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Cascade processes and the kinetic-energy distribution of pionic hydrogen atoms
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The previously unmeasured neutron time-of-Aight distributions for the reaction m p —+n. n in gaseous
targets at pressures of 17 and 40 bar have been measured. The kinetic energy of the ~ p atoms at the in-

stant of the nuclear reaction has been evaluated from the Doppler broadening of the neutron time-of-

Aight spectra. Evidence was found for ~ p atoms with kinetic energies of 75 eV. The present experi-
mental data were interpreted within a cascade model that takes the evolution of the kinetic-energy distri-
bution during the cascade into account. The parameters of the model were determined from experi-
ments measuring neutron time of Bight in liquid hydrogen and x-ray yields in gas. Coulomb deexcitation
is responsible for the significant fraction of the high-energy component, whose intensities are compatible
with the calculations of Bracci and Fiorentini [Nuovo Cimento 43A, 9 (1978)]. Stark mixing is found to
be significantly stronger than in the commonly used straight-line approximation; the initial mean kinetic
energy of 1 —2 eV is consistent with the results of muonic hydrogen. The model therefore describes the
cascade of pionic hydrogen over a range of pressures of three orders of magnitude. The implications for
high-resolution x-ray measurements of the 1S-level nuclear width are discussed.

PACS number(s): 36.10.—k

I. INTRODUCTION

The pionic hydrogen atom is the simplest exotic atom
formed with pions, and has been studied both theoretical-
ly [1—3] and experimentally [4—8] for many years. The
measurement of pionic hydrogen x rays is the main
method of investigating the pion-nucleon interaction at
zero energy [9,10]. The evaluation of the strong interac-
tion width requires knowledge of the Doppler broadening
of the x-ray line due to the finite kinetic-energy distribu-
tion of the pionic atom at the instant of the radiative
transition.

The importance of the kinetic-energy distribution was
first demonstrated by the precision measurement of the
pion mass difference m —m 0 [8] at liquid-hydrogen

density (LHD), which found that a significant fraction
(44%) of m p at the instant of absorption has a kinetic-
energy distribution extending up to about 70 eV. In Sec.
II we present a measurement of the time-of-Right (TOF)
distribution of the neutrons from the charge-exchange re-
action. In contrast to the experiment done in liquid hy-
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drogen [8], our measurements were performed with hy-
drogen gas at pressures of 17 and 40 bar, corresponding
to the pressure range at which absolute K-shell x-ray
yields were also measured [11].

The kinetic-energy distribution obtained in these ex-
periments results from the deexcitation processes in the
atomic cascade. Some basic features of the cascade, in-
cluding the density dependence of the x-ray yields and
the cascade time, can successfully be described by the
standard cascade model introduced in [1] (see [3,12,13]
and references therein). The kinetic energy of the atom T
is treated as a fixed fitting parameter in the calculations
of energy-dependent cascade processes (typically T-1
eV).

In order to provide a detailed theoretical background
for current and future studies of the light exotic atoms, a
cascade computer code has been developed [14] which
provides a description of the time evolution of the
kinetic-energy distribution. The kinetic-energy distribu-
tion at the instant of absorption is not the only result of
the present model. Incorporating the experimental data
on K-shell x-ray yields [11] and neutron time of Aight
(NTOP) at pressures of 17, 40, and 780 bar, the model
provides a description of the cascade for a range of pres-
sures over three orders of magnitude in terms of three pa-
rameters. In Sec. III we discuss this model and introduce
the three parameters: an initial kinetic energy and two
correction factors describing uncertainties in calculations
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of Stark mixing and Coulomb deexcitation.
In Sec. IV we determine the cascade model parameters

by means of the K-shell x-ray yields [11]and the NTOF
in liquid hydrogen [8]. One result of the analysis is that
Stark mixing rates calculated in the straight-line approxi-
mation according to [1,3], even with the corrections of
Ref. [15], are too small to describe the data properly.
From the kinetic-energy fractions deduced from the
NTOF experiments, two of the three existing theoretical
calculations [16—18] of Coulomb deexcitation rates can be
excluded.

Section V discusses the implications of the kinetic-
energy distribution for the Doppler broadening of the x-
ray line in high-resolution spectroscopy [20]. We com-
pare the results on the muonic and pionic cascades. A
new experiment with muonic atoms which could provide
information about the kinetic-energy distribution is dis-
cussed. Prospects for future improvements of NTOF
measurements are also given.

the cyclotron trap; the small stop distribution was essen-
tial for good time resolution. In front of the beam moni-
tor was placed a 12-mm-thick CH2 degrader. This de-
grader together with a series of other CH2 degraders
behind the monitor moderated the pions to momenta of
about 30 MeV/c. The beam was thus optimized to form
pionic hydrogen in a cylindrical gas target (S 60 mm, col-
limated length 10 mm) [11,22] located at the center of the
cyclotron trap.

The ~ was identified via detection of one of its two de-
cay photons in the ~ detector placed around the target
within the gap of the trap. In our setup the neutron
detector (NC) was oriented at 90' with respect to the
beam direction in order to suppress background from
bremsstrahlung. The time of Right was defined by the
time difFerence between detection of one of the ~ pho-
tons and a neutron.

1. The neutron detector

II. NEUTRON TIME OF FLIGHT

A. Experimental setup

Neutron Detector

Cyclotron Tr

Beam Monit

z Detector

Beam
Degrader Gas - Target

z Detector

FIG. 1. Experimental setup for the neutron time-of-Right
measurement.

