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The ground states, as well as the 6s and 4f ionized states of Ba, Cs, and lanthanide atoms from La to
Lu, are calculated with the nonrelativistic numerical Hartree-Fock (HF) method and an analytical HF
method with Gaussian-type functions (GTF’s). It is shown that the nonrelativistic HF calculations well
reproduce the experimental trends on the 6s and 4f electron ionizations, although the calculated 6s ion-
ization potentials (IP’s) are smaller and the calculated 4/ IP’s are larger than those given by experiment.
The relativistic HF calculations with GTF’s are also performed on some selected atoms. The 6s IP’s
given by the relativistic HF method are closer to experiment than those given by the nonrelativistic HF
methods. The relativistic corrections make 4f IP’s smaller than those of experiment. Since the correla-
tion effects increase the IP’s obtained by the HF calculations, the inclusion of the relativistic effects is in-

dispensable in discussing IP’s quantitatively.

PACS number(s): 31.15.—p, 31.30.Jv

Recently lanthanide chemistry and physics have ex-
perienced tremendous growth, for example, in the field of
catalysts [1] and high temperature superconductors [2].
It would be highly desirable to elucidate the electronic
structure of lanthanide atoms at least in the Hartree-
Fock (HF) approximation. For these atoms, relativistic
[3,4] and nonrelativistic [5—8] numerical Hartree-Fock
(NHF) calculations were performed mainly on the
ground states. Fraga and coworkers [7] gave the first,
second, and third ionization potentials (IP’s) for the
atoms but their results have been found to be
insufficiently accurate [9].

In this paper we discuss (1) the accurate nonrelativistic
HF energies for lanthanide atoms and their positive ions,
(2) the characteristics of the 4f levels, (3) the quality of
the published large Gaussian-type-function (GTF) basis
set for the ground states when applied to the ionized

states, and (4) the influences of the relativistic effects.
For this purpose, we first performed NHF computations
for the ground states as well as the 6s and 4f electron
ionized states. Present NHF total energies are accurate
to nine significant figures as the previous calculations for
the excited states of lighter atoms (Z <36) [10] and those
for the positively and negatively charged ions (Z <54)
[9]. We next calculated the analytical restricted
Hartree-Fock (RHF) energies for the ground and ionized
states, using well-tempered Gaussian-type functions
[11,12] in order to see the accuracy of the most flexible
GTF basis sets that are available in the molecular calcu-
lations. Finally, relativistic HF calculations were per-
formed.

The atoms calculated are Cs, Ba, and lanthanides La
through Lu. The electronic configurations adapted for
the ground states are those of experiments [13,14];

Cs (65)'(5p)°

Ba (65)%(5p)°

La (65)%(5p)°(5d )}

Ce (65)%(5p)%(5d) (4f)!

Pr—Eu and Tb-Yb  (65)%(5p)%(5d)%(4f)™ (m=3-7 and 9-14)
Gd (6s)X(5p)%(5d)\(4f)’

Lu (65)%(5p)8(5d) (4 1),
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TABLE 1. Total energies, ionization potentials, and excitation energies of the ions relative to the ground state of the neutral atoms
calculated by RHF and NHF methods. A gives the difference between RHF and NHF.

