. We will
discuss the Hermitian Pegg- Barnett phase operator ¢q
Secs. IV, VI, and VII. Figure 3 shows that the mean
value (N Y=(z|N|z) still increases, although with a
smaller effective slope, as g decreases (s =Ing ):

)

for ~1<|z|?>S few 100 .

(N)= <smh [[N Jsinh

—2a,Inlz|+B,, (3.10)

The second line is a crude numerical estimate with a
and B, some g-dependent constants. For large |z|, the
second line with a, =(—2/s) follows from the first line
upon replacing [N]—|z|?, which is a diagonal CS ap-
proximation. We find numerically that the number un-
certainty

lim AN-»nq s

(3.11)
|z| > oo
where 7, is another g-dependent constant. This is shown
in Fig. 4, with 1¢ ;~2.4 and 71 0¢=0.9.
In summary, the number of g bosons appears to be a
meaningful quantity in the |z), classical limit since the

fractional uncertainty AN /{N ) —zero. Thus the addi-

TABLE III. N and $q uncertainties in the |z ), classical lim-
it. Note how 7, characterizes the g deformation for both N and

bo-

Uncertainty Behavior when g#1 Case ¢=1
g dependent
AN Me= [const Iz
~ 1 1
A% 2, 20z]
ANAS, 1 1
a
AN Mg 1
(N) 2a,ln|z| +B, |z]
Aaq 1 1
181 2n,1(¢, )| 2|z||(¢)]|

aFor ~1< |z|*S few 100.
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<N> =

OA
0.01 0.10 , 10 10.00
1zl

FIG. 3. Behavior of the mean value {N)=,(z|N|z), as |z|?
varies for fixed g#1. Forg=1, (N)=|z|%

T T T

100.00

tive energy of the free g-boson gas is also meaningful in
this limit,

AHy M,

li ~1<]z|?3
|z|1—r?oo ) — 20,z 7B, for |z|?2S few 100
(3.12a)
—> zero , (3.12b)

in contrast to the significant quantum corrections for oth-
er quantities which we found in Sec. II. The various g-
boson uncertainty ratios involving the number operator
are both simple and distinctive when g7 1, so in principle
it is possible by g-boson counting experiments to empiri-
cally identify a g-boson gas in this limit in spite of the or-
dinary Bose-Einstein frequency distribution Eq. (3.5).

2

51 q=0.95

(8N)?*-

100.00
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Such ratios include Eq. (3.9) and the various abnormal
(normal) fractional uncertainty ratios shown in Table 1.

IV. ¢-ANALOG PHASE OPERATORS

Different phase definitions for the quantum field have
been, and are being, investigated in the theoretical and
experimental literature in quantum optics [8—10,18-20].
Mathematically [8] a Hermitian phase operator conjugate
to N or to [N]=aTa does not exist. Nevertheless, in
physical analyses in a variety of physical systems it has
been fruitful to investigate and apply phase operators and
number-phase commutation relations.

A. Susskind-Glogower phase operators cos¢ and sfn¢

An efp(i¢), generalization [8,3] of the Susskind-
Glogower phase operator can be defined by

a=([N+1D"%efp(id) , (4.1a)
at=efp(—igp)([N+1]'/? (4.1b)

with efp(—id)={efp(i¢)}’ . So, there are the Hermi-
tian operators

cOs(¢p)=1{efp(ip)+efp(—id)} , (4.2a)

sin(¢)=(—Li){efp(id) —efp(—id)} . (4.2b)
In the |n ), basis these definitions correspond to

efplig), = 3 In)y n+1l. 4.3)

n=0

This form of the definition e£p(i¢), is manifestly ¢ in-
dependent, nonunitary, and obviously a simple g analog
of the SG operator.

B. Pegg-Barnett phase operator $,,

Similarly, a g generalization [9,3] of the Pegg-Barnett
phase operator ¢, is obtained by introducing a complete,

70': 0.7

FIG. 4. Behavior of the variance (AN)? as
|z|? varies for fixed g#1. While for g=1,
(AN)}*=(N)=|z|?, for g#1 the figure indi-
cates that (AN)*—(n,)* where 7, is a g¢-
dependent constant.

7 =.0625
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orthonormal basis of (s + 1) phase states:

16, )=(s+1)"'2 3 exp(in6,,)|n),

n=0

(4.4a)

with

6,,=0,+{(2mm/(s+1)}, m=0,1,...,s, (4.4b)

where 6, is a reference, or indicial phase. Note that these
states are introduced in an (s +1)-dimensional finite sub-
space W) and that in calculations the s — o limit is only
to be taken after matrix elements, {a |0(¢q, Jlb), of
the phase-dependent operators are calculated. These
|6,, )’s are eigenstates of the Hermitian phase operator

= 3 0,,10,)0,,| @.5)
m=0
and of the unitary
exp(i¢,)=0), (1 +11), 2]+ -+~ +|s—1), (s
+exp{i(s+1)6p}|s), O] . (4.6)

Equation (4.6) only differs in the last term versus the SG
expression, Eq. (4.3). These operators are also manifestly
g independent in the |n )q basis.

A polar decomposition operator 4 has been used in the
analysis of the SU(2), algebra by Chaichian and Ellinas
[3]. A is the same as exp(qu ) if the reference phase of A
is taken to be s dependent, ¢ r =(s+1)6, Note that the
term “‘classical limit” in their work means the ¢ —1 lim-
it, and not the large |z| limit of matrix elements in the
|z), basis.

