
PHYSICAL REVIEW A VOLUME 51, NUMBER 3 MARCH 1995

Bichromatic velocity-selective coherent population trapping
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We propose a scheme to achieve one-dimensional velocity-selective coherent population trapping
in a five-level system under two-frequency laser excitation. It may be applied to either D line of
alkali-metal atoms. The trapped state is a time-dependent superposition of three sublevels from
two different hyperfine ground states. Stable trapping may be produced by correctly detuning the
laser beams to compensate for different hyperfine and kinetic energies of these ground states. We
present numerical results for a five-level model, as well as for the complete level systems appropriate
for alkali-metal atoms.

PACS number(s): 32.80.Pj, 42.50.Vk

Thermodynamics demands dissipative irreversible pro-
cesses in order to cool atomic samples. The primary such
mechanism provided by atom-light interactions is spon-
taneous decay from excited states populated by the laser
light. Such decays always produce discrete atomic mo-
mentum changes in random directions, and thereby limit
the ultimate rms momentum of an atomic sample to a few
times P~ ——MV~ ——hk, the recoil momentum caused by
exchange of one photon with the laser field (k = 27r/A
is the optical wave number and M is the atomic mass).
There are two demonstrated ways to overcome this limi-
tation [1,2].

One of these is the phenomenon called velocity-
selective coherent population trapping (VSCPT), intro-
duced in [2], which produces peaks of subrecoil width in
the atomic momentum distribution. In VSCPT, atoms
interacting with laser light can fall into a "dark" (also
called "noncoupled") state through spontaneous emis-
sion [2,3]. Such states consist of internal atomic ground
states entangled with external momentum states, so that
laser excitation is exactly canceled by interfering transi-
tion amplitudes. Dark states couple to other linear com-
binations of ground states (which are not dark) via the
atomic and kinetic energy parts of the Hamiltonian. The
trapped state is the dark state of some particular mo-
mentum for which this coupling vanishes, so that atoms
accumulate in this state as long as the atom-laser inter-
action continues.

Most VSCPT schemes examined so far involve a three-
level system of two ground states and one excited state
("A-VSCPT") [2—7]. The seminal work [2] used counter-
propagating o+-o laser beams on the Jg = 1 + J = 1
transition in He*. Since VSCPT has only been observed
in He [2,8,9), and since laser cooling is interesting for its
application to alkali-metal atoms, e.g. , for atomic clocks,
it is useful to study VSCPT schemes appropriate for
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FIG. 1. Level scheme for BVSCPT. The relevant five lev-

els that produce trapping are labeled. Energy differences be-
tween the five states are shown, including small kinetic energy
difFerences (not to scale). Ps = 2 is the zero-energy state;
F~ = 1 is at —Ehg„and I", is at +~ .

alkali-metal atoms. A straightforward extension of the
He* scheme would be simply to use the Ig 1 M E 1
transition on the Si ~ Pi transition (Di line) or

2 2

Sl -+ Ps transition (D2 line) in the alkali-metal atoms.
2 2

In this case a repumper must be added to recycle atoms
that have decayed into the Fg ——2 hyperfine state.

In this paper we explore a difFerent VSCPT scheme,
where the trapped state is made up of magnetic sub-
levels of both hyperfine ground states. Our more general
scheme achieves VSCPT in a Ave-level system. This sys-
tem is closely analogous to the monochromatic inverted-
W system of an Fg: 2 M E:1 transition studied in
[10], which has been shown to produce transient VSCPT
in theory. In that case, there is a dark state that is not
completely trapped because the kinetic energies of the
three ground states cannot be equal [ll]. In our five-
level system, a bichromat~c inverted-W, there is also an
energy difference between the ground states (see Fig. 1).
However, it has the added freedom of a second frequency
(hence the name "bichromatic VSCPT" or BVSCPT),
that allows for stable trapping by choosing appropriate
laser frequencies ~q and u2 to compensate for the energy

difference.