Total energies IP’s and excitation energies of ions

RHF* NHF A RHF NHF Expt.®
z State 6s S5p 5d 4f (a.u.) (a.u.) (a.u.) eV) eV) (eV)
55 Cst 1 5 0 0 —7553.300 85 —7553.30109 0.00025 17.212 17.212
55 Cs* s o0 6 0 0 —7553.81008 —7553.81032 0.00025 3.356 3.356 3.893
55 Cs s 1 6 0 0 —7553.93341 —7553.93365 0.00025 0.000 0.000 0.000
56 Ba® p 2 5 0 0 —7882.699 53 —7882.69970 0.00017  22.969 22.969
56 Ba® s 1 6 0 0 —7883.39171 —7883.39188 0.00017 4.134 4.134 5.210
56 Ba s 2 6 0 0 —7883.543 65 —7883.54382 0.00017 0.000 0.000 0.000
57 La*t Sk 2 5 1 0 —8220.12119 —8220.12136 0.00017  25.723 25.723
57 La*t 36 2 5 0 1 —8220.21333 —8220.21350 0.00017 23.216 23.216
57 La*t SH 0 6 0 2 —8220.748 76 —8220.74894 0.00018 8.647 8.646 9.973
57 La*t s 2 6 0 0 —8220.83139 —8220.83156 0.00017 6.398 6.398 6.494
57 Lat 5p 1 6 1 0 —8220.908 44 —8220.90861 0.00017 4.302 4.302 5.812
57 La*t SF1 6 0 1 —8220.91003 —8220.91020 0.00017 4.258 4.258 5.577
57 La 2Fe 2 6 0 1 —8221.06363 —8221.06381 0.00017 0.079 0.079 (=1.87)
57 La D 2 6 1 0 —8221.06653 —8221.06670 0.00017 0.000 0.000 0.000
58 Ce™ ‘I 2 5 0 2 —8566.05299 —8566.05316 0.00018  22.300 22.300
58 Ce™ D 2 6 1 0 —8566.33073 —8566.33091 0.00018 14.742 14.742 (11.5)
58 Ce™ G 1 6 1 1 d —8566.707 64 4.491 7.838
58 Ce* F 2 6 0 1 —8566.612 19 —8566.61237 0.00018 7.083 7.083 6.678
58 Ce™ ‘H 1 6 O 2 —8566.764 38 —8566.76455 0.00018 2.942 2.942 5.944
58 Ce* ‘H 0 6 2 1 —8566.743 67 —8566.74386 0.00019 3.505 3.505 5.466
58 Ce SHe 2 6 O 2 —8566.919 40 —8566.91957 0.00017 —1.276 —1.276 0.590
58 Ce ¢ 2 6 1 1 —8566.872 50 —8566.87268 0.00018 0.000 0.000 0.000
59 Prt K2 5 0 3 —8920.29179 —8920.29197 0.00018  24.192 24.192
59 Prt SH 2 6 0 2 —8920.82070 —8920.82088 0.00018 9.800 9.800 (7.40)
59 Prt 1 1 6 0 3 —8921.024 51 —8921.02470 0.00018 4.254 4.254 5.422
59 Pr ‘2 6 0 3 —8921.180 84 —8921.18102 0.00019 0.000 0.000 0.000
60 Nd* °K 2 5 0 4 —9282.968 76 —9282.96894 0.00018  24.870 24.871
60 Nd+ 4r 2 6 0 3 —9283.51962 —9283.51980 0.00018 9.881 9.881 (7.66)
60 Nd* 1 1 6 0 4 —9283.72517 —9283.72536 0.00019 4.288 4.288 5.489
60 Nd 1 2 6 0 4 —9283.88275 —9283.88294 0.00019 0.000 0.000 0.000
61 Pm* T 2 5 0 5 —9654.163 15 —9654.16334 0.00019 25.459 25.459
61 Pm* 1 2 6 0 4 —9654.73605 —9654.73624 0.00019 9.870 9.870 (7.66)
61 Pm* 'H 1 6 O 5 —9654.93998 —9654.94017 0.00019 4.321 4.321 5.554
61 Pm SH 2 6 O 5 —9655.098 77 —9655.09896 0.00019 0.000 0.000 0.000
62 Sm* 8¢ 2 5 0 6 —10034.0049 —10034.0051 0.0002 25.780 25.780
62 Sm* SH 2 6 0 5 —10034.5430 —10034.5432 0.0002 11.139 11.139 (8.61)
62 Sm™ F 1 6 0 6 —10034.7924 —10034.792 6 0.0002 4.352 4.352 5.631
62 Sm F 2 6 0 6 —10034.9523 —10034.9525  0.0002 0.000 0.000 0.000
63 Eut P 2 5 0 7 —10422.5995 —10422.5997 0.0002 25.669 25.669
63 Eu® F 2 6 0 6 —10423.0685 —10423.068 7 0.0002 12.906 12.906 (9.76)
63 Eut S 1 6 0 7 —10423.3818 —10423.3820 0.0002 4.381 4.381 5.666
63 Eu 8§ 2 6 0 7 —10423.5428 —10423.5430 0.0002 0.000 0.000 0.000
64 Gdt B ) 5 1 7 —10819.6180 —10819.6182 0.0002 28.381 28.381
64 Gd* G 2 5 0 8 —10819.6626 —10819.6628  0.0002 27.168 27.168
64 Gdt *H 2 6 1 6 —10819.8924 —10819.8926 0.0001 20.913 20.916 (17.1)
64 Gd* PF 1 6 O 8 —10820.4538 —10820.4540  0.0002 5.639 5.639 7.132
64 Gdt 85 2 6 O 7 —108204131 —10820.4133  0.0002 6.745 6.745 6.568
64 Gd* p 1 6 1 7 —10820.4947 —10820.4949  0.0003 4.525 4.525 6.141
64 Gd TFe 2 6 0 8 —10820.6171 —10820.6173 0.0002 1.194 1.194 1.357
64 Gd °D 2 6 1 7 —10820.6610 —10820.66 12 0.0004 0.000 0.000 0.000
65 Tb+ T 2 5 0 9 —11225.5921 —11225.5923 0.0002 26.560 26.560
65 Tbt F 2 6 0 8 —11226.2912 —11226.2914 0.0002 7.537 7.537 (6.53)
65 Tb* H 1 6 0 9 —11226.4026 —11226.4028 0.0002 4.505 4.505 5.852
65 Tb ‘SH 2 6 0 9 —11226.5681 —11226.5684 0.0002 0.000 0.000 0.000
66 Dy* K2 5 0 10 —11640.4472 —11640.4476 0.0004 27.344 27.345
66 Dy* ‘SH 2 6 0 9 —11641.1278 —11641.1283 0.0004 8.823 8.825 7.456
66 Dy 7 1 6 0 10 —11641.2844 —11641.2849  0.0005 4.564 4.564 5.927