Since Egs. (4.3), (4.4), and (4.6) are all manifestly g in-
dependent, the nontrivial g-analog phase effects we obtain
in this paper in the |z), classical limit for both the SG
and PB phase operators arise due to the g dependence of
the mapping |n ), —[z),.

V. PROPERTIES OF ¢g-ANALOG SG PHASE
OPERATORS
A. Properties of sin(¢) and c6s(¢) in |z ), basis

The sin(¢) and c6s(¢) operators in the |z), basis do
exhibit some correspondence-principle-like behavior for
arbitrary q. For example, with z=|z|e’?,

fifii’;iﬁi'lii r o1
(z|cos(¢)?+sin(¢)?|z) =1—Le,(|z|*) "

—1 for |z|*> = , (5.1b)
(z|[cOs(¢),sin(¢)]lz ) = Lie,(|z|?) !

—0 for |z|?*—> o , (5.1¢c)

and so, for g1, the SG phase operators cOs(¢) and
sin(¢) ultimately do commute for |z| sufficiently large.
However, for moderate |z|> we do find a significant g
dependence for other expectatlon values and find that the
uncertainty product {Acos(¢)As1n¢} is nonvanishing.
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Note that acting on |z ), the c6s(¢) and sin($) opera-
tors give

. Zn+1
cOs(¢)|z)= —N(z)z W| n)
T ]n“z'"“)l o2
zn+1
31n(¢)|z)—( —I)N(Z) 2 {([ +1])]/2| n)

"‘Wln-f'l) ’ . (5.2b)

So, besides Egs. (5.1), we find
(z|cOs(¢)|z ) =cosbI,(|z]) ,
(z|sin(¢)|z ) =sin6I,(|z]) ,
(z|cos(¢)*—sin(¢)?|z ) =cos261,(]z]) ,
(z|{cOs(¢),sin(¢)} |z ) =sin261,(|z]) , (5.3)

where the functions I;(|z|) are defined by the power

series
Lizh=lzle(z' S —2 (549
! 21620 X a2 0 e
L(zD)=lzl%e, (121" 3 2™
: o [nM([n+2][n+1]D12
(5.4b)
For |z|?<<1, the asymptotic limits of these functions
are
Lz~ zle, (21 {1442L 4 120
h V2 i pppE o
_ 1 |z|?
I 1,12 2y—1
21z ~1zl%e, (1z]?) {‘/m ST

P L ]
[21V[4][3] ’
SO

(z|sin(¢)|z) ~|z|sin6, (z|cos(¢)|z)~|z|cosh ,

(z|sin(¢)?|z) ~(z|cOs(9)?[z) ~ L,
(z|[cOs($),sin(¢)]lz) ~—Li ,
(z|[cOs(¢),sin(¢)], |z )~ zero,

Note that there is no (leading order) ¢ dependence in
these expectation values for |z| <<1. In the g=1 case,
Ref. [19] calls this |z| << 1 limit the quantum limit since
the CS states are the prototype quantum-mechanical
states for the radiation emitted by a classical current
source.

For moderate |z|2, the behavior of the functions I;(|z])
is shown in Figs. 5 and 6. Note that for |z|>>(~10)
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0.8 q=0.0625
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0.21
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1ZI™>

FIG. 5. As |z|? increases, the behavior of the function
I,(|z]). It characterizes expectation values of the cOs(¢) and
o
sin(¢) operators, see Eq. (5.3).

these functions appear to level off, but not at the value of
one which occurs in the g — 1 limit:

1UzDl =y =lzle @ (|z]?)

W 1—(8|z|2) 71+ -- -, (5.5a)
L(zDl,=1=lz1% "W,z ]?)
~ 1=z =8lz|H) "+ -+,  (5.5b)

|z] — o0

where the power-series definitions [19] for ¥; are evident

1.0

0.8

1 q=0.0625

0.2 T

0.0 | T T T ]

0.01 0.10 2 1.00 10.00 100. 00
1ZI™>
FIG. 6. As |z|? increases, the behavior of the function
I,(|z[). It characterizes expectation values involving some

squares of cds(¢) and sin(¢), see Eq. (5.3). By Eq. (5.6), there is
the analytic result that I, —»(p=¢!"*) as |z| — .
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from Egs. (5.4). As we discuss in Sec. V B, there is a
similar plateau behavior for the associated number-phase
uncertainty relations which involve the SG phase opera-
tors.

For |z|— o, the function

L(zD g1 =lz1%e,(1z1") " 'gy(|z 1)) <p {1—e,(|z[}) 7!}
—p{1—L1—g)ey(|z|?)
—H1—=g)1+3g)el|z>)+ - - - }

—D (5.6)

where p=g¢'/* (positive fourth root). Therefore, the pla-
teau shown in Fig. 6 does not rise for larger |z| values.
In fact, its asymptotic value has almost been reached by
|z|2~20 for g <(~0.7) since p=0.915 for ¢=0.7 and
p=0.5 for ¢ =0.0625.

Equation (5.6) follows from (5.4b) by using

(n+2][n+1]=[n+3]—[L]

and
2 4
_ 1 3 |x
2 2\—1/2— . —1 |1 E+2 2+ 1,
(cc—x"*) c l-f-2 g |2 ’
SO
2 - |Z[2" [n+1]
vallz] )_’nzo[n+1]! [n+3]

g e, [z )z| 2

since for g small or n large,

_ 1—¢q”
—,(1—n)/2 q
[n]=q [ 1—q )
p"

1—g °
In I, the subasymptotic terms, which occur due to the
power-series expansion and the approximation to [ ], fall
off g exponentially, ie. as eq(q'"/2]z|2)/eq( [z]?)
=¢,,(|z]?) where m > 0; compare Eq. (2.16).