The experimental setup (Fig. 1) used to measure the
time of Aight of the neutron from the charge-exchange re-
action, ~ p~~ n, is an extension of that used to mea-
sure K-shell x-ray yields as a function of gas pressure
[11]; the additional component was a neutron detector.
The measurements were performed at the ~E3 area of
the Paul Scherrer Institute (PSI). The chosen momentum
of the pion beam was 80 MeV/c with a momentum band
of +5%. In order to stop a sufficient number of pions in
a very small volume at relatively low pressures (17 and 40
bar at normal temperature) in a hydrogen target, use was
made of the "cyclotron trap" [21]. After injection into
the trap, the pion beam was transported through the
fringe field to the beam monitor (Sl), a plastic scintilla-
tor of 10-mm thickness and 10-mm axial width. The
scintillator was designed to select a portion of the beam
which produced a small stop distribution at the center of

The neutron detector [23] consisted of 26 Pilot U plas-
tic scintillators, each with a diameter of 44 mm and a
thickness of 12 mm, mounted in a hexagonal array on a
spherical surface with focus at the target cell. The Pilot
U scintillators were chosen because of their good time
resolution; an intrinsic resolution of 1.2 ns [full width at
half maximum (FWHM)] for a single neutron counter
was measured using different sources ( Co, ' Ba, and

Cs). The scintillators were glued directly onto the
XP2020 photomultipliers. The solid angle acceptance of
the neutron detector positioned 6 m from the center of
the cyclotron trap was 0.9 msr; the calculated eSciency
of the scintillators for detecting a 420-keV neutron was
19%.

2. The m detector

The m. detector [23] consisted of two sandwich
counters (y„~,yd, „) constructed of tungsten and scintil-
lating fibers with a total thickness of six radiation
lengths. The scintillating fibers were read out on both
sides of XP2020 photomultipliers. The detector covered
a solid angle of 1.81 sr (14.4% of 4m. ) and detected 5% of
the ~ 's produced at rest at the center of the trap. The
Panofsky ratio and the kinematic constraint imposed by
the neutron Aight direction then implied that the fraction
of m p atoms yielding coincident ~ s was 1%. The two
detector parts were placed in the gap of the cyclotron
trap. We originally planned to use both sandwich
counters in coincidence to define a clean signal for an
emitted m . However, the count rate in the lower detec-
tor caused by the electron contamination of the beam was
too high to yield a useful coincidence. Fortunately the
peak-to-background ratio using the upper detector alone
was good enough to obtain a useful NTOF spectrum.
The data presented below were thus obtained using
single-photon detection. The time resolution was
checked on-line using the beam electrons, and was mea-
sured to be 3 ns; this was the dominant contribution to
the total time resolution. Details of the analysis are
presented in Sec. II D.
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B. Electronics
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The neutron time-of-Night spectrum was measured us-
ing the trigger scheme sketched in Fig. 2.

The initial time was defined by detecting one of the two
photons from the m. decay. To reduce background in the
trigger, the CAMAC look-at-me (LAM) signal was
formed by a coincidence of the S1, y„p or pp and the
neutron counters. In addition the "TDC m-Stop" signal
(Fig. 2) recorded the time between n passing Sl and
forming a m p; this information was used to further
reduce background in the later analysis. The analog-to-
digital conversion (ADC) spectra from each single neu-
tron detector, from S1, and from y„+, y„, yz,„„,and

yz,„„(+denotes in the beam direction, — denotes
against the beam direction) were taken to enable back-
ground reduction and resolution improvements in the
off-line analysis (Sec. II D).

As the data-acquisition system, the PSI standard TAN-
DEM was used [24]. It consists of a front-end processor
(ACC 2180 from CES) housed in a CAMAC electronics

crate which reads data from the modules and sends them
over a DECNET link to a VAX/VMS computer. Here
the data were analyzed on-line and stored on disk or tape
for later study.

C. Measurement conditions

The time-of-Aight experiment consisted of measure-
ments at two different pressures, 17 and 40 bar, each at
two difFerent Aight paths, 0.6 and 6.0 m, and a tuning
phase with 40 bar at 3.1 m. The pressure was varied to
determine the pressure dependence of the kinetic-energy
distribution.

The measurement at 0.6 m was used to determine the
time resolution of the setup. The TOF of neutrons from
a m p at rest for a Aight path of 0.60 m is 67 ns; this cor-
responds to a neutron kinetic energy of 420 keV
(v =0.894 cm/ns). At such a small (light path the
inAuence of the high kinetic-energy components on the
TOF is small or even negligible [compare Eq. (9)]. To il-
lustrate this: a neutron emitted toward the neutron detec-
tor by a m p atom with a kinetic energy of 80 eV requires
for a Aight path of 0.6 m only 1 ns less than a neutron
emitted by an atom at rest. The TOF for this Bight path
was measured at target pressures of 40 and 17 bar to
check that the resolution function was independent of
possible changes in the stop distribution.

The fiight path of 6.0 m was chosen to optimize the
visibility of the high kinetic-energy component with
respect to the resolution of the apparatus and the count
rate.

Before the data taking and during the measurements,
the stability of the S1, y„p, and y~,~„electronics was reg-
ularly checked for drifts by carefully observing the corre-
lations between S1 and the high frequency of the ac-
celerator as well as between S1 and y„p or pp For
both cases, the drifts were less than 1 ns.

The stability of the neutron counter electronics was
regularly checked with a calibration setup. This consist-
ed of a Bi source and a CsF detector. The Bi source
emitted x rays with energies at 10 and 70 keV in coin-
cidence with y quanta of energies of about 500 keV and 1

MeV. The x-ray energies give signals similar to proton
recoil signals from 420-keV neutrons. The CsF detector
replaced the m counter; it had a time resolution of less
than 1 ns. This test setup made it possible to check the
TOF electronics for time jitters and drifts. The overall
drifts of the neutron counters were measured to be small-
er than 1 ns.

The measurements described above and their purposes
are summarized in Table I.

TDC
vr-Stop

y

kDC

FIG. 2. Schematic layout of the trigger, where t stands for
time defining and Delay FP for the delay which accounts for the
different Bight paths. NC denotes a neutron counter signal and
LAM is a CAMAC look-at-me signal.

D. Data analysis

1. Data reduction

To optimize the peak-to-background ratio and the
resolution of the TOF data, three cuts were applied.
First, only signals from the ADC spectra of the S1
counter were used, which were highly correlated with m.

stopping in the gas target. With this cut, all events corn-
ing from an electron triggering the y~, „were removed;
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TABLE I. The different measurements and their purposes.

