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DouMe photoionization of excited 'S and S states of the helium isoelectronic sequence
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We present results for the photoionization of ground and excited S states of two-electron systems by
x-ray photons. The method uses the asymptotic formulation of Dalgarno and Stewart [Proc. Phys. Soc.
London 76, 49 (1960)] with highly correlated Frankowski-Pekeris —type wave functions for N 'S and N 'S
initial states. The calculations show a smaller ratio of double-to-single photoionization R for triplet
states due to the spatial antisymmetry of the wave function near the nucleus. We find an asymmetric
population of photoion satellite states and provide expressions for the asymptotic single and total photo-
ionization, and R as a function of nuclear charge. We also make predictions for the differential double
photoionization cross sections in the extreme energy sharing case when one electron is ejected with zero
energy.

PACS number(s): 32.80.Fb, 32.30.Rj, 32.70.Cs

I. INTRGDUCTIQN

Considerable attention has been given recently in ex-
perimental [1—3] and theoretical [4—8] studies to the
double ionization of the ground state of helium by the ab-
sorption of a high-frequency photon. The double photo-
ionization (DPI) of the other members of the helium se-
quence and of the metastable 2 S states of helium have
also been investigated [5,9,10]. It has been established
that the ratio of the double-to-single photoionization
cross section tends to a constant at high frequencies. The
asymptotic ratio can be calculated accurately in the ac-
celeration form of the electric-dipole operator, provided
that electron-electron correlation is adequately represent-
ed in the initial state wave function [11].

In this paper, we employ fully correlated initial state
wave functions for the ground and excited 'S and S
states of helium to predict the asymptotic ratios for single
and double photoionization. We use an extrapolation of
the simultaneous excitation and ionization cross sections
in the double-ionization limit to obtain the differential
cross section for double photoionization in which one
electron is ejected with zero energy. To explore further
the role of electron-electron correlation, we investigate
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the dependence of the ratios and cross sections on the nu-
clear charge Z.

II. THKGRY

A. Asymptotic formulation

The fundamental physical
photoexcitation-ionization process

quantity in the

A'co+He(X ' S)~He+(ns)+e

is the continuum dipole oscillator strength

~ n„"=2co( (P„(r„r,) ~X d ~e(r, , r, ) ) (',

where ~ and e are the respective energies of the photon
and ionized electron in atomic units and R is the direction
of linearly polarized light. %(r&, r2) represents a fully
correlated initial state wave function, which is denoted by
%(r„rz, r, )2for S states, and g„(r„r2) is the final state
product wave function for a continuum electron and a
hydrogenic s-state electron with principle quantum num-
ber n. The coordinates rj and r2 are the electronic dis-
tances from the nucleus, and r, 2 is the interelectronic dis-
tance. By Fourier transforming the acceleration form of
the electric-dipole operator

rz
(3)
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it was shown [11]that B. Initial state wave function

—C(ns)(2e) i (e~ 00 ),
dE

(4)
For the fully correlated initial state wave function, we

use a finite basis set of Frankowski-Pekeris —type func-
tions [12,13]

where

512mZ 2
C(ns) = r &dr, 'P(r „O,r & )u„,(r, )

3 0

cosh(ct)
p„&~j(s, t, u)=s "t'u (lns)jexp( —s/2) '

(5)
in the Hylleraas coordinates

(9)

with u„,(r) the final hydrogenic s-state wave function.
Hydrogenic states of higher angular momentum are
known [5] to contribute an additional factor of e ' to the
expansion (4) and can, therefore, be neglected.

The asymptotic ratio of double-to-single ionization
cross section is defined by

s =r$+r2, t =r2 —r],
subject to the constraints

l, m )0
and

0 —ri2

R= C
1

Q„C(ns)

where the constant C is the sum of all C ( ns ) contribu-
tions including double ionization such that the total pho-
toabsorption cross section at high energy behaves as

2 2

g = C(2p)tot
137

Using (5) and the closure relation for hydrogenic eigen-
states, it was shown [11]that

512mZ

The physical manifestation of the above DPI process is as
follows. At high photon energies, the photoionization
volume about the nucleus shrinks to a small sphere of ra-
dius r -k ', where k is the photon momentum transfer.
This "shrinking volume" effect causes the two-electron
wave function to collapse onto the nucleus, releasing a
photoelectron with nearly all of the photon energy and
angular momentum. The remaining electron leaves with
very little escape energy and zero angular momentum.