As a consequence of Eq. (5.6), the |z) ¢ CS expectation
values of the SG phase operators are class I,

~
~

(z|c6s($)?|z) —>(1+p cos26)/2 , (5.7a)

(z|sin(¢)?|z ) —(1—p c0s26)/2 , (5.7b)
and class II,

(z|{cOs(¢)?—sin($)?}|z ) —p cos26 , (5.7¢)

(z|{cOs(s),sin(¢)} ; |z ) —p sin20 . (5.7d)

Hence the g deformation of the polar decomposition of
the creation and annihilation operators,

a=([N+1])"%e£p(1s) ,

affects, in general, both the angular and radial parts of
the functions of the SG phase operators. So in describing
a physical g-boson system undergoing a coherent
cooperative behavior (e.g., spontaneous symmetry break-
ing as would occur in a g-boson superfluid or supercon-
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ductor), the usefulness of a field-theoretic ansatz for the
order parameter (cf. Anderson [12] and Carruthers and
Nieto [19])

(P(x,1)) =V p,(x,t)exp{i¢(x,t)} ,

where only V/ Py(x,t) undergoes a g deformation, de-
pends crucially on whether the relevant physical observ-
ables are class II or not. Notice that the operator com-
binations in Egs. (5.1b) and (5.1c) are class II and that
from Fig. 5, I, —(~p'/*) as |z|>—( > 100), so

(5.8

(5.9a)
(5.9b)

(z|cos(¢)|z) —~p'/4cosO ,
(z|sin(¢)|z ) — ~p4sin6 .

So an ansatz of the form of Eq. (5.8) for the condensate
wave function has the additional constraint of yielding
the multiplicative p-scaling variation of Egs. (5.1b), (5.1¢),
(5.7¢), (5.7d), (5.9a), and (5.9b).

Being an analytic result, Eq. (5.6) shows that at least
for I, the generic plateau behavior shown in the figures in
this paper is not due to a very gradual approach to 1 as
|z| - . Instead, the nonclassical plateau value for g1
for moderate |z| is indeed due to the g deformation of the
limiting value.

B. g-analog sfn(¢),c6s(¢), and N uncertainty relations

For sin(¢) and cOs(¢) the usual number-phase uncer-
tainty relations hold for arbitrary g:

ANAsin(¢) > L[{cos(¢))] ,
ANA cos(¢) = L|(sin(¢))] .

Therefore, the 6O-independent associated Carruthers-
Nieto uncertainty relation [19,20] follows:

2 [(AS)+(AC)?] o
[(S)*+(C)?] ~

where S =sin(¢) and C=c06s(¢).

However, for moderate values of |z |2, we find numeri-
cally that the |z), CS no longer minimize these relations
when g##1. [In the ¢ —O0 limit, for |z|— o this lack of
minimization for Eqgs. (5.10a) and (5.10b) was shown
analytically in Ref. [3].] We begin with the left-hand side
of Eq. (5.10a). For ¢ =0.7 and 0.0625, respectively, Figs.
7 and 8 display

S(6)=(AN)*(Asin(¢))?

(5.10a)
(5.10b)

U(lz])=(AN) i, (5.10¢)

|2

(5.10d)

as a function of |z|? for various values of the phase 6 of
z=|zlexp(i@). Note that Fig. 8 shows that for 8=1/2
the function S(6=1/2) is not zero for |z|?>= 10, but in-
stead S plateaus at a nonzero value.

Indeed, as shown in Figs. 9 and 10, for g1 the CS’s
do not minimize the simplest uncertainty relations [21] of
Egs. (5.10) for moderate |z|? values (unless 6=0 or 7/2).
Note that

(AN )*(Asin(¢))?
(cos(¢))?

Figures 11 and 12 show the behavior of the Carruthers

(5.11)

o(e)=
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0.2

q=0.7

0.05

F
100.00

T T T

0.01 0.10 2 1.00 10.00
1Z1-

FIG. 7. For ¢=0.7, the behavior of the uncertainty product
S(0)=(AN)X(Asin(¢))? as a function of |z|? for various values
of the phase 6 of the complex number z=|z|e’®. sin(¢) is the ¢
analog of the Susskind-Glogower Hermitian sine operator.

and Nieto [19] minimization function U(|z|) [see Eq.
(5.10c)] for ¢ =0.7 and 0.0625, respectively. Note that
1/2z2U2=21/4.

From the g-independent commutator

[c@s(¢),sﬁl(¢)]=51lt[aT([N+1])_'a—1], (5.12)
it follows that, in the |z ), basis,
Asin(¢)A cBs(¢) > Le,(|z]) 7! . (5.13)
0.20
9=0

o| = 0.0625

T T T

0.01 0.10 o 1.00 10.00
1Z1-

FIG. 8. Same as for Fig. 7, except now ¢ =0.0625. Unlike
here, for ¢ =1 the function S(8=17/2)= zero for |z|22 10.

100.00
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0.851

T T T

2 1.0 10.00 100.00
1Z1-

FIG. 9. For ¢=0.7, behavior of the minimization function
0(lz|,0)=(AN)*(Asin($))*/{cos(¢))? as a function of |z|? for
various values of the phase 6. By Eq. (5.10a), Q(|z|,0)> 1 just
as for g=1. However, here unlike for ¢ =1 the g-analog CS’s

do not minimize the function Q for |z|? 2 80; see Fig. 10.

