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The contribution of nuclear polarization to the Lamb shifts of bound electrons in the 1s,,2, 25,2,
and 2p, /; states is considered for various even-A nuclei (230 < A < 252 with 90 < Z < 98). Utilizing
the concept of effective photon propagators with nuclear polarization insertions, the effective self-
energy shifts due to virtual excitation of collective nuclear rotational and vibrational states and of the
dominant giant dipole resonance are calculated. The formalism is extended to odd-Z nuclei for which
the effective interaction is derived within the single-particle approach. While the corresponding
energy shifts of the 1s;,, state represent a considerable correction, the contribution to the 2s-2p
splitting is comparable to the current accuracy of high-precision experiments.

PACS number(s): 31.30.Jv, 12.20.Ds, 12.20.Fv, 32.90.+a

I. INTRODUCTION

Recent experimental abilities to prepare highly ionized
atoms and even bare heavy nuclei up to the actinides al-
low for a new generation of high-precision experiments.
One of the fascinating aspects is that studies with few-
electron systems provide new sensitive tests of quantum
electrodynamics in intense Coulomb fields. A direct mea-
surement of the Lamb shift in lithiumlike uranium per-
formed by Schweppe et al. [1] occurred to be more precise
than theory at that time. Recent calculations performed
by Blundell [2] are in fair agreement with experimental
data within a tenth of an eV. In future experiments with
hydrogenlike heavy atoms, the aimed precision in the de-
termination of the ground state Lamb shift will be at
the level of 0.1 eV. For comparison, the total 1s bind-
ing energy amounts to about 100 keV while the current
theoretical uncertainty is estimated to be about 1 eV.

This excellent accuracy in measurements necessitates
not only the inclusion of typical QED effects, such as self-
energy, vacuum polarization, electron correlations, etc.,
even in higher order in a, together with finite-nuclear-size
corrections [3-5]. It turns out that non-QED effects such
as nuclear polarization can no longer be neglected [6, 7).
During the last decade the dominant QED corrections
[2, 8-12] have been calculated. These intensive research
activities are motivated by the fact that for atomic sys-
tems the underlying fundamental interaction is known.
Thus, the comparison between theoretical results of ab
initio calculations with corresponding experimental data
allows for a direct test of our understanding of heavy
few-electron systems. Therefore, any discrepancy be-
tween theory and experiment may either motivate an im-
provement of theoretical investigations and a refinement
of experiments, or it may indicate the possible influence
of non-QED effects. In this context, the study of nu-
clear polarization contributions to the total energy shift
of atomic levels becomes important because, as a back-
ground effect, it represents a natural limitation of any
high-precision test, which crucially depends on a precise
knowledge of the spectrum of heavy electronic atoms.
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In contrast to the QED-radiative corrections men-
tioned above, an ab initio evaluation of nuclear polariza-
tion is not practicable at the level of fundamental inter-
actions. Accordingly, any calculation of nuclear polariza-
tion is inherently phenomenological and depends on the
parameters of the nuclear model used to describe the in-
trinsic nuclear dynamics. During the past few decades,
a lot of experience has been developed in calculating the
nuclear-polarization effect for muonic atoms. There it
leads to corrections at the keV level mainly because of
the huge overlap of the muon-wave function with the nu-
cleus and because the transition energies in muonic atoms
are of the order of magnitude of typical nuclear excitation
energies (e.g., see the review of Borie and Rinker [13] and
references therein). Much less attention has been drawn
to nuclear-polarization effects in electronic atoms. They
turn out to be reduced by orders of magnitude, because of
the small electron rest mass. The few calculations known
to us were based on second-order Schrédinger perturba-
tion theory [14, 15]. In an earlier paper [7] we have pre-
sented a relativistic, field-theoretical treatment of nuclear
polarization utilizing the concept of effective photon in-
teractions with nuclear-polarization insertions. This for-
malism allows a convenient and systematic treatment of
nuclear polarization in terms of effective QED-radiative
corrections with dressed internal photon lines. The more
important fact is that, as a direct consequence of the
relativistic approach, an additional vacuum contribution
is derived, which is missing in earlier calculations. Al-
though the formal setup is rather general, specific nuclear
models have to be applied in order to determine the po-
larization function. Evidently, only virtual nuclear exci-
tations with strong excitation strengths may contribute
considerably to an energy correction. In fact, the energy
shifts due to virtual collective nuclear excitations become
important as indicated in Ref. [7].