Our five-level system is present in, and thus models,
the situation of two separate hyperfine ground states of
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many alkali-metal atoms, Eg = 1 and 2, that are con-
nected by optical transitions to one hyperfine excited
state, either F = 1 or E = 2, via two o+ laser beams
counterpropagating with two 0 laser beams (Fig. 1).
One of the o.+ beams is tuned near the Eg: 1 M F
transition, the other near the Eg ——2 ~ E, transi-
tion; the same holds for the o beams. We assume it
is possible to fix each of the four different 0.+ and cr

beams so that each beam drives only one transition as
shown in Fig. 1. Because the hyperfine ground states
are separated by a large splitting Ehp„ this is a good as-
sumption. For Na, Egg, ——1.7 GHz, while our detunings
(~1 = ~1 M~ Ehfs/h and bz = cuz —w~) may be much
less than a natural linewidth I' = 2vr x 10 MHz (hen is the
internal energy of the excited. state relative to the zero-
energy I"g = 2 ground state, see Fig. 1). BVSCPT can
be realized particularly easily on the Di line of the alkali-
metals since it has only two excited hyperfine states,
P, = 1, 2 (separated by about 190 MHz in Na). The
D2 line contains extraneous transitions (F, = 0, 1, 2, 3)
that are less well separated.

We primarily restrict ourselves to a simple model to de-
velop the fundamental aspects of BVSCPT. Both internal
and external states must be quantized to study subre-
coil phenomena accurately, so we use states Ip, m~)
Ip)I m~) with

I p) a linear momentum eigenstate of
eigenvalue p. Our model uses only the five magnetic sub-
levels labeled in Fig. 1. Central to the model are the
families of states [3] S„=(I p —2hk, —2g), I p —hk, —1,),
I p, og), I p+ hk, 1,), I p+ 2hk, 2g)), which contain only
those states relevant to BVSCPT. States within one fam-
ily are connected to one another by absorption and stim-
ulated emission in this five-level system, and difFerent
families are connected only by spontaneous emission [3].
In our model, the branching ratio &om any excited state
to any connected ground state is 2 so all Clebsch-Gordan
(CG) coefIicients are set equal to 1. We have also stud-
ied the full system, including all magnetic sublevels of
the ground and excited hyperfine states as indicated in
Fig. 1, correct hyperfine transition rates (6J symbols),
and CG coefEcients. We discuss these results later.

The Gve-level model Hamiltonian includes the atom's
kinetic (external) and electronic (internal) energies, as
well as the atom-field interaction: H = H,„+H;„+H g.

Here, H,„=Pz/2M (P is the momentum operator along
the direction of the laser beams, z). Inspecting Fig. 1,
~'- = h - ( I

—1.) (—1.
I

+
I
1 ) (1.

I ) —Ehr
I og) (og I

+
0 ( I

—2g)(—2g I
+ I2g)(2g I ) . In the electric-dipole ap-

proximation, the atom-Geld interaction is given by the
product of the laser's electric Geld and the dipole Ino-
ment operator, H g

———E d. The laser field is ex-
pressed as two 0+ waves running in the +z direction and
two 0 waves running in the —z direction. For example,
E2 ——E2(xcos (uzt + kz) —y sin (urzt + kz)) is the

field of the o laser beam that excites the 2g ~ 1 transi-
tion. We set the wave numbers to be equal, ki ——k2 ——A:,

justified when atoms travel only a distance Lz satisfy-
ing Az

I
ki —k2 I« z. For a typical slow atom with

momentum on the order of P~, this condition is fulfilled
for interaction times t « hc/V~Ei, r, ( 10 I' for Na).
Then

H g ——h dp O2e ' " p —hk, —1, p —2hk, —2g

+nie ' "(Ip+ hk, 1.)+ I» —h» —1.) )(p og
I

+nze ' "
I p+ hk, 1,)(p+ 2hk, 2

I

+H.c.),

where we treat z as the position operator Z and use
e+'" = I dp

I p) (p ~ hk I. The single-beam Rabi &e-

quencies ni and n2 are given by n; = I'gs;/2 with
s; = 24m' I/hcl k the corresponding saturation parame-
ter, and I is the laser intensity. H p is thus expressed in
the basis of the S„ family of states.

We now generate a ground-state basis that contains
the trapped state, physically appropriate for exploring
BVSCPT. This new basis is composed of linear combina-
tions of the ground-state elements of Sz. Requiring one of
these basis states to be dark means it is an eigenstate of
H f since the dark state

I
N ) is defined by H f

I

N ):0.
We construct the efFective potential matrix H gHt g that
governs the evolution of the ground-state density matrix
[12] and diagonalize it. Its eigenstates form a complete,
orthonormal ground-state basis and the state with zero
eigenvalue is the dark state

I
N ).