Flight path
(m)

3.17

6.03

6.03

0.62
0.62

Target

H2 40 bar

207Bi

H2 40 bar

H2 17 bar

H2 40 bar
H2 17 bar

207B'

Purpose

NTOF
Check of stability and performance

Calibration
NTOF

T-distribution pressure dependence
NTOF

T-distribution pressure dependence
Resolution function
Resolution function

Calibration

Time duration

14 days
4h
4 h

3.0 days

3.5 days
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FIG. 3. Neutron time-of-Bight data for 40 and 17 bar at 6.0
and 0.6 m [(A) and (B) without cuts, (C)—(F) with cuts].

this implied a reduction factor of 20 and an improvement
of the peak-to-background ratio to 2:1 [compare Figs.
3(A) and 3(B) with Figs. 3(C) and 3(D)]. An energy cut in
the y„and yd, „ADC spectra could not be applied due
to insufhcient energy resolution of the m counters.

Second, the "TDC ~-Stop" spectrum was made to
select pions stopping in the gas target. This cut ensured
that the time spread for the TOF-defining signals is as
small as possible. It reduced the background by a factor

of 2 and improved the resolution by a factor of 1.5 in ad-
dition.

Finally, the ADC signals of the neutron counters were
used to optimize further the peak-to-background ratio.
The parameters of the cut were determined by the fact
that the recoil protons in the scintillator material from
monoenergetic neutrons show a boxlike distribution in
the ideal case of a single scatter. The peak-to-
background ratio improved by a factor 2.

The resulting TOF spectra were corrected for time
drifts in each neutron counter during the measuring
period by using the bismuth calibration data.

To illustrate how drastically the applied cuts improved
the data, two raw TOF spectra at a Aight path of 6.0 m
are shown in Figs. 3(A) and 3(B). Figures 3(C) and 3(D)
show the same TOF spectra after applying the cuts de-
scribed above.

2. Background and response function

After the cuts were applied, the spectra showed a Hat
background on the left side of the central peak, corre-
sponding to neutrons with kinetic energies higher than
m p atoms at rest. On the right side, however, the data
for 6.0-m Aight path show a higher overall background.
The data for 0.6 m show instead only a tail on the side
corresponding to lower energies. Both structures can be
explained by elastic scattering of the 420-keV neutrons,
as we will now argue.

The relation of final to initial energy for elastic scatter-
ing of neutrons at di8'erent materials as a function of
scattering angle is given by

Ef
, =p, (cos8„+Qk —sin t)„)
n

where 8„ is the scattering angle in the laboratory system,

p&
=m„/(m„+ m & ), @2

=m z/(m„+ m 2 ), and
k=@,/@2=m„/mz, and m„, and m2 are the masses of
the neutron or scattering nucleus, respectively.

The experimental setup, depicted in Fig. 4, presented
only a few possible scattering centers: the aluminum and
iron shielding of the cyclotron magnet around the target
[Fig. 4(A)], a 1-mm-thick Al window at the end of the
bore hole of the cyclotron trap [Fig. 4(B)], and a lead wall
[Fig. 4(C)] with 0.2-m thickness at 1.9-m distance from
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FIG. 4. Schematic layout of the geometry of
the possible scattering centers (A), (8), and (C).

the center of the trap. Using relation (1) and referring to
the geometry of the setup, we discuss elastic scattering
for small and large angles separately.

The inhuence of elastic scattering at small angles is dis-
cussed first. For flight paths of 0.6 and 6.0 m small-angle
elastic scattering is possible on the 1-mm Al window,
where the largest scattering angles possible are 22' at 0.6
m and 10' at 6.0 m. For the 6.0-m Right path small-angle
scattering is also possible on the lead wall, where the
largest scattering angle possible is 8'.

Scattering on the Al window results in an energy loss
of 3 keV at 0.6 m and 0.6 keV at 6.0 m; the correspond-
ing time difference is about 1 ns for both Qight paths.
The time difference due to the longer Right path when
scattering on the Al window was 1.2 ns for 0.6 m and 0.5
ns for 6.0 m. Scattering on the lead wall with a scattering
angle of 8' resulted in an energy loss of 8 keV, leading to
a time difference of 13 ns; the time difference due to the
longer Aight path was 1.5 ns.

Rate estimates showed that the mean value of the cen-
tral NTOF peak was not inAuenced by small-angle
scattering.

(1) The cross section for 420-keV neutrons to scatter
elastically at small angles on the 1-mm Al window,
o,&(A1)=5.5471 b, yields a scattering probability of 3%.

(2) A significant influence on the peak position at 6.0 m
from scattering on lead was excluded by solid angle. For
neutrons scattered on the lead wall the solid angle was
8.3X10 sr, a factor 12 less than for unscattered neu-
trons. These estimates were supported by the fact that
the fitted relative peak positions for the different dis-
tances (0.6, 3.0, and 6.0 m) agreed with those predicted
by the chosen delay times within 200 ps (0.5 channels).
Hence small-angle elastic scattering did not explain the
observed structure to the right of the peak.

The remaining mechanism to explain the structures on
the side corresponding to lower kinetic energies was
large-angle elastic scattering. The only source of such
scattering was the target region. For example, scattering
at 90 produced an energy loss of 15 keV corresponding
to a time difference of 2.5 ns at Aight path of 0.6 m and
25 ns at 6.0 m. An estimate showed that the solid angle
for neutrons scattering in the target region with an angle
of 50' is 2.1 sr, about 20% of 4~. The solid angle to
reach the neutron counter array after being scattered
remains the same as for unscattered neutrons. Therefore,
the fraction of such scattered neutrons was significant
and can explain the observed structures.

Having understood the background and the position of
the central peak, we could obtain the time resolution.

The spectra in Figs. 3(E) and 3(F) corresponding to a
Sight path of 0.6 m were fitted assuming a Aat back-
ground and a Gaussian shape for the central peak. Due
to the structures discussed above, only the left side of the
peak was taken into account to extract the FWHM of the
Gaussian:

17 bar: 3.22 ns+0. 32 ns,

40 bar: 3.34 ns+0. 25 ns .