In this paper, we shall perform a systematic study
of the nuclear-polarization contribution due to collec-
tive nuclear excitations (vibrations, rotations, and giant
dipole resonances) in even- A actinide nuclei in the re-
gion Z > 90 and A > 230. Numerical results for the
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associated energy shift of 1sy/5, 25;/2, and 2p, /o states
are presented for these nuclei. We shall also discuss how
to include single-particle excitations of a valence proton
in odd-A nuclei. A possible extension of the formalism
based on a microscopic approach will be presented. Ex-
pressions for the transition density operator in terms of
electric multipoles and the corresponding effective prop-
agators will be derived. The single-particle basis used
for deriving the effective propagator is specified within
the Weisskopf approximation. The formal steps, which
have to be performed in the case of a more general type
of boson expansion approach, may already become trans-
parent. Representing the polarization insertions in terms
of boson expansions provides an alternative framework in
order to treat collective nuclear excitations as well.

This paper is organized as follows. In Sec. II, we shall
present a brief review of the basic formalism that allows
for the treatment of nuclear polarization as effective ra-
diative corrections. The different terms of the resulting
formula for the energy shift will be discussed in some
detail. Although the main purpose of this paper is to
generate further numerical results for the contribution
of nuclear polarization to the Lamb shift in even-A nu-
clei only, we shall present the formal extensions to odd-A
nuclei, especially for those with one valence proton, in
Sec. III. For collective nuclear models the expressions for
the nuclear polarization insertions and the correspond-
ing propagators will be summarized in the Appendix. In
Secs. IV and V, numerical results for the contributions
to the energy shift of electronic 1s;/;, 2s,/2, and 2p,/;
bound states will be presented.

II. FORMALISM

In a previous paper [7], we have demonstrated in de-
tail that nuclear polarization can be treated within the
framework of QED-perturbation theory as an effective
radiative correction. The basic idea is to replace, in a
given QED-Feynman diagram, the free photon propaga-
tor D,,(x — ') representing free internal photon lines
by the modified part ’13“,, (z,z') of the effective interac-
tion D, (x, z'), which accounts for the nuclear degrees of

A EN? = A ENP(SE) + A ENP(VP)
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freedom in terms of nuclear-polarization insertions. The
Dyson equation for the effective photon propagator,

Dy (@,2") = Dy (2 — 2') + Dyu (2, 2')

=Dy (z—z')+ [ d*zid*z

XD“Q((IJ — (171) H“ﬂ(zl,mz) Dﬂ,,(.’l?g — ZE’),
1)

defines the modification D,, and, thus, the (reducible)
nuclear-polarization tensor II®?. The latter is given by
the vacuum expectation value of the nuclear transition
current density j§,. (Heisenberg operator):

i1 (21,22) = (O] Tjgue(®1) Thuc(22) 10).  (2)

The vacuum state |O) implies that the nucleus is con-
sidered to be in its ground state. However, the exact
transition current 7g,_ is not known from first principles.
It can only be specified if particular nuclear models are
applied. As a consequence, the effective interaction D,,,
becomes model dependent. A practicable evaluation re-
quires further approximations. When calculating D,,,
we shall neglect possible distortions of the nuclear ex-
citation spectrum due to the presence of the electron.
These effects have to be taken into account in the case
of muonic atoms. However, they are expected to be of
minor importance in electronic atoms. Accordingly, the
time evolution of the transition current 3§, . is governed
by the nuclear model Hamiltonian Hyyc only, and II1o#
and D,, become homogeneous in time. For our purpose,
we shall further neglect the contribution of the vector

current fﬂuc because the velocities associated with the in-
trinsic nuclear dynamics are mainly nonrelativistic. Tak-
ing into account electric nuclear transitions only, we have
to keep the component I1% of the polarization tensor and
we thus have to deal with the longitudinal part Dge of
the effective propagator.