H fH &
is infinite and block diagonal in ground and

excited states; The ground-state block, Vgg, is also block
diagonal, each block being a 3 x 3 matrix in the ground-
state basis of Sz. A representative block may be written
in matrix form as

n,'
Vgg p oc 6 OiO2e' "'

o

O O e24721 c
2 1

2O2
OOe'"'2 1

0

O2

where ~2i ——uz —~i ———~iz. (The upper left ele-
ment, (p + 2hk, 2g I

V
I p + 2hk, 2g), represents the

light shift of state
I

2g).) The eigenvalues are As
h (2ni + n2), A~ = h2n&, and A~ = 0. The associated
eigenkets are

I N) = x, fn,
I p —2hk, —2,) —n„--'

I „,0, )
+ni

I
p+2hk, 2,)),

1
(Ip —2hk, -2, ) —Ip+ 2hk, 2,)),2

I 8) = (nzIp —2hk, —2g) + 2nie' "'Ip, og)
Ao

2

+nz
I p+ 2hk, 2g)),

(3a)

(3b)

(3c)

where Ao ——/2nzi + nzz. These strongly, weakly, and
noncoupled states [10] form the "optical basis. "

Notice that both
I
N ) and

I

S ) have nontrivial time de-
pendence (i.e. , not just an overall time-dependent phase).
For one value of p, the noncoupled state is our trapped
state. Thus the trapped state is not a stationary eigen-
state of the full Hamiltonian. This is in contrast to A-

VSCPT, where the time dependence of the trapped state
is trivial. In the bichromatic case, at different times the
dark state is a different combination of ground states.
Thus the dark state must evolve synchronously with the
atom-laser interaction for atoms to remain trapped.
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We now develop the conditions under which a dark
state produces trapping. We require the rate of escape
out of the dark state, [d(N i

o
i N)/dt] „&

——(N io i
N ) +

(N i
o iN) + (N i

o iN), to be zero for one value of p.
The last term w'e obtain &om the generalized optical
Bloch equations for the noncoupled density matrix ele-
ment, i~» = [H, o]~~ (not including the decay term,
which only feeds the ground-state populations). The
commutator is [H) cr]~~ = pf(H~foz~ —c.c.), where
the sum is over optical basis states I = N, TV, S, 1,—1 .
Since the dark state is composed entirely of ground states
and is not coupled to the laser Geld, HN i. ——H~ q ——0.
The terms we need are

4 — (8)

-2 0

V l VR

3
O

~~
6$ 2-
O

CL ~ L~~J ~D ~~M
0=
-2 0 2

Family Momentum P

80' hk

/4n', + 2n',

~2ngnz
HNs =

g z(4ER+Ehf )2 1+ 2

(ER = PRz/2M). The time dependence of the dark state
itself results in

+2ng nz
ih((N icr]N)+(N iver]N)) =

&
&hcuzxos~ —c.c.

20i+0~

d(N
i

o iN)
dt out

80' hk

/4n', + 2n,'
~2ngng+ z z (4ER + Ehfs + M21)ASK —cc.

20~i + 0~~

If p = 0 and 4ER + Ehfs + Mgg ——0, the derivative is
zero. Using the difference detuning b = bz —bq and using
hcuqq + Ehf, ——h8 gives

p=0,
4ER/n+ 8 = 0

(8a)

(8b)

From Eqs. (4), (5), and (6), we obtain the total rate of
loss of the dark-state population:

FIG. 2. Calculations for a five level model Li atom
(e = 1.1 x 10 ), when O~ = B~ = 0.051' . Detunings are
bq ———bq ——2eI', so b = —4eI'. Each profile represents the
population at increments of 4m~, for total interaction time
Tg g

——20TR. (a) The velocity distribution exhibits three sub-
recoil peaks at V = 0, +2VR. (b) The dark state is most
heavily populated at family momentum p = 0, where sta-
ble trapping occurs. Peak height increases with time in both
plots.

level system, for a model Li atom (for which the recoil
parameter e:—ER/hI' = l.l x 10 ~). The calcula-
tions solve the equations of motion for the density ma-
trix of the Gve-level system, as determined by the gen-
eralized optical Bloch equations (including spontaneous
emission). We used a Bee-particle momentum basis span-
ning [

—85k, 85k] [13]. In Fig. 2(a) we show the time evo-
lution of the velocity distribution up to 20&R (7R = 5/ER
is the recoil time). The subrecoil-width peaks at veloc-
ity V = 0, +2VR continue to grow and narrow for long
interaction times. Figure 2(b) shows the corresponding
population in the dark state as a function of p and t,
with a subrecoil-width peak at the trapped-state family
momentum p = 0. The population in the dark state was
extracted &om the numerical data used for Fig. 2(a)
by projecting the density matrix onto the optical ba-
sis. These data illustrate stable VSCPT when Eqs. (8)
are satisfied. Figure 3 shows how the population in the
trapped state (N(p = 0) i

o.
i N(p = 0)) changes with b,

for Gxed interaction time 20&R. Clearly, trapping is most
eKcient at b = —4~1'.