These values show no significant dependence on pres-
sures; therefore, significant differences in the stop distri-
butions at 40 and 17 bar can be excluded. The resolution
is dominated by the 3-ns resolution of the m. detectors,
which, as shown in Sec. IIC, implies that additional
effects of high kinetic-energy components on the resolu-
tion function can be neglected.

3. Attaiysis of the NTOF spectra

A

T40

40eV

T76

75ev

+T75
I

FICx. 5. The simplified ~ p kinetic-energy distribution and
corresponding TOF distribution used as input to the TOF fits

{t„, is the Sight time for neutrons coming from a ~ p at rest).

Fitting the NTOF data to obtain the ~ p kinetic-
energy distribution requires only qualitative knowledge of
energy gains and losses in the cascade. Coulomb deexci-
tation is the only process which can result in energy gains
larger than 10 eV. Three Coulomb transitions yield
high-energy components in the kinetic-energy distribu-
tion: one at 10 eV ~ T;z&l, +40 eV resulting from the
Coulomb transitions 6~5 and 5 —+4, a second at T75 75
eV from the Coulomb transition 4—+3, and a third at
T2lo 210 eV from the transition 3~2. The relative
fractions of these components change with pressure and
the mean kinetic energy ( T;„;,) of the initial-energy dis-
tribution due to a I/&T energy dependence of this cas-
cade process (see Table III). Kinetic energies less than 10
eV result from the remaining deexcitation processes, such
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TABLE II. The experimental fractions of the diA'erent

kinetic-energy components at 40 and 17 bar determined from
the data shown in Fig. 6. vNDF is the number of degrees of free-
dom (NDF).

Pressure
(bar)

40
17

~40
(%)

73+10%
78+9%

T75
{%)

27+11%
22+8%

X ~&NDF

0.9
1.4

40-

40 bar
6.0 m

A

30-

as Auger effect, elastic scattering, and radiative transi-
tions.

In Secs. III and IV detailed cascade calculations are
presen e wesented which show that the kinetic-energy distribu-

2.tions exhibit a rather complicated structure (see Fig. 1 ).
Because of the experimental time resolution of 3 ns, the
fits cannot distinguish the structures in the kinetic-energy
distribution below 40 eV. For the fits, one continuous
component T4o was assumed (0~ T4o ~40 eV). In addi-
tion, we assumed a discrete component at T75 75 eV.

The peak-to-background ratio of the present experi-
ment excluded an observation of the high kinetic-energy
component at 210 eV. Thus the ~ p kinetic-energy dis-

tribution due to Coulomb deexcitation could be simplified
to the distribution plotted in Fig. 5(A). This simplified
distribution can be transformed to a corresponding TOF
distribution [Fig. 5(B)] using equations and relations de-
scribed in the Appendix.

The fractions of the kinetic-energy components were
obtained by fitting a TOF distribution [Fig. 5(B)], convo-
luted with the time resolution function [Sec. II D 2] to the
spectra. The measured kinetic-energy fractions and their
one sigma errors are listed in Table II. As an example, a
fit for 40 and 17 bar is shown in Fig. 6. In Fig. 6 an addi-
tional background component is indicated; this could be
traced to the 50-Mhz structure of the beam. A detailed
discussion of the comparison between these results and
the theoretical predictions for the different kinetic-energy
components is given in Sec. IV C.

III. CASCADE MODEL

The cascade begins with capture of a pion into an
atomic orbit. It proceeds from a highly excited state with

1/2principal quantum number n = ( m Im, ) = 16 deter-
mined by the size of electron Bohr radius a, . A more ela-
borate capture model [25], which takes molecular eft'ects
into account, predicts that the initial n distribution is
pea e ncaked near n =13. The characteristic energy of the
atom at the instant of formation is assumed to be about 1

eV [25].
The cascade develops mainly via the following process-

es, which are listed in Table III: radiative deexcitation,
external Auger effect, Stark mixing, Coulomb deexcita-
tion, and elastic scattering. The n dependences of the
cascade processes are shown in Fig. 7, which are calculat-
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FIG. 6. The fitted neutron time-of-Bight distribution for 40
and 17 bar.

FIG. 7. The rates of various cascade processes vs initial state
n for the mp atom at LHD and 15 bar with T = 1 eV. The

rates of the radiative transitions between circular states
{n,n —1)~{n—1,n —2) and of the K transitions (nI' —+1S) are
shown in addition. Statistical population of the n$ sublevels is
assumed.
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TABLE III. Basic cascade processes and the dependence of their rates on kinetic energy and density.

Process

Radiative
(~ p);~(~ p)f+y
Nuclear absorption

(7T p)„g—+7T +n, y+n
External Auger effect

(m p);+H2~(m p)f +e +H2+
Stark mixing

(m p)„(+H~(~ p)„(+H
Coulomb collisions

(~ p);+p —+(~ p)f+p, nf (n;
Elastic scattering

(m p)„+H—+(m p)„+H

Energy
dependence

no

no

no

Fig. 8

—1/v'Z

—1/& T

Density
dependence

no

no

linear

linear

linear

linear

Refs.

[19]

[9,10]

[1,15]

[16]

ed for a fixed value T =1 eV. Since the radiative
7T P

deexcitation rates decrease rapidly with increasing n,
only the collisional processes are important at the upper
stage of the cascade. The lower the density is, the more
significant the radiative transitions are in the deexcita-
tion.

These basic processes are incorporated in the standard
cascade model (see [1,3, 12,13] and references therein) of
hydrogenlike exotic atoms. In this model the kinetic en-
ergy of the atom is treated as a fixed fitting parameter
used in calculations of the collisional rates.