So for |z|2<<1 (the quantum limit), the equality is
satisfied for any q value. However, for moderate |z|
values, the left-hand side of Eq. (5.12) is very g depen-

dent, as shown in Fig. 13. Therefore, the product

Asin($)A cos(¢) + zero, ~10<|z|2<few 100  (5.14)

for g1, which is unlike the usual ¢ =1 classical
behavior.

The leveling off for moderate |z|? values of the various
uncertainty-relation minimization functions [Egs. (10d),

|2

T T T

0.01 0.10 2 1.0 10.00 100.00
1Z |-

FIG. 10. Same as Fig. 9, except ¢ =0.0625.
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0.50

0.45¢

0.401

U
U

0.35

0.301

0.25

T T T
0.01 0.10 2 1.00 10.00 100.00
1Z-
FIG. 11. For ¢=0.7, behavior of the Carruthers-Nieto

minimization function U(|z|), defined in Eq. (5.10c), as |z|? in-
creases. It is independent of 6 and greater than ;. Here again,

unlike for ¢=1 the g-analog CS’s do not minimize U for
|z|2 % 80; see Fig. 12.

(5.11), and (5.14)] means, of course, that the associated
SG phase operators for describing the g-analog radiation
field remain correlated, in this region of |z|2. Hence for
the SG operators the |z ), classical limit is a g-deformed
analog of the g =1 case, and it is not a limit for moderate
|z|2, which physically exhibits classically uncorrelated
sﬁ1(¢), cos(¢), and N operators. For much larger Iz]?,
|z|*>>100, Eq. (5.6) shows that such plateaus do not al-
ways approach their g =1 classical values.

In Sec. VI, we show that the g-analog generalization of

T T L

0.01 0.10 2 100 10.00 100.00
1z~

FIG. 12. Same as Fig. 9, except ¢ =0.0625.
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FIG. 13. For various fixed values of g, the behavior of the
product of the uncertainties of the g-analog Susskind-Glogower
sine and cosine operators A sin(¢)A cOs(¢). Again, only for
g =1 does this product vanish for |z|22 80.

the PB phase operator ¢q for g1 does not exhibit such
manifest non-(¢=1), nonclassical behavior in the |z),
basis in the large-|z| limit. However, the ass001ated
phase width for a |z ), coherent state is g deformed since
A¢q (21,)~ ! for moderate |z|*.

VI. PROPERTIES OF ¢g-ANALOG
PB PHASE OPERATORS

A. Properties of $,,

Unlike for the SG phase operators, the classical
behavior for the phase operator (as expected from the
correspondence principle) does indeed still hold for g1
for the PB phase operator. In particular, since

cos$q 2 (—1)"—(¢q )

n=0 (2 )'
ot = < R RY/] 2n +1
b= 2 e, +1>'(¢q) €D
for arbitrary q value, it still follows that
[cos$q,sin$q]=0 , (6.2a)
cos’p, +sin2¢, =1, (6.2b)
and using
1 iné
n),=— "o, ),
RO~ 0
1 s 1 90+27r
S +1 m2=0 21 9() m>
that
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S nlsin?d,n),

2/\
=, {nlcos’d,|n),
=1 (6.2c)

for n=0,1,2,.... In particular, for arbitrary g, the g-
boson vacuum state |0), remains a state with random
phase. In contrast, for arbitrary q the SG phase opera-
tors satisfy [3,19,9] Eq. (6.2c) for n50, but for n =0 the
1—1in Eq. (6.2¢).

B. The g-boson phase distribution P,(6,,)

We consider a phase distribution analog to the g-boson
number distribution PJ(z) in the CS basis. That is, as op-
posed to PJ(z) of Sec. III, we study its conjugate-variable
analog using the PB operator ¢q We consider the g-
boson phase distribution

Pq(am)zlim (s+1)<8,, |z)q|2 , (6.3)
with the normalization
1 27—
— = 6.4
o fo P,(6,,)d6,, (6.4)

The bar denotes our insertion of the (s +1) factor in the
definition in Eq. (6.3).

The qualitative behavior of P,(6,,) for g#1 can be ob-
tained analytically, as was done previously in the litera-
ture [22] for the case ¢ =1. For z=|z|exp(i8), we find

P,(6,,)=1+2(N(2))
xS 2 =D e—6,)} . (65
n>1‘/ [n 1]
The mean value of §, in the |z ), basis is
3
2_
T
=
. 2
q=0.0625 (Z_)
N w 1

0.01 0.10 1.00 10.00

1z

FIG. 14. Behavior of the variance (A$q )* of the g-analog
Pegg-Barnett phase operator as |z|? varies for fixed g7 1. While
for g=1, (A, )2—>1/(4|z|2) for |z|2=2 10, for g#1 this figure
shows the g deformation (Ad,)?—(1/27,)%. Recall that this g-
dependent constant also appeared in Fig. 4; see its caption.

100.00
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20 1

FIG. 15. For fixed |z|>=17, the g-boson Pegg-Barnett nor-
malized phase distribution function P,(6,,); see Eq. (6.3). We
set arg(z)=3m/4 in this and the following plots for display pur-
poses.