51 6s AND 4f IONIZED STATES OF THE LANTHANIDES . . . 199

TABLE I. (Continued)

Total energies

IP’s and excitation energies of ions

RHF* NHF A RHF NHF Expt.b

z State 6s 5p 5d 4f (a.u.) (a.u.) (a.u.) eV) eV) (eV)
66 Dy T 2 6 0 10 —11641.4521 —11641.4526 0.0005 0.000 0.000 0.000
67 Ho™* K2 5 0 11 —12064.2511 —12064.2516 0.0005 28.249 28.251
67 Ho™* ST 2 6 0 10 —12064.9775 —12064.9779 0.0004 8.485 8.487 (7.26)
67 Ho™* 1 1 6 0 11  —12065.1195 —12065.1200 0.0005 4.621 4.621 6.018
67 Ho o2 6 0 11  —12065.2893 —12065.289 8 0.0005 0.000 0.000 0.000
68 Ert ‘o2 5 0 12 —12497.0801 —12497.0805 0.0005 29.174 29.176
68 Ert ‘r 2 6 0 11 —12497.8544 —12497.8549 0.0005 8.103 8.105 (6.97)
68 Ert ‘H 1 6 0 12 —12497.9803 —12497.9809 0.0005 4.677 4.678 6.101
68 Er ‘H 2 6 0 12 —12498.1522 —12498.1528 0.000 6 0.000 0.000 0.000
69 Tmt 3G 2 5 0 13 —12939.0714 —12939.0719 0.0005 29.997 30.000

69 Tmt 3H 2 6 0 12 —12939.8314 —12939.8320 0.0005 9.316 9.318 7.728
69 Tm™* ’F 1 6 0 13 —12939.9999 —12940.0005 0.0006 4.731 4.732 6.184
69 Tm ’F 2 6 0 13 —12940.1738 —12940.174 4 0.0006 0.000 0.000 0.000
70 Ybt p 2 5 0 14 —13390.3309 —13390.3314 0.000 6 30.603 30.605