In order to remove this limitation of the standard mod-
el, we used a recently developed cascade computer code
[26] which includes the kinetic energy as a time-
dependent distribution. We divided the cascade into two
stages because only the collisional cascade processes are
important above n =6. Since the Coulomb deexcitation
and the other collisional processes for n & 6 do not pro-
duce a significant high-energy component, we assumed
the kinetic energy at this stage of the cascade can be
characterized by a single parameter, the mean kinetic en-
ergy ( T;„;,). This kinetic energy is pressure independent
above 3 bar, where the radiative transitions are only im-

portant for n (4. To test the sensitivity of the theoretical
analysis to the distribution, a 5 function and Maxwellian
distributions were used. We found that both analyses are
insensitive to the distributions at our present state of ex-
perimental precision (see Table IV). A second important
quantity derived from the upper stage of the cascade is
the population of the orbital states at n =6. The popula-
tions, calculated by the Monte Carlo code, are discussed
in Ref. [11].

Below n =6 the evolution of the kinetic-energy distri-
bution was taken into consideration. The pionic hydro-
gen gains kinetic energy through Coulomb deexcitation
and loses through elastic scattering.

In the following we describe some details of the calcu-
lations of the cascade processes. The dominant processes
in the upper stage of the cascade are Stark mixing, Auger
effect, and Coulomb deexcitation. Coulomb deexcitation
and elastic scattering as well as radiative transitions dom-
inate the lower cascade.

Stark mixing is the fastest collisional process; the scale
of the cross section is determined by the size of hydrogen
atom [27]; the rates are monotonically increasing func-
tions of energy and n. The Stark transitions were calcu-

TABLE IV. The theoretically calculated fractions of the different kinetic-energy components at 40
and 17 bar. The cascade model parameters were chosen according to the analysis in Secs. IVA and
IV B; we assumed kcd = 1 throughout. A Maxwellian initial kinetic-energy distribution or a 5-box func-
tion initial kinetic-energy distribution were assumed for n =6.

Maxwellian 5 function

T component
'rr p

~low

+middle

T75

(T;„;t)=1 ev
kst=2 o

64
26
10

(T;„;,)=2 eV

kst =1.8

p =40 bar
69
21
10

(T;„;,) =1 eV

kst =2.0

66
24
10

(T;„;,)=2 eV

kst

73
18
9

+low

+middle

T75

70
23

7

p =17 bar
75
19
6

73
20

7

80
14
6
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lated in the straight-line trajectory approximation [1] us-

ing the dynamical group method [15]by implicit integra-
tion over all impact parameters. The result of calcula-
tions are shown in Fig. 8. The cross sections thus ob-
tained are about 50% larger than those calculated in the
efFective impact parameter approximation [1,3]. At low
collision energy (T-1 eV), one can expect that atomic
trajectories deviate significantly from a straight line due
to the interaction of the atomic dipole moment with the
interatomic electric field. Therefore, the Stark mixing is
enhanced by an orbiting effect. In order to account for
this effect, we introduced a constant scaling factor ks,
which was fitted. The Stark mixing rates for the transi-
tions nS~nl(l )0) were calculated with the shift and
broadening of the nS states taken into account according
to [1]. The following values for the shift, including
strong interaction and vacuum polarization, and width
were used: EEIs =DE,s+hE„=—10.3 eV [7] and
I Is=0.9 eV [10].

The Auger deexcitation rates calculated in the Born ap-
proximation [1] are energy independent. The more
refined eikonal approximation [28] results in a rather
weak energy dependence. Since both methods agree at
low n (n &6), the former was used in present calcula-
tions. The Auger deexcitation is dominated by E1 transi-
tions with the minimal change in principal quantum
number n possible for the ionization of the hydrogen mol-
ecule. The Auger deexcitation rate reaches its maximum
at n =8 when transitions with hn =1 become possible.
With decreasing n, the Auger rate falls rapidly as the size
of the pionic atom becomes much smaller than the elec-
tron Bohr radius.

In Auger as well as in radiative processes, the transi-
tion energy is carried away mainly by a light particle and
the recoil energy of the atom is rather small (T« 1 eV).
In contrast, the transition energy in the Coulomb col-

lisions is divided between the recoil of heavy particles.
The transitions between low-lying states result in so-
called high-energy components ( T ))1 eV) of the
kinetic-energy distribution: the m. p can gain about 30
eV as a result of transition (n =5)~(n =4), 75 eV for
(n =4)~(n =3), and 210 eV for (n =3)—+(n =2). The
rates of the Coulomb deexcitation (Cd) were calculated
with the formulas obtained in [16]; no molecular effects
were taken into account. The validity of the model [16]
was disputed by later calculations [18,17], but more
definitive calculations for low-n states (n 6) remain to
be done. In order to account for uncertainties in the cal-
culations of Coulomb rates, we introduced a second scal-
ing factor kcd. We discuss the sensitivity of the different
measurements to this constant in Sec. IV.

Additional acceleration mechanisms are possible in the
upper atomic cascade, e.g. , chemical deexcitation [1] and
interaction of the atomic dipole moment with the exter-
nal electric field during the Auger process [18]. Esti-
mates show that these mechanisms can provide accelera-
tion on the scale T-1 eV. This is much higher than
thermal energy, but less than the acceleration due to
Coulomb deexcitation.

During the cascade the atom can lose kinetic energy in
elastic collisions Estim. ates of deceleration rates [29] im-

ply that multiple elastic scattering significantly influences
the energy distribution during the cascade. The decelera-
tion due to elastic scattering was calculated in the
classical-motion approximation using the exact terms for
the Coulomb three-body problem [30]. The deceleration
rates shown in Fig. 7 were calculated with transport cross
sections at T =1 eV. The energy-dependent differential
cross sections were used in the cascade calculations. In
the density region considered [N = ( 10 —1 )No ] we did
not find the results to be very sensitive either to small
variations of initial n, or to the initial distribution of I
sublevels for a given state n. Insensitivity to the initial n

follows from the dominance of collisional transitions with
An ~ 3 in the beginning of the cascade; the fast Stark
mixing provides a statistical distribution over l.

All cascade calculations were done with a Monte Carlo
universal program recently developed for the simulation
of the kinetics of muon catalyzed fusion [26]. For a given
set of parameters ks„(T;„;,), and kcd, 10 chains of the
events were generated. This number provided suf5cient
statistical accuracy for a comparison of the calculations
with the available experimental data on x-ray yields and
NTOF.