2j&0 if n ~0
(n +I +m) 2'+2) 0 'f &0

1 2 12) r ck! j0k! j(a»
klm j

Substituting (10) into (5) and (8), we obtain

(10)

This basis set provides the correct cusp structure at all
two-particle coalescences due to linear terms in r, , r2,
and r &2 and the correct singularity structure at the three-
particle coalescence since the logarithmic terms of the
Fock expansion [14—18] are expandable in powers of s,
ln(s), and (t/s) For t.he ground state, the nonlinear vari-
ational parameter c is zero, and we require that I be even
in order to ensure that the basis set has the proper sym-
metry under exchange of particles r, ~r2, or equivalent-
ly, t~ —t. For excited states, c is used to build in the ra-
dial "in-out" correlation in which one electron is close to
the nucleus with the other electron far away. The choice
of cosh(ct) or sinh(ct) is made to give the basis function
the proper symmetry under exchange of particles.
Hence, for singlet states cosh(ct) is used when the index l
is even and sinh(ct) is used with odd values of I. For trip-
let states, the situation is reversed.

In general, the initial state wave function is expanded
as a sum of scaled Frankowski-Pekeris functions (9)

16a ZC(ns)= g ck! ( —1)'f r&dr&(ar, )" '+ [in(ar&)]j
klm j

Xu„,(r&)[exp( —ar! )+(—1) +sexp( Pr&)] '—2

and

16g ZC= g g ck! ck.! ~ '( —1) f. r,dr, (ar, )
+ + [ln(ar& )]

klm jk'I'm'j'

X [exp( ar, )+(—1)'+ exp—( —Pr, )]

X [exp( —ar
&
)+(—1) + exp( Pr

& )], — (12)
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TABLE I. Energy eigenvalue E and constant C for helium S states.

N'S N S

—2.903 724 377 034
—2.145 974 046 054
—2.061 271 989 738
—2.033 586 716953

309.0
223.5
219.0
218.0

—2.175 229 378 236
—2.068 689 067 472
—2.036 512 083 096

225.3
219.3
218.1

where a=a( ,'+—c) and @=a(—,
' —c). Here K =k+k',

I.=I+l', M=m+m', and J=j+j'. As usual, S =0
for singlet states and S = 1 for triple states. The normali-
zation of the wave function combines with the constant
in (5) and (8) to yield 16a Z /(3m. ).

III. RESULTS

Table I gives the energy eigenvalues of the low-lying S
states of helium studied in this work. The binding ener-
gies agree with the results of Drake [19]to an accuracy of
ten digits or better, so we expect that the wave functions
are accurate to five digits. Included in Table I is the con-
stant C calculated from Eq. (3).

The ratio of asymptotic osci&lator strengths C(ns)/C
and the ratio R of double-to-single photoionization for
helium S states are shown in Table II. We find that R is
larger for singlet states than for triplet states of the same
level. This is due to the shrinking volume effect with its
dependence on the wave function at the nucleus [5].
Since singlet state wave functions of natural parity (which
include all singly excited states) do not vanish as both
electrons approach the nucleus [20], while triplet state
wave functions do vanish there because they are spatially
antisymmetric and continuous, the probability for photo-
absorption, and hence the ratio of double-to-single photo-
ionization, is largest from the singlet states of natural
parity. Following the discussion of Morgan and Kutzel-
nigg [20], we would expect that metastable doubly excited
singlet states of unnatural parity, whose wave functions
vanish even faster than those of triplet states as both elec-
trons approach the nucleus, would show still smaller
double-to-single photoionization ratios than the corre-
sponding triplet states.

Table II also shows an interesting feature of single
ionization —the asymmetric population of satellite
He+(ns) states. It is particularly illustrative to consider

this concept in the framework of the hyperspherical coor-
dinates method [21,22]. In this picture, different excita-
tion continua are populated via direct vertical dipole
transition to the repulsive parts of the adiabatic hyper-
spherical potential energy curves. For the ground state,
this continuum is mainly the 1sep continuum. For the
2 'S state, the most readily available continua, having the
largest overlaps with the initial state, are 2sep and 3sep
continua, not the 1sep continuum. This type of vertical
Franck-Condon bound-continuum transition persists in
populating the satellite states of He+ states shown in
Table II. The effect becomes more pronounced for the
higher excited initial states. For instance, in the high-
frequency photoionization of the 4'S state of helium,
He+(n =5) is produced with the highest probability.