70 Ybt F 2 6 0 13 —13391.0458 —13391.0463 0.0005 11.151 11.153 8.910
70 Ybt s 1 6 0 14 —13391.2797 —13391.2803 0.0006 4.784 4.785 6.254
70 Yb s 2 6 0 14 —13391.4556 —13391.4562 0.0006 0.000 0.000 0.000
71 Lut SF 2 5 1 14 —13850.5660 —13850.5675 0.0015 33.750 33.754

71 Lut H 2 6 1 13 —13851.0916 —13851.0930 0.0015 19.450 19.455 (16.2)
71 Lut 3D 1 6 1 14 —13851.6233 —13851.6249 0.0016 4.980 4,981 6.888
71 Lut s 2 6 0 14 —13851.5995 —13851.6010 0.0015 5.630 5.633 5.426
71 Lu D 2 6 1 14 —13851.8064 —13851.8080 0.0016 0.000 0.000 0.000

#The number of the primitive GTF’s for the respective atoms is as follows: (30s,23p,17d) for Cs and Ba; (30s,23p,22d,14f) for La,
Ce, and Gd except for La’H where (30s,23p,22d,17f) are employed; (30s,23p,17d,14f) for Pr through Eu and also Tb;
(29s,22p,16d,13f) for Dy through Yb; and (28s,21p,20d,12f) for Lu. The well-tempered basis sets [12] were obtained through the

anonymous ftp of kamuy.chem.ualberta.ca

*The first ionization potentials are those given in Ref. [13]. The excited states for neutral atoms and ions are given in Ref. [14,15], re-
spectively. The number in the parentheses are estimated ones (see Ref. [15]).

°Excited states in the neutral atoms.
9The program used cannot handle this state.

The states arising from (6s)%(5p)%(5d)%(4f)™ are also
investigated for La (m =1), Ce (m =2), and Gd (m =8),
since sometimes theorists treated them as the ground
states. The calculated ionized states are those being
deprived of the 6s or 4f electrons. The ionized states
with the highest spin are mainly considered but other
ionized states are also taken into account for La, Ce, and
Gd. When we calculated analytical RHF energies for the
states with 5d electrons, we always augmented an extra
five diffuse d GTF’s to those of Huzinaga and Klo-
bukowski [12] except for Lu, where two d GTF’s were
augmented, since the well-tempered GTF’s are prepared
for the states with (65s)%(5p)%(5d)%(4f)™. We also aug-
mented three diffuse f GTF’s for La *H, where the num-
ber of 4f electrons is increased by one compared with 2F
of Huzinaga and Klobukowski [12].

The total energies, the differences in the total energies
between NHF and RHF (A), IP’s, and the excitation en-
ergies of the ions relative to the ground state of the neu-
tral atoms obtained by the present calculations and ex-
periments [13—15] are collected in Table I. We see that
the total energy differences between NHF and RHF are
quite small, indicating that well-tempered GTF’s generat-

ed by Huzinaga and Klobukowski [12] are very reliable
even in the ionized states. In Ce the calculated ground
state is (6s)%(5p)%(5d)°(4f)?3H whereas the experimental
ground state is (65)%(5p)%(5d)'(4f)''G. Brewer [14]
pointed out that the configuration interaction calcula-
tions were necessary in order to get the proper ground
state for this atom; it will, however, be shown that the in-
clusion of the relativistic effects is also indispensable.

For La through Eu, both the calculated (~4.3-4.5
eV) and experimental (~5.4-5.8 eV) 6s IP’s are almost
constant with a sole exception of the experimental value
of Ce (7.8 eV). After Tb, the IP gradually increases. The
NHF and RHF calculations give 5.0 eV for Lu, while the
experimental value is 6.9 eV. The experimental 6s IP’s
are always larger than the HF values. The electron
correlation effects, which will be discussed later, should
be included for better agreement. We see later that the
relativistic corrections increase the 6s IP’s by 0.3-0.7
eV, which means to remedy 20-30 % of the error found
in the nonrelativistic calculations.