A\ 1 2T _
(8,y=5_-] "6,,P,(0,,)d0, (6.62)

==L 7 (0+y)F,(6+y)dy . (6.6b)
To obtain Eq. (6.6b), we have chosen the reference phase
[see Eq. (4.4b)], to be 6,=60—ws/(s+1), and then
changed the variables by 6,,=0+y, with
y=2m(m—s/2)/(s+1). Then by Eq. (6.4) the mean
value

40

FIG. 16. Same as Fig. 15, except for increased |z|2=50. As
opposed to the previous plot, note that the vertical scale has
been changed, and so only for the g=1 case do these plots
display a 8-function limiting behavior.
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($,)=6

=arg(z) ,

(6.7a)
(6.7b)

because the y term in the integrand of Eq. (6.6b) is odd
from Eq. (6.5). Similarly, we find that the variance of the
phase operator is

(A3, = —+4(N(z))22 (el il 1
g S (n=0? | VIa[I]

(6.8)
The behavior of (A$q > for moderate values of |z|? is
shown in Fig. 14; see its caption.

Figures 15 and 16 show how the phase distribution
P,(6,,) changes as |z|>=17 is increased to |z|*=50. In
these figures, we set (arg z)=60=3m/4 for display pur-
poses. At this point, it is also useful to reconsider Table
III. When g =1, the limiting fiducial distribution [9]

Jim P(6,)l,~1—~278(0—6,,), =1 6.9)

is a Dirac 8 distribution. However, for g1, since the
variance (A¢q )2~>(2'r)q) 2 for moderate |z|? values, the
normalization requirement Eq. (6.4) implies that a Dirac
8 distribution no longer occurs. Instead

Jim P(8,,)| g —275,(6—8,,), ¢#1, (6.10)

where the fiducial §,(6—6,,) is a bell-shaped function
(see Figs. 15 and 16) whlch is centered on 6=(arg z), and
has finite width (A¢q —1/27,) and finite height.

In the case of the In) basis, the amplitude for the
|z), CS to be in the In) th state is, indeed, a complex
amphtude

(nlzy=—1zI"

| Vinlt
However, the real and imaginary parts of (n|z) are not
actually centered on the mean value (z|N|z). Such a
centering at (z|N|z) is only seen at the
Pi(z)=|(nl|z)|>={Re({n|z))}*+ {Im({n|z))}? proba-
bility distribution level.

In contrast to Eq (6.11), in the case of the PB eigenket
|6,,) the real and imaginary parts of the {6,,|z) ampli-
tude do individually display centering about 6=arg(z)
for any g. If we consider the amplitude for |z ), to be in
the PB phase eigenket |6, ), then

(cosn@—+isinn@) . (6.11)

lim {(s+1)'/%(6,12),} =R(6,,,2)+iH6,,,z), (6.12)
with

_ |z|"
R(6,,,z)= N(z)z VT—]!COS{(G 6,n}, (6.13a)
H6,,,2)=N(z) 3 lz|" sin{(0—6,,)n} . (6.13b)

=0 Vv [n]'

For ¢ =1, one has

n
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FIG. 17. For |z[*=19, behavior of the real part
R(6,,)~Re{,{0,]z),} for g=1, 0.7, and 0.0625; see Eq.
(6.12).

R(O,52)] 4= 1=(87|z|*)*exp{ —|z|%(06—6,,)?}

Xcos{|z|%(6—86,,)] , (6.14a)
H(0,,,2) = =(87|z|*) exp{ —|z|*(6—6,, )}
Xsin{|z|*(6—6,,)} . (6.14b)

However, even for g1 there is damping in |6—6,,1, as
shown in Figs. 17 and 18. Note that as g decreases from
1, there is a decrease in the frequency of the oscillations
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FIG. 18. Same as Fig. 17, except for the imaginary part
H6,,)~Im{,€6,,1z),}.

in |0—0,,|. This frequency, per Egs. (6.14), also in-
creases for g71 as |z| as increased.

Note also the |z), expectation value of ($q ), for r a
positive integer, is given by a finite series in 0 with 6" the
largest power:

(($))=,(z(§, Iz},
r/2

[r/2]
= 2 (51 )0’-—2101 ’
1=0

(6.15a)

which is in terms of the usual binomial coefficient, and

[(21—1)/2] (_1)k+m +n77_2(l—k—1)(21 )

¢ =———7—T—2—I—+2(N(z))2 i ]
F@1+1) man VIml[nll 2,

where [r/2]=[greatest integer <(r/2)] in the summa-
tions’ upper limits.

VIL. APPROXIMATE NUMBER-PHASE
COMMUTATION RELATION [N, 3, ]
IN |z ), CLASSICAL LIMIT

_In the |z), basis, the g-boson phase distribution
P,(6,,) function considered in Sec. VI also appears in
Dirac’s approximate number-phase commutation relation

o (zl[N,$, 112>, =i —iP,(6,) . (7.1)

This result simply follows, cf. Pegg and Barnett by in-
serting the |n ), basis completeness Pegg and Barnett re-
lation 3(n ), , Z n|=1 in the left-hand side to obtain

L2IIN, B, 12, =3 Czlm ) (ml[N,$,1ln Y (nlz) .