40

n=5 IV. EXPERIMENTAL CONSTRAINTS
ON THE CASCADE MODEL PARAMETERS

20

i i I I I I I I l I I i i I I I I I I 1 l I I I I I I I I I ~ I 1 I I I I I I I0
2 3 4 5 6 7 8

ENERGY(eV)

FIG. 8. The energy dependence of the Stark mixing rates cal-
culated for op atoms in liquid hydrogen [1,15].

To determine the parameters of the cascade model, we
used results from the experiments on x-ray yields [11]and
the NTOF measurement in liquid hydrogen [8]. The x-
ray yields established a correlation between ks, and
( T;„;,). They are insensitive to the high kinetic-energy
components, because only the competition between ab-
sorption and radiative deexcitation influences the yields.
Since absorption takes place only from ns levels, the corn-
petition is dominated by the Stark effect, which populates
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the ns and nl (l & 1) levels. The magnitude of the Stark
effect depends on ( T;„;,) as can be seen in Fig. 8. The
NTOF data in liquid hydrogen places a strong limit on
( T;„;,) and restricts kc~. The NTOF data in gaseous hy-
drogen were used to cross check on the parameters ob-
tained from the other two experiments.

FICr. 11. Comparison of the data (A) from Ref. [8] at a flight
path of 18.1 m with simulated NTOF spectra (B), (C), and (D)
for different parameter sets of ks, and ( T;„;,) and the resulting
kinetic-energy distribution at liquid-hydrogen density.

A. X-ray yields

We studied the dependence of the E-shell x-ray yields
on gas pressures with the cascade code, and compared
the results with the experimental data on the total K lines
at 3, 15, and 40 bar; for details see Ref. [11]. These stud-
ies evidenced the strong correlation between ks, and

(T;„;,) shown in Fig. 9. The results were obtained with
Coulomb deexcitation rates derived from Ref. [16]
(kcz = 1); they depend only weakly on the initial shape of
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FIG. 10. The y contour plots vs Stark mixing factor ks, and
mean kinetic energy at n =6 from the fit of the total E lines

[11],with Coulomb rates of kcz =0.5 (A) and kc~ =2.0 (B).

FIG. 12. The kinetic-energy distribution of ~ p at the in-
stant of the nuclear absorption in liquid and gaseous (15 bar) hy-
drogen ( ( T,„;,) =2 eV, ks, = 1.8, and kcd = 1).
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the energy distribution at n =6.
To check the dependence of the correlation on the

Coulomb deexcitation rates, we varied these rates in the
cascade calculations. The results are shown in Fig. 10, a

contour plot for the Stark mixing factor ks, vs ( TI„;,),
with Coulomb rates a factor 2 smaller [Fig. 10(A)] and a
factor 2 larger [Fig. 10(B)] than those in Fig. 9. Figures
10(A), 10(B), and 9 show that the Coulomb rates could be
restricted if the Stark mixing rates were well known. For
example, a factor ks, =1.8 would exclude Coulomb rates
smaller than those of Ref. [16].

Pressure
(bar)

Experiment Theory

40
17

27+11
22+8

10
7

TABLE V. The experimentally obtained and theoretically
calculated fraction of the kinetic-energy component T» at 40
and 17 bar. The cascade model parameters were ( T;„;,) =2 eV,
kst = 1.8, and k cd = 1.0.

T75
(%)

B. NTOF experiment in liquid hydrogen

The results of the cascade calculations for the kinetic-
energy distribution were compared with the NTOF data
in liquid hydrogen [8]. In Fig. 11 are shown simulations
of the NTOF spectra based on the theoretically calculat-
ed kinetic-energy distribution folded with a time resolu-
tion of 2 ns determined from the experimental spectra [8].

A comparison of Figs. 11 (A) and 11(D) showed that a
NTOF spectrum due to a kinetic-energy distribution with
ks, =1.5 and (T;„;,) =5 eV yields a too broad central
peak. Comparison of Figs. 11(A) and 11(C) reveals that
decreasing ( T;„;,) from 5 to 3 eV results in a central
peak which is still too broad. However, Fig. 11(B)agreed
very well with the measured data, showing that the
NTOF data at liquid-hydrogen density are well described
by an initial Maxwellian distribution of ( T;„;,) = 1 —2 eV.
(Strictly speaking, this experiment yields an upper limit
to (T;„;,) of 1 —2 eV.) The kinetic-energy distributions
are insensitive to the Stark parameter.

Taking the restricted model parameter set, ( T;„;,) =2
eV (Maxwellian energy distribution) and ks, =1.8, we

calculated the kinetic-energy distribution of the atoms at
the instant of the nuclear reaction m p~m n in liquid
hydrogen and at 15 bar. The calculated kinetic-energy
distribution is shown in Fig. 12; the peak at low energy
results from the initial kinetic-energy distribution at
n =6, and the peaks at higher energies correspond to the
respective Coulomb transitions.

In Ref. [8] the measured kinetic-energy distribution
was assumed to consist of two continuous componentsf„=0.56+0.013 for T&0.94+0.13 eV and fh; h=0. 44
for 0 & T & 7 l. 5+6. 1 eV [Fig. 13(A)].

Figure 13 shows the theoretical calculated fraction
fh; „of the high kinetic-energy component (1
eV & Th; h & 70 eV) for varied Coulomb rates and
different ( T;„;,) (solid: ( T;„,, ) = 1 eV; dashed: ( T;„;,) =2
eV) compared with the experimental results (dotted lines)
from Ref. [8]. The figure shows that Coulomb rates ac-
cording to Refs. [17,18] would be in drastic disagreement
with the observed Doppler broadening of the NTOF in
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FIG. 13. The kinetic-energy distribution (A) assumed in Ref.
[8] and the fraction of the high kinetic-energy component fh, sh

for different Coulomb rates in comparison with the result from
Ref. [8].

FIG. 14. The calculated high-energy fraction at the instant of
the nuclear absorption (solid: ks, =1.4, dotted: ks, =2.0) at 40
and 17 bar vs the mean kinetic energy of m. p at n =6 in com-
parison with the results of the fits to the TOF data {dashed lines,
best value and + la).
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TABLE VI. The y /vN» for the theoretical obtained time-
of-flight distributions shown in Fig. 15.