Although the calculated 4f IP’s are 1-3 eV greater
than those of experiment, NHF and RHF calculations
describe the experimental trend well, when we move
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across the lanthanide atoms. Here we note the sudden in-
crease of IP at Gd; the 4f electron IP’s by experiment are
9.8, 17.1, and 6.5 eV for Eu, Gd, and Tb, respectively.
The anomaly at Gd found by experiment is well simulat-
ed in the nonrelativistic HF calculations. The ground
configurations of Eu and other atoms are 6s 24 ™, while
that of Gd is 6s24f75d'(°D) instead of being 65241 %("F).
In 6s24f75d!, the 5d orbital is expected to be much
broader ({r)s,; for °D=2.463 a.u.) than the 4f orbital
(r )4f for °D=0.789 a.u.); therefore the screening
effects on the f shell electrons caused by one 5d electron
are expected to be smaller than those caused by one 4f
electron. Moreover, the configuration 6s24f75d! makes
it possible that all the electrons in the f shell keep up
spins. The 4f electrons in 6s24f75d'°D thus are con-
tracted compared with that of F ({r),, for °D=0.789
au. but (r), for "F=0.834 a.u.), making absolute
values of exchange integrals and nuclear attraction ener-
gies larger for the 4f electrons. The 4f electrons in °D
become energetically very stable. (The 4f orbital energy
is —28.39 eV for °D and it is —18.92 eV for 'F. See also
IP’s of Gd in Table I.)

The IP’s for 5p electrons are also collected in Table 1.
The IP’s for these electrons are large compared with
those of 4f electrons.

The mean value of r, orbital energies, and IP’s for the
6s and 4f electrons are summarized in Table II. We see
that the 6s orbitals are diffuse. The differences between
the IP’s given by ASCF and the 6s orbital energy are
small, indicating that the Koopmans theorem works for
the 6s ionization: here ASCF means the total energy
difference between the neutral and ionized systems calcu-
lated with the self-consistent-field (SCF) method, namely,
the HF method. On the other hand, we may see that the
4f orbitals are contracted and the differences between the
IP’s given by ASCF and the Koopmans theorem are quite

large. The ionization of the electrons in the outermost 6s
shell causes small reorganization on the whole electron
distributions whereas the inner 4f electron ionization,
namely, the appearance of the hole in the inner shell,
causes larger reorganization effects. We cannot use the
Koopmans theorem for the 4f electron ionization.

We note sudden decrease of {7 )¢, and {r),, in Gd °D.
The decrease of {r )¢, in °D arises from the electron be-
ing in the 5d orbital instead of being in the 4f orbital.
These sudden decreases are consistent with the sudden in-
crease of the 6s and 4f IP’s of Gd shown in Table II.

We see that 5p IP’s are considerably larger than 4f
ones. Although we have not displayed in Table II the
mean distances {7 ) for 5p, they are large compared with
those of 4f. For example, (r)sp for Nd is 1.786 a.u.
whereas (r), 18 0.955 a.u. The energetic and spatial re-
lations between 5s and 4f electrons are similar to those
between 5p and 4f. The 4f electrons which are energeti-
cally bound loosely are encircled with 5s and 5p electrons
which are energetically bound tightly. The atomic HF
calculations indicate that the 4f electrons are protected
by 5s and 5p electrons from the outer perturbations. We
may expect that the characteristics of the 4f electrons in
the atoms hold in molecules, complexes, and solids.

We recall that the nonrelativistic HF calculations al-
ways gave larger 4f IP’s than those of experiment, al-
though they simulate the experimental trend quite well.
Since the correlation effects increase as the number of
electron pairs increases, the correlation effects are expect-
ed to be larger in the ground state than in the ionized
states. One may thus see that inclusion of the correlation
effects further enlarges the IP’s. We will discuss whether
the inclusion of the relativistic effect could reduce 4f IP’s
in the next paragraph.