In lowest order perturbation theory in o (formulated in
the Furry picture), the energy shift of an electron bound
state 1); due to virtual nuclear excitations is given by
a corresponding effective self-energy contribution and a
vacuum-polarization term:

=i / &Bry &y ¥ (7)) / dE Sp(7y, 7, E; — E) Doo(1, 72, E) 7° ()

—ia / d3ry d®ry ¥ (71) ¥i(71) Doo(F1, 72, E = 0) Tr[y° Sk (72, 72,0)]. (3)

The Fourier-transformed electron propagator S satisfies
the equation

{E —[i7°7 -V + A%y () ++°m]} S¢ (7,7, E)

=10 BF—7"). (4)

The bound state ; is a solution of the Dirac equation in

the static external Coulomb field A2, of an extended nu-
cleus, which is described by a static, classical charge den-
sity distribution pey¢ characterizing the ground state. In
contrast to the situation in muonic atoms the particular
details of the ground-state charge density are again of mi-
nor importance here. We should also note, that the effect
of static nuclear deformation on the energy of electronic
levels can be treated separately by means of ordinary
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perturbation theory. In our calculations of nuclear polar-
ization, a homogeneously charged sphere is used to de-
scribe the nuclear ground-state charge distribution. Ac-
cordingly, the contribution of the vacuum-polarization
part [second term of Eq. (3)] becomes negligible. The
spherically symmetric external Coulomb field A2, in-
duces a (renormalized) vacuum-polarization charge den-
Sity pvac(7) = i {Tr[y°SF (7,7, 0)]}ren, Which is spherical
too. It is easily verified by means of the angular mo-
mentum decomposition of the effective propagator Dy,
that a spherically symmetric vacuum-polarization charge
density can only couple to nuclear monopole excitations.
In the case of collective nuclear excitations with multi-
polarity L > 0, this term in fact does not contribute
to the energy shift AENP. Thus, we are left with the
nuclear-polarization contribution, which corresponds to
the effective self-energy [first term of Eq. (3)].

The derivation of the effective interaction Dyg is per-
formed in the Coulomb gauge:

Doo(7, 7, E)
1 Lo 1
= / d3r1 d37‘2 F“_—_‘-l HOO (7‘1, T2, E) =

T1 |’I‘2 - 7_"II

(5)

What is left so far is to specify the polarization function
I1°°. It can be formally represented as

(7, 7', E)
01 pﬂuc(r 0)
E— Hnuc : +in

< pﬂuc 7! 0)

v> (V] paue(7',0) [O)

E+ : Huue : —in ><V|pﬂuc(”" 0) ](9)}

(6)

J

el (] QU

10)  (OIQEM ) (vl Q¥

where a complete set of excited nuclear states |v) has
been inserted. Normal ordering is indicated by ::. For
later purposes, we shall assume that the states |v) are
eigenstates of the nuclear model Hamiltonian describing
the intrinsic nuclear dynamics. Under rather general con-
ditions, we can decompose the transition charge density
Phuc(7) (one-particle operator) in terms of electric mul-

tipoles Qg}w referring to nuclear transitions, which are
characterized by angular momentum L and projection
M (and perhaps additional relevant quantum numbers
abbreviated by 7):

pﬁuc YLM (T) (7)

)=2 Rl

LM:

Since pguc transforms as a scalar under spatial rotations,
the operators Q ng transform as spherlcal tensors of rank
L with the property Q(L)Jr = (—-)LQ L) M-
lated to the total electric multipole operator Qras via