0.5 1.0 2.0

40
17

1.3
1.8

1.1
1.6

0.9
1.4

liquid hydrogen. With Coulomb rates calculated accord-
ing to Ref. [16], we found koan =0.5+0.2. For this com-
parison we neglected the high kinetic-energy component
at 210 eV and renormalized the remaining components.

C. NTOF experiment in gaseous hydrogen

40

(Tirait) = 2eV
&s~ =2

20 —.

To compare the experimental results on the ~ p
kinetic-energy distribution obtained in Sec. IID3, the
theoretical kinetic-energy distribution was calculated
with the constraints on the cascade model parameters
from the other experiments. The theoretical results and
the experimentally obtained kinetic-energy components
are summarized in Table V. Within two standard devia-

tions the data for gaseous hydrogen are consistent with
the predictions of the cascade model and the analysis of
the x-ray yields and the NTOF liquid data.

To show the dependence of the kinetic-energy com-
ponents on the Stark mixing rates, the Stark parameter
was varied in the theoretical calculations as well as
(T;„;,). Figures 14(A) and 14(B) show the T7~ com-
ponent as a function of ( T;„;,) for two Stark parameters,
ks, =1.4 (solid line) and 2.0 (dotted line). We conclude
that the high kinetic-energy components depend much
more weakly on the Stark mixing rates than the yields
(see Fig. 9).

In spite of the fact that no satisfactory agreement exists
between the NTOF spectrum at 17 bar [Fig. 15(B)] and
the prediction of the cascade model, we have tried to find
out if some preference is given by the data as to a higher
or a lower value of kcd. In order to do this we varied the
magnitude of the Coulomb rates in the cascade calcula-
tions. In Fig. 15 the theoretical TOF distribution convo-
luted with the experimental time resolution is plotted
with the experimental data for 40 and 17 bar. The
theoretical TOF distribution was obtained from a calcu-
lated kinetic-energy distribution with the parameter set:
( T;„;,) =2 eV, ks, =2.0, and kcd =0.5 (dotted line),
kcd=1. 0 (solid line), and kcd=2. 0 (dashed line). The
y /vND„ for each of these fits is given in Table VI. Fig-
ure 15 and Table VI show that the agreement between ex-
periment and calculations is marginally worse for the
smaller Coulomb rates. This is consistent with our con-
clusion from the NTOF measurement in liquid hydrogen
that Coulomb rates of Refs. [17,18] are in disagreement
with the experimental NTOF data.
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FIG. 15. Neutron time-of-flight data for 40 and 17 bar to-
gether with a theoretical time-of-flight distribution with
( T;„;,) =2 eV, ks, =2.0, and kcd =0.5 dotted line, kcd= 1.0
solid line, and k«=2. 0 dashed line. For the evaluation only
the left side of the peak was taken into account (see Sec. II D 2).

V. DISCUSSION AND CONCLUSION

A. Cascade processes and kinetic-energy distribution

We have shown that the cascade model presented in
Sec. III is in fair agreement with the discussed experi-
mental data for pionic hydrogen over a density region
from 3 to 780 bar. To reproduce the absolute E-line
yields and the NTOF data, three parameters were intro-
duced: the Stark mixing factor ks„ the initial mean kinet-
ic energy ( T;„;,) at n =6, and a correction factor for the
Coulomb deexcitation rates kcd.

From the analysis of the NTOF experiment with liquid
hydrogen we found an upper limit for ( T;„;,) of 1 —2 eV.
This value is compatible with ( T,„,, ), which was found in
the muonic hydrogen difT'usion experiment 31—33. This
experiment measured the kinetic energy of the muonic
atoms in the ground state by observation of pd and pp
diffusion in gas [31,32]. The characteristic kinetic energy
was measured to be T =2 eV for the pp atom and T= 1

eV for the pd atom in the pressure range between 47 and
750 mbar. It can be demonstrated [14) that the energy
distribution observed for muonic atoms in the ground
state under these conditions is developed before reaching
the state n =S, because the collisional processes, which
produce high kinetic energies, dominate in this pressure
range only at states n )6. Because of the similarity of
the cascades in muonic and pionic hydrogen, we expect
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B. The inhuence of the high-energy component
on the x-ray spectroscopy

The measurement of x rays of pionic hydrogen is the
main method for investigating the pion-nucleon interac-
tion at zero energy [9,10]. The final goal of a series of
current experiments at PSI [7,20] is to determine the ls
level strong interaction shift e„ to a precision of l%%uo and
the absorption width I „ to 10%%uo. In order to measure
the energy of the x-ray transition (3P~1S)with an accu-
racy of 25 ppm, a high-resolution experiment with a crys-
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FIG. 16. The percentage broadening of the I l, width for
di6'erent assumptions of the shape and fraction of a single high
kinetic-energy component (1 and 2: discrete peaks; 3 and 4: rec-
tangular distribution).

( T;„;,) to be the same and take the upper limit of 1 —2 eV
to correspond to ( T;„;,) in n =6 in pionic hydrogen.

From the analysis of the K-line yields (Sec. IV A) and
the kinetic-energy fraction at 780 bar (Secs. IVB and
IVC), we found the other cascade model parameters to
be ks, =2.3+0.3 (compare Fig. 9) and kcd=0. 5+0.2
when based on the rates calculated according to Ref. [16].

%'e used the scaling factor ks, to account for the
enhancement of the Stark mixing due to an orbiting
efFect: at low collision energies (T-1 eV), the atomic tra-
jectories are expected to deviate significantly from
straight lines due to the interaction of the atomic dipole
moment with the interatomic electric field. The value of
ks, was fixed by fitting the x-ray yields with the mean
kinetic energy ( T;„;,) prescribed by the analysis of the
NTOF experiment in liquid hydrogen.