Using the same numbers and exponents of GTF’s [12]
adapted for RHF, we have performed relativistic HF cal-

TABLE II. Mean distance of r, orbital energies, and ionization potentials for 6s and 4 f electrons.

6s 4f
(r) —e IP (NHF) IP (expt.) (r) —e IP (NHF) IP (expt.)?

State (a.u.) (eV) (eV) (eV) (a.u.) (eV) (eV) (eV)
55 GCs 2§ 6.3059 3.366 3.356 3.893
56 Ba IS 5.2658 4.286 4.134 5.210
57 La *D 49312 4.637 4.302 5.812
58 Ce 1G  4.8885 4.664 4.491 7.838 1.0011 1941 14.742 (11.5)
69 Pr I 5.0524 4.460 4.254 5.422 0.9985 14.94 9.800 (7.40)
60 Nd ST 49958 4.512 4.288 5.489 0.9546 16.21 9.881 (7.66)
61 Pm C°H 49418 4.560 4.321 5.554 09185 17.10 9.870 (7.66)
62 Sm 'F 4.8914 4.607 4.352 5.631 0.8850 18.13 11.139 (8.61)
63 Eu 8S  4.8443 4.653 4.381 5.666 0.8536 19.37 12.906 (9.76)
64 Gd °D 4.5797 4.990 4.525 6.141 0.7890 28.39 20.916 (17.1)
65 Tb SH 4.7466 4.748 4.505 5.852 0.8126 18.92 7.537 (6.53)
66 Dy ST 47020 4.792 4.564 5.927 0.7918 19.13 8.825 7.456
67 Ho ‘T 4.6589 4.838 4.621 6.018 0.7724 19.28 8.487 (7.26)
68 Er °*H 4.6172 4.882 4.678 6.101 0.7542 19.37 8.105 (6.97)
69 Tm 2F 4.5773 4.925 4732 6.184 0.7366  19.57 9.318 7.728
70  Yb 1S 4.5396 4.966 4.785 6.254 0.7193 19.93 11.153 8.910
71 Lu 2D 4.2588 5412 4.981 6.888 0.6746  29.30 19.455 (16.2)

2The ionization potentials for the 6s and 4f electrons are those given in Refs. [13,15], respectively. The

numbers in the parentheses are estimated ones (see Ref. [15]).
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culations on Ce, Eu, Gd, Tb, and Yb and obtained the
average energies of configurations [3,4,16]. In these cal-
culations, the nucleus is treated as a sphere with a uni-
form charge distribution. Results on the total energies,
ionization energies, and the excitation energies of the ions
relative to the ground state of the neutral atoms are sum-
marized in Table IIT together with those of nonrelativis-
tic RHF calculations with the same GTF’s. Okada and
Matsuoka [16] calculated the ground state energies of
lanthanide atoms with GTF’s and the present results are
a little lower than those of Okada and Matsuoka, since
we employed larger sizes of the basis sets than theirs.
Desclaux [4] gave the NHF results with six significant
figures. The present results almost fully agree with his
(see footnote b in Table III). The total energy differences
(A) between the nonrelativistic and relativistic calcula-

tions are also included in this table. We may see that the
relativistic effect (1) lowers the total energies consider-
ably, (2) greatly reduces the 5d and 4f IP’s but slightly
increases S5p and 6s IP’s, and (3) always predicts IP’s
smaller than experiment except for the ionization with
the two electron process (sd — o f) in Ce. We note that
for 6s IP’s the relativistic calculations remedy 20-30 %
of the error found in the nonrelativistic calculations. We
recall that in Ce the ground configuration given by the
nonrelativistic HF was 4f2. Making a strong contrast,
the relativistic HF suggests that the ground configuration
should be 5d'4f!. Since the relativistic calculations are
done on the averaged energies of pure spectroscopic
states in the jj coupling scheme while nonrelativistic cal-
culations are done in pure spectroscopic states in the LS
coupling scheme, the comparison of the two calculations

TABLE III. Total energies, ionization potentials, and excitation energies of the ions relative to the
ground state of the neutral atoms obtained by relativistic and nonrelativistic HF calculations. A gives

the difference between the two previous columns.