They are re-

QLM = / d’r TLYLTM("A‘) f’ﬂUC(F) = Zci A(Liz)\/l7 (8)

where the radial parts R% (7) of the transition density are
strongly localized functions, such that the real constants
Ci = [° drri™2 R (r) remain finite. Insertion of the
expansion (7) into Eq. (6) and performing integrations
according to the definition (5), we obtain for the modified

S Z Z 01QY)
Doo(T,T’,E) = { (
LMiL'M's! E—-E, +1n

v

x F (1) FS) (7') Yom (F) Yioar (7).

where E, denotes the excitation energy of the nuclear
state |v). The radial functions FS) are given by

i 47r ]. T i
FP () =5517 [,TLHA dryri*? R (r1)

+ L [oo dry riEPERE (m )] . (10)

At this point one has to specify the nuclear excita-
tion modes |v) to be taken into account. Any particular
nucleus under consideration requires an adequate choice
for the nuclear model to describe relevant excitations. It
can be shown that Eq. (9) for the modified propagator
is valid under rather general conditions. A decomposi-
tion of the charge density fluctuation according to (7)
is valid not only in the case of collective nuclear excita-
tions (surface vibrations, rotations, and giant resonances)
treated within collective nuclear models [17]. A similar

(9)

propagator,
0) }
f

representation is also obtained within a microscopic ap-
proach provided the Weisskopf approximation for the nu-
clear single-particle states is applied. The latter implies
to represent operators and single-particle states within
the spherical basis and assuming that the radial part of
the wave functions are constant inside the nucleus. Un-
der these conditions, an equivalent consistent multipole
decomposition of the charge density fluctuation (7) can
be easily derived. We refer to Sec. III, where explicit
expressions for the electric multipole operator Qs and
the radial functions R are derived. Consequently, the
complete set of eigenstates | ) of the nuclear Hamilto-
nian ﬁnuc should be specified in the spherical represen-
tation as well, in order to achieve a direct evaluation of
the matrix elements involved in the expressions for I1°°,
respectively, Doo-

When evaluating Dy in the single-particle approach,
we have to distinguish between even A (even Z) and be-
tween odd-A (odd-Z) nuclei. In the case of even-A nuclei
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the ground state |O) has zero total angular momentum,
i.e.,, Jo = 0. The excited states |v) = |J,M,) are in
principle arbitrary linear combinations of one-particle—
one-hole states (neglecting higher particle-hole correla-
tion terms for simplicity) coupled to total angular mo-
mentum J,, forming the collective states. In the case of
odd-A nuclei the ground state |O) has a finite angular
momentum equal to that of the valence proton. For rea-
sons of simplicity, let us consider nuclei with a ground

state of the form |O) = |v) = |J,M,) = aj [?55

Here, ]’Z’)—S denotes the vacuum of the even-A core and

a?, M. denotes the creation operator for the valence pro-

ton in its ground state characterized by an angular mo-
mentum J,. It should be mentioned that the evaluation
of matrix elements involving this odd-A vacuum state im-
plies a summation over all projections M, due to possible
degeneracies of the ground state. Two types of nuclear
excitations now contribute to the summation over inter-
mediate states in Eq. (9). First, the valence nucleon can
undergo transitions into an excited state |v’), while the

core remains in its ground state |O). Second, the core can
be excited, similar as the neighboring even-(Z-1) nucleus,
while the valence proton remains uneffected. Collective
core excitations now give rise to characteristic multiplets
in the excitation spectrum according to the coupling of
the angular momentum referring to the core excitation
and that of the valence nucleon. The polarization func-
tion and, thus, the effective propagator decomposes into
a collective part describing collective nuclear excitations
of the core and a single-particle contribution due to exci-
tations of the valence nucleon. Thus, the modified prop-
agator can be written in the form

Doo(7,7,E) = »_ |Y_ BYEL;L - 0)

LM Lcoll
2EL 0 1
CO FCO
X Ez - Ez + l (T) ( )
2E;,
BS¥(EL; J, — Jy .___'
+ ( ) E2 , +in

x FE¥ (r)Fg® (r')] YLM("')YLM("'I)a

B=Y(EL;0 - L)
2L +1
_ KollQLiIn)|®

- ’