A refined analysis of the NTOF data at liquid-
hydrogen density could improve the estimates on the
Coulomb deexcitation rates. Specifically, realistic as-
sumptions about the structures of the kinetic-energy dis-
tribution should be incorporated. Improved measure-
ments in gaseous hydrogen pressures are also desirable in
order to investigate the n dependence of the Coulomb
collision rates. In addition, improved cascade calcula-
tions are extremely desirable which treat the rates for
Stark mixing, Coulomb deexcitation, and elastic scatter-
ing with a common approach.
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FIG. 17. The kinetic-energy distribution of m p at the in-

stant about the x-ray transition at 15 bar for K& with

(T;„;,) =1.5 eV, ks, =2.3, and kc&=0.5.

where hE is the maximal Doppler shift, E, is the transi-
tion energy of the x ray, and T the mean kinetic ener-

7T P
gy of the m p atoms. For a Lorentzian shape, the addi-
tional broadening of the x-ray line with respect to the
strong interaction width (0.8 eV) of the ls state for
di6'erent assumptions about the high kinetic-energy com-
ponents in the initial state is demonstrated in Fig. 16.
The relation between the fractions of the high kinetic-
energy components and the additional broadening was
deduced by folding a Lorentzian line shape with distribu-
tions derived from the discrete or continuous high
kinetic-energy components labeled 1 —4 in Fig. 16.

Using the cascade model described above with the pa-
rameters determined from the x-ray yields and NTOF
data analysis, we calculated the m p kinetic-energy distri-
bution at the moment of radiative deexcitation. Figure
17 shows the kinetic-energy distribution for the 3p state
relevant to the width measurement at the instant of the
K& transition at 15 bar.

The kinetic-energy distribution at the 3p state has a
distinctive discrete high-energy component at 75 eV aris-
ing from a Coulomb transition 4~3 of 5% preceding the
radiative deexcitation and a continuous component of
2% up to 40 eV. This kinetic-energy distribution was ob-
tained from a theoretical calculation with best values of
the cascade code parameters (T;„;,) =1.5 eV, ks, =2.3,
and kcd=O 5.

For the current experiment at PSI to measure the
strong interaction width and shift of the ls state [20], the
75-eV component of 5% implies a 4% correction to the
measured linewidth.

tal spectrometer has been performed [20]. The evaluation
of the strong interaction width in this and similar experi-
ments requires knowledge of the Doppler broadening of
the x-ray line due to the finite kinetic-energy distribution
of the pionic atom at the instant of the nuclear reaction.

The Doppler broadening is given by the formula
1/2

2,T
AE =E

M
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APPENDIX: NECESSARY RELATIONS
FOR THE DATA EVALUATION

Before describing the procedure of fitting a high
kinetic-energy component of the TOF data, the equations
linking the m. p kinetic energy distribution to the corre-
sponding time-of-Aight distribution are mentioned.

If the m p atoms are assumed to move with isotropi-
cally distributed velocities p of constant absolute

7T P
magnitude /3 = ( 1 —y )

' immediately before the
7T P 'tl P

charge-exchange reaction takes place, the neutron TOF
distribution d/t/ldt„ for a given fight path l can be calcu-
lated [35].

FIG. 18. The p p kinetic-energy distribution at 15 bar at the
instant of the E& x-ray transition (A) and the 1s linewidth after
Doppler broadening due to the kinetic-energy distribution in
(A).

C. Improved and alternative methods
for studying high kinetic-energy components

Experimental knowledge of the ~ p kinetic-energy dis-
tribution can be improved by a new NTOF measurement
with better resolution and statistics. Resolution of about
1.5 ns together with a factor of 5 more statistics would
make possible separation of the different single kinetic-
energy components. The resolution of this experiment
was dominated by the time resolution of the ~ detector
(compare Secs. IIA2 and IID). Improved resolution
could be achieved by a ~ detector with BaF2 as scintillat-
ing material. This would improve the time resolution by
a factor of 2.

A second possibility would be to measure the linewidth
of the p p 1s state with a crystal spectrometer as in Ref.
[20]. The negligible width of the p p Is state would be
broadened by the kinetic-energy distribution as plotted in
Fig. 18(A) to a multicomponent profile. The profile
shows a characteristic central peak and a high-energy
pedestal with a significant spreading up to +0.8 eV.

The resulting shape and width of the 1s state are shown
in Fig. 18(B) for an infinitely good apparatus resolution.
This would be a direct measurement of the p p high
kinetic-energy fraction at the 3p level, permitting a direct
test of calculations of Coulomb collisions rates. Because
the Coulomb collision rates scale with the reduced mass
of the exotic atom, it tests calculations for pionic hydro-
gen as well as for p p.

2P y P y (t2 $2)3 j2 (A 1)

t„(min) =

t„(max) =

I (1+/3 P„,)

p.,+p
/(1 —P P„,)

p„,

(A2)

Together with Eq. (Al), the mean value of the time distri-
bution is given by

t„(ma ) y~
(A3)

nr

This mean Aight time is exactly equal to the Bight time

p

g~„&max

+ma+ ~s (m )
1f' P

where y„,=(1—p„,)
' (U„, =cp„,) is the nonrelativistic

relation of the neutron velocity for m p atoms at rest.
The Aight time limits are defined by
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t„, for m p atoms at rest. If p ((p„,((1, the time
7T P

spectra described in Eq. (A3) can be well approximated
by a Hat spectrum

Here ~'=t„—t„„which corresponds to the deviation
from the mean flight time. T,„(.~') is given by

2
dN Pnr

dt 2lP
(A4) T;„(r')=

2I2
(A7)

with the limits

t„(min) =

t„(max) =

I 1—
nr

(A5)

Equations (A6) and (A7) lead to a general relation be-
tween the mean kinetic energy of the m p atoms,
T = f o"f ( T )T dT, and the standard devia-

tion cr,, of the time distribution F(~'):

1/2

This leads to the following TOP distribution
F(~')=dN/dr:

l
O

p2

2T

3 tlat
77 P

2

F(r') =
2l

m
77 P

f(T- )
dT . (A6)

min
p

Based on Eq. (AS) in Fig. 19, two examples of kinetic-
energy distributions and their corresponding TOF distri-
butions are shown.
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