Total energies

IP’s and excitation energies

Rel. HF*® Nonrel. RHF A Rel. Nonrel. Expt.°
Z State 6s 5p 5d 4f (a.u.) (a.u.) (a.u.) eV) (eV) (eV)
58 Cet 4 2 5 0 2 —8860.08835 —8566.05299 294.03636 26.622  22.300
58 Cet 2D 2 6 1 0 —8860.70249 —8566.33073 294.37176 9.911 14.742 (11.5)
58Ce™ %G 1 6 1 1 —8860.89153 —8566.70764% 294.18389¢ 4.766 4.491¢ 7.838
58Cet 2F 2 6 0 1 —8860.86118 —8566.61219 294.24899 5.592 7.083 6.678
58Cet ‘H 1 6 0 2 —8860.82980 —8566.76438 294.06543 6.446 2.942 5.944
58 Cet “H 0 6 2 1 —8860.87905 —8566.74367 294.13538 5.106 3.505 5.466
58Ce *H°2 6 0 2 —8860.99289 —8566.91940 294.07349 2.009 —1.276 0.590
58Ce G 2 6 1 1 —8861.06670 —8566.87250 294.19420 0.000 0.000 0.000
63 Eut °P 2 5 0 7 —10845.4673 —10422.5995 422.8678 27.882  25.669
63 Eut 'F 2 6 0 6 —10846.2926 —10423.0685 423.2241 5426 12.906 (9.76)
63 Eut °S 1 6 0 7 —10846.3176 —10423.3818 422.9358 4.746 4.381 5.666
63 Eu 8% 2 6 0 7 —10846.4920 —10423.5428 422.9492 0.000 0.000 0.000
64 Gdt °F 2 5 1 7 f —10819.6180 f f 28.381
64 Gd* %G 2 5 0 8 —11273.1665 —10819.6626 453.5039  28.588  27.168
64 Gd* ®H 2 6 1 6 —11273.7526 —10819.8924 453.8602 12.638  20.913 (17.1)
64 Gd* 8%F 1 6 0 8 —11274.0532 —10820.4538 453.5994 4.461 5.639 7.132
64 GdT 8% 2 6 0 7 —11274.0262 —10820.4131 453.6131 5.195 6.745 6.568
64 Gd" °D 1 6 1 7 —11274.0259 —10820.4947 453.5312 5.204 4.525 6.141
64Gd "F° 2 6 0 8 —11274.2297 —10820.6171 453.6126 —0.343 1.194 1.357
64Gd °D 2 6 1 7 —112742171 —10820.6610 453.5561 0.000 0.000 0.000
65Tb" I 2 5 0 9 —11711.4587 —11255.5921 485.8666 29.057 26.560
65TbT 7F 2 6 0 8 —11712.3212 —11226.2912 486.0300 5.589 7.537 (6.53)
65Tb™ "H 1 6 0 9 —11712.3479 —11226.4026 485.9453 4.861 4.505 5.852
65Tb °H 2 6 0 9 —11712.5266 —11226.5681 485.9585 0.000 0.000 0.000
70 Yb* 2P 2 5 0 14 —14066.4480 —13390.3309 676.1171 31.195 30.603
70 YbT 2F 2 6 0 13 —14067.4346 —13391.0458 676.3888 5.069 11.151 8.910
70 Ybt 2§ 1 6 0 14 —14067.4317 —13391.2797 676.1520 5.146 4.784 6.254
70Yb 1S 2 6 0 14 —14067.6209 —13391.4556 676.1653 0.000 0.000 0.000

2The number of the primitive GTF’s and their exponents for the respective atoms are the same as that

of the nonrelativistic RHF calculations.