2L +1

BNEL;L — 0) =

T Q|| Jur)|?
BSP(EL; J, = Jy) = A2 L "Q?fﬂ 3 1 (11)
where J,» = J, + L. While the first term represents
the contributions due to various collective nuclear exci-
tations, the second term only contributes in the case of
odd-A nuclei. For a derivation of Eq. (11), we refer to
the next section and to the Appendix, where expressions
for the functions FPF(r), respectively, Fg°l(r) can be
found. The effective propagator exclusively depends on
phenomenological quantities like transition energies Ef,
and corresponding electric transition strengths [B(EL)
values]. The radial dependence carried by the functions
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Fl(f) is determined by the one of the transition charge
density RY, (here the label 7 distinguishes between col-
lective and single-particle excitations, respectively). As
we have mentioned above, the details of the r dependence
of the ground-state charge distribution pey is of minor
importance for the energy shift in electronic atoms. Sim-
ilar arguments hold concerning the r dependence of Ry,
and, thus, for the functions Fr. The common feature
of these functions is that they are strongly localized in-
side or near the surface of the nucleus. In the study
of even-A nuclei, we are mainly interested in the con-
tribution to the Lamb shift due to virtual excitations of
collective surface vibrations, low-lying rotational modes,
and the giant (dipole) resonance. In the case of even-A
nuclei, collective nuclear excitations are of major impor-
tance. These modes can be treated employing the con-
cepts of boson expansions (see, e.g., [16]) or geometrically
motivated collective models [17]. Following the geomet-
rical and hydrodynamic description [17] expressions for
B(EL) values and Fy, can be derived (see Appendix). In
our calculations we shall use experimental values for the
transition strengths and excitation energies, if available.
Let us only mention that an application of Eq. (11) in-
cluding single-particle excitations would be the relevant
calculation of the nuclear-polarization effect for 209Bi.
Having derived the expression for Dgo, We are now in
the position to evaluate the effective self-energy contri-
bution. Inserting the representation (11) together with
the eigenfunction expansion for the Dirac propagator Sg,

o P (T) P (7')
Se(r, 7', E) = Ek: E — Ej. +sgn(Ex — Er)in’

Er= -1, (12)

and using the spherical representation of the Dirac states
(v1 denotes the principle quantum number of bound
states, respectively, the energy of a continuum state)

= P (7) = % ('guuﬁ(r)x"wl (7) ) ;

tfurn (T)X—mm (7)

(13)
the following expression for the effective self-energy shift
of a given bound state ,,, characterized by a princi-
pal quantum number v and angular momentum quantum

numbers x and p due to collective nuclear excitations is
obtained after some algebra:

AE, ., = —az B(EL;L — 0) | &1 |

Lk,
.. 1 1
X (JlJLl— —50) ch|n1’

FL|E'k )|
dE' | V”l L 1
VK"KI / Eun + EL
|(vk|Fr|vik1)|?
+ Z Eulnl Eurz + EL + ’”7

' |(V'€[FL|E"€1)I
/ dE Bl

Y (7)

(14)
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FIG. 1. The 1s;/2 electron can be virtually excited into
an unoccupied state of the positive energy continuum via the
interaction with virtual nuclear excitations (a). The corre-
sponding Feynman diagram (b) represents the first two terms
contributing to AEy,, , [Eq. (14)].