The values of the ratio R for the ground and metasta-
ble states of the helium isoelectronic sequence from Z = 1

to Z =10 are presented in Table III. The variation of R
with Z is illustrated in Fig. 1. Kornberg and Miraglia
[23] have shown that the double-photoionization cross
sections diminish as Z for large Z and the ratio R di-
minishes as Z . Our values of R (expressed in percent)
behave for large Z as

9 3R—
Z2 Z3

for the 1 'S states,

32 66
Z Z

for the 2 'S states, and

(13)

(14)

6R-
Z2

9
Z3 (15)

for the 2 S states.
The ratios of the 2 'S states exceed those of the 1 'S

TABLE II. Ratios C(ns)/C and R for helium S states.

1

2
3
4
5
6
7
&8
R (%)

1'S

0.9296
0.0446
0.0055
0.0018
0.0008
0.0005
0.0003
0.0008
1.644

2'S

0.0493
0.5346
0.3993
0.0035
0.0017
0.0009
0.0005
0.0013
0.9033

2 S

0.0338
0.7824
0.1733
0.0044
0.0014
0.0006
0.0003
0.0008
0.3118

3'S

0.0136
0.0702
0.1669
0.7318
0.0131
0.0001
0.0001
0.0005
0.3691

3 S

0.0087
0.0591
0.4054
0.5230
0.0006
0.0004
0.0003
0.0007
0.1967

4'S

0.0055
0.0232
0.0534
0.0019
0.7768
0.1372
0.0003
0.0001
0.1682

4 S

0.0034
0.0170
0.0903
0.0761
0.7595
0.0524
0.0001
0.0002
0.1042
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TABLE IV. Fitting parameters M and tr in Eqs. (19) and (20). TABLE V. Q (Z) vs Z in Eq. (22).

State

1'S
2'S
2 8

13.6
7.6
7.6

13.6
0.85
0.85

6.8
6.8

0.136
0.037
0.027

0.141
0.241
0.384

0.062
0.011

C(ns) =M„(Z —cr„) (19)

eral, the Z dependence of C(ns) and C can be fitted to the
forms

2
3
4
5

6
7
8
9
10

1'S

27
107
266
533
934

1494
2244
3210
4417

2'S

29
350

1210
2800
5304
891 8

138 34
202 46
283 48

2 S

17
130
391
849

1558
2564
3927
5695
7918

C =M(Z —o ) (20)

where the parameters M and 0. are tabulated in Table IV.
The ratios M„ /M equal the large-Z limits in Eqs.
(16)—(18), while the screening parameters rr characterize
the electron-electron correlation.

We may, following the procedures of Fan, Sadeghpour,
and Dalgarno [24], obtain the asymptotic values of the
zero energy di6'erential cross sections for double photo-
ionization in which one of the electrons is ejected with
zero energy. We use the formula

2+ 2 2

Q(Z)(2~) '",
dE p —p 137

where e is equal to the photon energy minus the ioniza-
tion potential, and

Q (Z) = lim n C(ns) .
pf ~ 00

(22)

Table V shows our extrapolated values of Q(Z) for the
1 'S, 2'S, and 2 S states; for He(l 'S), Q(Z =2) is 27,
14% larger than the value obtained by Fan, Sadeghpour,
and Dalgarno [24] with a less accurate representation of
the initial wave function.

In summary, we show results for the DPI of the
ground and excited states of the helium isoelectronic se-

quence in the asymptotic photon energy limit. Using fu1-

ly correlated initial state wave functions, we find a small-
er ratio of double-to-single photoionization for triplet
states than for singlet states of the same leve1. The Z
dependence of the ratio R shows a maximum that de-
pends on the initial state of the system. This is related to
the excitation of asymmetric satellite states of He+(n)
and its isoelectronic partners during the photoionization
process. It is shown that the ratios R have simple large-Z
dependences, which are in agreement with a recent calcu-
lation [23]. We also show that the asymptotic single and
total photoionization cross sections have simple Z-scaling
properties and give predictions for the difFerential DPI
cross sections in the extreme energy sharing case.
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