In a A system, VSCPT promotes the growth of two

as the two conditions which must be fulGlled to achieve
BVSCPT. Equations (8a) and (8b) reveal two routes out
of the noncoupled state. One is the "motional coupling, "
proportional to p, which is also found in A-VSCPT [3].
The other is the "bichromatic coupling, " proportional
to 4ER/h + b, due to the energy difference between the
ground states that make up the trapped state. Since b
is an experimentally adjustable parameter, this bichro-
matic coupling can be made to vanish. BVSCPT causes
atoms to collect in the dark state with family momentum
p = 0. Then three peaks appear in the velocity distribu-
tion, at 0 and +2VR, the three ground-state velocities of
this family.

In Figs. 2 and 3 we present numerical results demon-
strating the trapping conditions for BVSCPT in the Gve-
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FIG. 3. Calculated population in the trapped state,
(N(p = 0)

imari

N(p = 0)), at Tq &
—— 20+R with varying b.

Aside from b, we used the same parameters as for Fig. 2,
and kept bq ———b~. Stable trapping occurs when b = —4&I'.
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peaks in the velocity distribution at +VR. As discussed
in [3], the relative peak heights of the two branches of
the A system can be varied. An analogous phenomenon
occurs in BVSCPT. If most of the population is in the
noncoupled state, then the peak height in the velocity
distribution at V = +2VR is related to the peak height
at V = 0 by P~2va/Po ——02~/022. Hence, we might trap
virtually all the population at V = 0 in

[ Oa) by taking
0») 0&.

So far we have discussed only the model system that
describes the essence of BVSCPT. To model a real alkali-
metal atom more closely, we have performed calculations
that include all magnetic sublevels of the relevant hy-
perGne states, correct CG coefIicients, end 6J symbols.
Typical results are plotted in Fig. 4. In our model five-
level system, the velocity distribution exhibits charac-
teristic VSCPT peaks more quickly than in these full-
system calculations. This is expected since trapping oc-
curs when atoms make a random walk into the trapped
state, and the full system contains many states irrelevant
to the VSCPT process. However, for long enough inter-
action times, we again see strong peaks in the velocity
distribution. We show calculated momentum distribu-
tions for Ii, = 1 (2) in Figs. 4(a) [4(b)], with parame-
ters for the sodium Di line. These plots indicate that
BVSCPT is readily accessible experimentally. Interac-
tion times needed to observe the corresponding trapping
peaks for Li are within the range of beam experiments.
For Na and heavier alkali-metal atoms, it might be more
suitable to Grst conGne the atoms with a magneto-optical
trap, then turn oK the trap and apply the BVSCPT fields,
as in Ref. [9].

To conclude, we have used a model system with
only Gve internal energy states to show the existence of
VSCPT in a bichromatic laser Geld. We have shown that
the velocity-dependent trapped state has nontrivial time
dependence, and that the eKciency of the trapping pro-
cess can be controlled by a di6'erence in the detuning of
the laser beams. This difference detuning can be used
to compensate for the difFerence in internal and kinetic
energies of the states that make up the coherent superpo-

3

2G$

Q t

0-

O
2

C5

O
CL

Fg=1,2 m Fe=2

0
V I VR

FIG. 4. (a) Full-system calculation of the velocity distri-
bution for BVSCPT in Na (e = 2.5 x 10 ), with F, = 1.
The peaks at V = +VR are due to the presence of A systems.
Peak heights differ because of different 6J symbols and CG
coefFicients. T~ t, ——25vR, with increments of 57R. Laser in-

tensities are given by Oi = 02 = 0.1I' . (b) Same as (a), but
= 2.
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sition of ground states. Our Gve-level system is present
in the more complicated. Fg 1 Fg 2 M F
and Fg = l, Fg = 2 + F = 2 conGgurations, both of
which can be realized on the Di or D2 lines of the alkali-
metal atoms. We have demonstrated that the full con-
figurations will produce BVSCPT in these atoms under
experimentally accessible conditions. We conclude that
BVSCPT may be employed as a useful tool in the pro-
duction of subrecoil temperatures among the alkali-metal
atoms.
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