(7.2a)

(m—n)2k+D01—2k—1)0 "’

(6.15b)

But in the |n )q basis, there is the g-independent relation
[9]

(m|[N,$,1ln)=—i(1=8,, )exp{i(m —n)6p} , (7.2b)

SO
2

AzlIN,@,lz)  =i—i §0q<n|z ) exp(—in6y)

=i—iP,(6,) (7.20)
by Eq. (6.3) since ,{n|z),=N(z)z"/V[n]\.
So for large |z|, for g#1,
lliinwq(z[[N,$q]lz)q=i—i217'8,1(9—60) (g#1) (1.3)

z|

for $q eigenvalues from the indicial 6, to (65+27). Re-
call [see Sec. VI] that this extra 8, term in Eq. (7.3) is a
bell-shaped fiducial function as displayed in Figs. 15 and
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16. This extra term serves a physical role analogous to
that of a smeared magnetic monopole string in that it ap-
pears in the classical limit to uniquely specify the classi-
cal phase angle. For ¢ =1, the smearing is absent as § is
replaced by a &-function distribution [9]. Note that the
appearance of the smeared §,(6—6,) instead of a sharp
8(8—6,) indicial referencing of 6 versus 6, in Eq. (7.3) is
in physical agreement with greater fractional
A$q /| ($q )| for g7 1 shown in the last line of Table III.

Hence for the g-boson quantized radiation field, in con-
trast to the A(z) factor in the commutation relation for
the position and momentum operators [see Eq. (2.5)], the
operators N and ¢, do turn out to be almost canonically
conjugate in the |z ), classical limit.

So, neglecting the indicial-referencing term, we find
that the usual (though approximate) number-phase uncer-
tainty relation follows from Eq. (7.3) for the g-boson
quantized field

ANAG, > 1 (7.4)
[see Egs. (A13) and (A15) for extension to PB-type physi-
cal states]. Equivalently, for free g bosons in the |z ) q
classical limit, there is the usual approximate, energy-
phase uncertainty relation

AHyA, 2w /2 . (7.5)
From Eq. (7.3), the classical-quantum canonical
correspondence for a single mode of the g-boson field is

d¢clas d$q [$q’HN]
clas — =i —t="t - 7.6
l dt [¢clas’H] dt lﬁ ( a)
where
1.00
q=0.7
0.751
1
<&
<
= q=0.0625
P4
3

0.251

0.00 . : :

0.01 0.10 , 100 10.00 100.00
1Z|™=>

FIG. 19. For ¢=0.7 and 0.0625, this plot shows the behavior
of the numbe{-phase uncertainty product (AN )(A$,,) as |z|?
varies. Here ¢, is the Hermitian Pegg-Barnett phase operator.
Note that the figure shows that this product is minimized for
|z|22 10 independent of the g value {at least for 1>¢ 2 0.06}.
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40

T T T
0.01 0.10 , 100 10.00 100.00
1ZI™>

FIG. 20. For contrast to the behavior shown in Fig. 19, this
plol shows the behavior of the uncertainty product
(A, N(A[N]) as |z|? varies.

[aq’HN] _
ifi

in the |z) g Classical limit. Numerically (see Fig. 19) we

find that the |z) q coherent states do indeed minimize this

approximate number-phase uncertainty relation for the
g-boson quantized field.

When g1, the generalization of the ordinary number

operator N is not unique, as emphasized at the end of Sec.

{—o+270d,(6—6,)} (7.6b)

10

8
q=0.0005
1
< 8§
N
I}
n:\
I
T
<6
<
2 q=0.0625
q=0.7
0.
T T T

0.01 0.10 , 100 10.00 100.00
1ZI-

FIG. 21. Also for contrast to Fig. 19, this plot shows the
behavior of the uncertainty product A$,,AH p,o divided by the
A(z) resolution function in units of (#w/2). When g=1, this
function A(z)=1. But for g1, A(z) diverges linearly in |z|* as
|z| — oo; see Eq. (2.15).
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2.0

13 T T T

0.01 0.10 , 100 10.00 100.00
1ZI-

FIG. 22. Also for contrast to Fig. 19, this plot shows the
behavior of the function M(|z|)=2A8,AHp o /{[Hp,$,]) as
|z|? increases. Unlike for Fig. 19, there is no apparent minimi-
zation for g#1.

II. So we have also investigated numerically the proper-
ties of the uncertainty products

Ad,A[NT, (7.7a)

(A$,AHp o) /Mz) , (7.7b)
and

M(|z|)=2A8,AHp o /{[Hp ,$,1) (7.70)

as |z|? varies from 0.1 to ~100.0. Figures 20-22 show
that unlike for N and ¢q, these products do not exhibit
canonical (¢ =1)-type behavior in the |z), basis in the
|z}, classical limit.
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APPENDIX A: FURTHER APPLICATIONS
OF THE PB FORMALISM

(i) Since the additional term in the [$q,N ] commutator
has direct physical consequences, it is important also to
check in the g1 case whether there are possibly other
physically observable consequences.

Following the work of Pegg and Barnett [9], we define
a physically accessible, or preparable state in the (s +1)-
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dimensional ¥{§={|0),,[1),, ...

|pPB)E 2 cn|n)q ’
n=0

»|s),} subspace,

(A1)

where the c, coefficients are such that the expectation
value

(pesl {IN1}!|fen?

converges as s — o for I any non-negative integer. This
implies that

(A2)

lim (|c,|2{[s]}¥ (A3)

for M=0,1,2,....
In ¥pp we define creation and annihilation operators
a=expli$,)VN]

=0}, C1+VT2]1), 2]+ - -

+V[slls—1), (s . (A4)
The second line follows from Eq. (4.6). Note that

alo) ¢=0. We use a bar to distinguish these operators
from the ones considered in the text, which are for the
infinite-dimensional Hilbert space. Then

a'=vNjexp(—ip,)

=|1), €0l +V[2][2),
+\/f§—]|s)qq(s—1|

RIESE
(AS)

but @ *Is) =0. Notice that the indicial phase factor
1% s absent in in Eqgs. (A4) and (AS5) unlike in Eq.
(4.6), because the V'[N] operator in Eq. (A4) removes the
s}, , €Ol projector in Eq. (4.6).