®The relativistic NHF energies given by Desclaux [4] are 8861.08, 10846.5, 11274.2, 11712.5, and

14067.7 a.u. for Ce, Eu, Gd, Tb, and Yb, respectively.

°The first experimental ionization potentials are those given in Ref. [13]. The excitation energies for the
neutral atoms and ions are given in Ref. [14,15], respectively. The numbers in the parentheses are es-

timated ones (see Ref. [15]).

INHF values.

°Excited states in the neutral atoms.

fWe have failed to get the relativistic solutions.
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TABLE IV. Mean value of r, orbital energies, and ionization potentials calculated by relativistic HF

and nonrelativistic HF.

6s 4f
(r) —e IP (HF) IP (expt.)? (r) —e IP (HF) IP (expt.)?
z State (a.u.) (eV) (eV) (eV) (a.u.) (eV) (eV) (eV)
58 Ce !G non 4.8885 4.664 4.491 7.838 1.0011 1941 14.742 (11.5)
rel 4.6486 4.968 4.767 7.838 1.0364° 14.73° 9.911 (11.5)
1.0444° 14.45°
63 Eu 35 non 4.8443 4.653 4.381 5.666 0.8536 19.37 12.906 (9.76)
rel 4.5883 4.925 4.746 5.666 0.9115°> 12.15° 5.426 (9.76)
0.9251° 11.51°
64 Gd °D non 4.5797 4.990 4.525 6.141 0.7890 28.39 20.916 (17.1)
rel 4.2759 5.437 5.204 6.141 0.8289° 20.11°  12.639 (17.1)
0.8389° 19.35°
65 Tb °H non 4.7466 4.748  4.505 5.852 0.8126 18.92 7.537 (6.53)
rel 44795 5.046 4.861 5.852 0.8528° 13.13° 5.589 (6.53)
0.8675° 12.28°
70 Yb S non 4.5396 4.966 4.785 6.254 0.7193  19.93 11.153 8.910
rel 42323 5.343 5.146 6.254 0.7433% 14.64° 5.069 8.910
0.7616° 13.04°

“The ionization potentials for the 6s and 4f electrons are those given in Refs. [13,15], respectively. The
numbers in the parentheses are estimated ones (see Ref. [15]).

*Values for 4f .
“Values for 4.

should be qualitative. We, however, would like to note
that the small 4f IP’s of the relativistic HF calculations
compared with those of experiment are reasonable, since
the correlation effects enlarge the IP’s given by the HF
level approximations.

The mean values of r and the orbital energies for the 6s
and 4f orbitals given by the relativistic HF are collected
in Table IV together with those of the nonrelativistic
ones (RHF). The (r),¢ is less than {r), n 6 and
(7 )e14¢ is greater than (7 ) .. .4 The absolute value of
orbital energies |e, ¢l is greater than |e, .. and
|€re14¢l is smaller than |e, .. 4. These are consistent
with the relations between the relativistic and nonrela-
tivistic IP’s.

Our conclusions are as follows. In lanthanide atoms,
the 4f electrons, which are energetically unstable com-
pared with 5s and 5p electrons, are encircled and protect-
ed with these 5s and 5p electrons, suggesting that atomic
4f characteristic is retained in molecules, complexes, and
solids. Although the nonrelativistic HF calculations give

larger IP’s for the 4f electrons, correspondence of the
IP’s between the nonrelativistic HF calculations and ex-
periment holds fairly well, as we have discussed. We ex-
pect that nonrelativistic HF calculations predict the ener-
gy levels for molecules well. Inclusion of the relativistic
effects mended the larger 4f IP’s given in nonrelativistic
calculations, giving smaller IP’s than experimental ones.
The relativistic effects also make the 6s IP’s closer to ex-
periments. We finally comment that the well-tempered
GTF’s always give sufficiently close total energies to
those of NHF.

The computer programs used in this study were
MCHF72 [17] and ATOMCI [18] for numerical HF and
GTF HF, respectively. The program for the relativistic
HF was that coded by Okada and Matsuoka [16].
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Japan.
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