We obtain the g-deformed number operators in ¥pg:

aa'=[N+1]—[s+1]ls), (sl , (A6a)

ata=[N], (A6b)
and the g-analog commutation relations

aa'—q'"a'a=q " —[s+1lls), ,(s|,  (ATa)

aat—q ala=¢"—[s+1]ls), (s| . (ATb)

Thus, in comparison with the expressions in Sec. II, we
find

(@,a"]_=[N+1]-[N]—[s+1]ls), (5], (A8a)

(@,a%)  =[IN+11+[N]—[s+1]ls), (| . (A8b)
Notice that the extra [s+1] term in Eq. (A8a) again
serves to render the trace zero for the commutator in
8. From Eq. (A6b) the extra term does not change the
[N] and N operators. In both the commutator and an-
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ticommutator it affects only the |s ), level. Its effect on
the quadratic operator identity Eq. (2.26) is obtained by
moving the [s+1] terms to the left-hand side of Egs.
(A8) and substituting for [N +1]x[N] in Eq. (2.26).

To study the consequences of the extra terms in Egs.
(A6)-(A8) for a physical state (Al), we consider the
operator

O=g(IND—[s+11ls), (s . (A9)

Then for a physical state, where I is a non-negative in-
teger,
J

2s
)}’Iz)q+eq(|2|2)_‘|—z|—

o421 5]

0}1z),=,(zl{g([N]

(ii) Similar to in the ¢ =1 case [9], the phase-number
commutator for the physical state reduces to

(80> N pny=—1{1—(s+1)|65), ,<6l} .

Consequently, for physical states the uncertainty relation
is

(A12)

~

NAg, = L{1—PPA(6,)} , A1y
with
}_)q(p)(BO)E(S+1)<PPB|90)qq(60|PPB>
— 217 Prob(6,) (Al4)

where Prob(¢)d¢ is the classical probability to find the
phase of a particular oscillator in the range ¢ to (¢ +d¢).
So, for a g-analog CS

ANAS,=1{1—278,(6—6))] . (A15)

(iii) The phase-difference operator is the same as in the
q=1 case [9,22]:
($q1—$q2)]6m1 >q 10m2>q

= (01— 0m2) O )q|9m2)q ’

where the subscripts 1 and 2 label the modes. The vari-
ance of this phase-difference operator ¢pp, =P~ Pgnis

(App 2 =(Ad,, ) +(Ad,,)? (A16b)

for uncorrelated states, and if both modes are in g-
coherent states |z,;)z,,), _where |zq1| |z,5l, then
(Adpp )? =2(A4,)?, where (Ad,)? is given by Eq. (6.8).
Similarly, the two-mode vacuum state is unchanged:

10,0),=(s; +1)" (s, +1)" 172

(Al6a)

51 52
X 2 E |6m1>q|0m2)q (A17)

ml=0m2=0

so the system is equally likely to be any of the

3 -1 [Higts s+ 1y
=1

CHARLES A. NELSON AND MITCHELL H. FIELDS 51

(PPB|(6 )IIPPB>
={pesl(8([N ]} |pps?

+le, |2 }I‘, (—1) [ﬂ{g([s])}l"’[s+1]’.

r=1

(A10)

Therefore, for g([N]), which has nonsingular expansions
in an [N] power series, such as for Egs. (A6)—(A8), the
extra [s+1]|s), ,(s| term has no effect when finite
powers of these operators act on any physical state. So
for such operators these extra [s +1] terms have no phys-
ically observable consequences; this is the same situation
as in the ¢ =1 limit [9]. For |z}, CS’s, we find

(A11)

[

(s;+1)s,+1) phase-difference eigenstates.

(iv) The N and ¢q operators can be used to generate [9]
unitary transformations: The ordinary N operator is a
generator of increments in the phase

. 5 1
ezNy|9m )q=(s+1)'“l/2 > e‘"(9m+7’)|n )

n=0

q
=16,,+v), (A18)

Similarly, $q is a generator of increments in the number
of g bosons. When A; is a positive integer,

e”‘ld‘qln ) ={ei¢q}AI|n )q

|(n—7»1))q, nle

(s (A19a)
e +1)0°|(s+1—7L1))q, n<A;.
More generally,
exp(iAd,)=exp |iA 3, 6,,16,,)(6,,]
n=0
so, for A not an integer,
exp(—iAd,)In ), =In+1), (A19b)

where |n +1), is not an eigenstate of N, but it is one of a
complete set of (s+1) states that can be used to span

Ui
With p the density matrix for the g-boson quantum
field, the phase-moment generating function is

M.¢

Xo(A)=Tr{pe "} (A20)
and the ensemble average of the kth power is
(3} =Tr(p(§,)")
k
.8
=|~izr ‘ Xo(A)|p=o - (A21)
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The Fourier transform is the physical states’ phase proba-
bility density distribution

PPA0,)=[" dhre
=27Tr{p8($,—6,,)} -

Similarly, the number-moment generating function is

—iA@

mXg(A)
(A22)

X, (k)=Tr{pexp(ixN)} . (A23)
For example, for the [z), CS’s

C,(x,1z)= 3 e™| (nlz),I?

n=0
=e,(|z[>)7Te,(e™2]?) (A24a)
with
5 |t
,(zINHz), = [—-ia—K C,(k,lz]) . (A24b)

APPENDIX B: PHASE OPERATORS
VIA [z), CS EXPANSIONS

Following the approach of Paul [18] in the g =1 case,
the resolution of unity can be used to construct operators
analogous to the classical e**?%: We define (neglecting
the contribution, see Appendix C, from auxiliary g bo-
sons)

k
szfli—'k*lz)qq&ldu(z), (B1)
where the measure

dputz) = e[z [ey(— 2 1)d, |z a6 (B2)
Thus, with 6 _;, =(&; )f, the analogs to cosk¢ and sink¢
are C;, =1(6,+6_;) and S =—iz(6,—6_;). In the
g =1 case, the recent work of Freyberger and Schleich
[18] suggests that the approach of Paul may be able to de-
scribe the pioneering Noh-Fougeres-Mandel experiments
[10].

APPENDIX C: g-ANALOG P, Q, AND W PHASE-SPACE
REPRESENTATIONS [23]

The g-analog |z), CS’s satisfy a resolution of unity
[24,25]

f}z)qq(zldy(z)-i-flf)qq(fldﬁ———l

where du(z) is given by Eq. (B2). The second term con-
sists of a set of g-discrete auxiliary states |2)q which are
eigenstates of an auxiliary g boson @; annihilation opera-
tor (see Refs. [3] and [6])

a’k|2k)=(q1/42k)|”z'k> s

(cn

g4z, )

‘/[_'|+k)

7Y =M, i
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where
2, 12=x, =q*"%, ,
with k=0,1,...; Mk=eq(q1/2xk)‘1/2. Here —¢; is a

zero of eq(z). The associated discrete measure is

Al =—L—e (—|z,12)d6 .

vl (C3)

For simplicity, in this appendix we omit the explicit con-
tribution from these auxiliary g bosons. Then [3] for the
density operator

= fd,u(z)PN(z,z"‘)|z ), (2l

there is a P representation for normally ordered operators
(subscript-N):

<v(aT)ras>:Tr{p\(aT)r s}
—fdy

There is also a Q representation for antinormally ordered
operators (subscript- 4):

(a”(a'y)=Tr{pa"(a')}
—fdp,(z)z *YQ 4(z,z%),

where the phase-space distributions Py and Q , are relat-
ed by

Q,(z,z*)

(C4)

Vz°Py(z,2*) . (C5)

(C6)

=(z|plz)
= [du(y)Py(y,y *)N(y)’N(z)?
Xe,(yz*)e,(zy*) . (C7)

As opposed to the usual g =1 norm, we have absorbed a
factor of 7 into Q 4 in the g — 1 limit. Note that

0=, (ylz) P*=N(p)PN(z2)%,(yz* e, (zp*)

is the ¢ analog of the usual Gaussian exp(—|y—z|?)
which occurs for g=1. That is, by (C7) the expectation
value {z|p|z ) is the g convolution of Py(y,y*) with the ¢
Gaussian |{y|z)|%. The norm Tr{p} =1 gives

fdy,(z)PN(z,z* )=1
[au2)Q,4(z,z*)=1.

From ;’)‘T=/’3‘, P, and Q, are real functions of the com-
plex variable z. The Wigner phase distribution can also
be defined by

({a"(a")}ym) =Tr{pla"(@"F} )
=fdu(z)z’(z")‘WS(z,z‘) .

(C8a)
(C8b)

(C9)

It is important to note that reordering of a’s and aPsin
a general field-theoretic matrix element will introduce g-
and g%-dependent factors as a consequence of Eq. (1.1).
This is an additional source of g dependence besides that
exhibited by the Q, P, and W phase-space representations
in this appendix, and that induced by the mapping
In ) q —> Iz >q
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So, for example, for a g-analog CS |z, ),
Ples=120) {2l ,
Q.4(z,2*)|cs=N*z)Nz, Je,(z*zp)e, (225 ) ,

PN(z,z*)Cs=|—;|—8(6-—90)8(|Z|—|Zo‘) :

(C10)

where 8(|z| —|z,|) is a g-integration delta functional.
For a number state |n, ),

ﬁ'no.E'n0)<n0’ ’
(C11)

|z|2n0

[nolle,(lz[?)
For a thermal state,

ﬁTE(l/Z) 2 ln>(n|e—n(ﬁa)/kT) ,

QA(Z’Z*”no.:

(C12)
Q4(z,z*)| 7 =(1/Z)(|z|*)e, (|z|?)e ~"Fa/kT)",

Since for an arbitrary operator O,
0= [ [1z),,(z10ly), ,{»ldp(z)du(y) ,
the density-matrix operator can be written
= f f ’Z>q . $z1ply Ve o yldu(z)duly) .

The weight function ,{z|ply), is simply related to its

(C13)

(C14)
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Fock analog p(n,m ) for the |n ), basis by

R _ ) ) z*nwm
Lz1ply), 'ZomE:Op(n,m)———[n]![m]! N(z)N(y),
(C15)

where, as usual, in the |n )q basis

p=3 p(n,m)n), (ml|,

n,m

p(n,m)=_(nlplm), ,

>pln,n)=1.

Note that for ﬁ—»T, there is the useful identity

[ [N@NGe,(z*y)z) 4 Aylduz)du=T. (C16)

Alternatively, these two weight functions can be obtained
from Py(z,z*):

(z|ply )=N(z)N(y)
X fd,u,(w)PN(w,w"')N(w)zeq(z"'w)eq(yw*) ,

(C17a)

n,xm

z
p(n,m)=fd,u(z)PN(z,z*)‘/[ !N(z)z. (C17b)

_zz
n]li[m]
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