First, we note that this contribution of nuclear polar-
ization to the total Lamb shift carries an overall minus
sign, i.e., AE, ., is negative and thus tends to increase
the binding energy of electronic bound states. The ef-
fective self-energy shift depends parametrically on the
excitation energies Ep, the corresponding B(EL) values
and, in principle, on the particular radial dependence
F, refering to the collective nuclear multipole transitions
under consideration. The first two terms in anlnl de-
scribe transitions of the electron in the state |vkxu) into

a) E b)

;

+mo

1s1/2

FIG. 2. An electron from the occupied negative energy
continuum can be virtually excited into the occupied 1s,/
state at different space-time points via the interaction with
virtual nuclear excitations. The created positron annihilates
with the 1s electron, which already had been present (a). The
corresponding Feynman diagram of this “exchange” process
(b) represents the vacuum contribution [third term of Eq.
(14)] to AEy., ,,.

higher unoccupied electron states due to virtual nuclear
excitation. This intermediate state is either a positive en-
ergy continuum state |[E’k,) (first term) or a bound state
|v1k1) (second term). These two terms are equivalent to
the usual expressions derived in second-order perturba-
tion theory. However, the third term in Mfﬂ x, 15 a pure
vacuum effect as a consequence of the relativistic, field-
theoretical treatment, which accounts for the different
time orderings. It describes the interaction of the Dirac
vacuum with virtual nuclear excitations where an elec-
tron from the (occupied) Dirac sea |E’k,) can be excited
into the occupied bound state |vku) at different space-
time points, while the present electron and the positron
(hole) will annihilate. This “exchange” process has first
been taken into account in Ref. [7]. It should be men-
tioned, that this vacuum contribution is not included in
earlier calculations of the effect of nuclear polarization
in muonic atoms. The various processes contributing to
AE, ., are illustrated in Figs. 1 and 2 for the 1s,/; state.

III. MICROSCOPIC APPROACH TO NUCLEAR
POLARIZATION

A microscopic description of the nuclear polarization
starts with the representation of the charge density fluc-
tuation operator (one-particle operator),

Paue(7) =e Y | ala; ¢1(7)¢;(7), (15)
i%j
where &I (a; ) denotes the creation (annihilation) opera-
tor of a nucleon, i.e., a proton, in the single-particle state
¢;. The electric multipole transition operator is obtained
via
Qrm =) dla; Qs

i#]
Q= [ #r 61() V@ o5(7). (19)

Particle and hole creation (annihilation) operators are
introduced with respect to an appropriately chosen vac-
uum |’(7)/), where all single-particle states are occupied up
to the Fermi level F'. In the case of an even-A nucleus |’55
is identical with its physical ground state, i.e., |O) = {?)7,
while it is chosen as the ground state of an even-A core,

in the case of an odd-A nucleus. We define the vacuum
|O) and particle (a}) and hole (b}) creation operators:

F
|0) = H a’L 0},
k

A;=&I>F? &plo> =0,
bt =aicr, be|0) =0, (17)

and the corresponding nuclear ground state for

even-A (1 8)

|O) = [v) := af [O), odd-A

where, for reasons of simplicity only, one valence nucleon
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(proton) is assumed. The definitions (15)—(18) allow us
to indicate the spectral representation of the polariza-
tion function I1°. All operators can be alternatively ex-
pressed in terms of particle and hole operators (17).

We now introduce the spherical basis, i.e., relevant
quantum numbers are specified as ¢ — (J;M;), together
with the states ¢; — ¢, (shell model basis). Further-
more, we apply the Weisskopf approximation:

b m, (F) = fi (T) Yim; (f)’ (19)

where the radial functions are assumed to be constant
inside the nucleus, such that for the matrix elements,

oo L
(fJiiTL |fJ,~> = A dr' T,2+Lf-7.' (Tl)ij (T,) = (33f0L)

(20)
holds. This equation implies normalized radial functions,

fa(r) = (%) (R — 1), (21)

which are also independent of J;. Under the assumptions
(19)—(21) a consistent decomposition of pgyc into multi-

poles Qras of the form (7) can be derived. Only the
radial functions Ry need to be determined. Evaluation
of Qrm according to Eq. (16) with the states (19) and
insertion into (7) leads to

pauc(t) =€ Ry(r) Yom(F)
LM

X Z &TI;M;deMj (Frlr®\fa,)

i#£]
X [ Vi (P Vi ()00 (), (22

where the summations over ¢ and j imply summations
over corresponding angular momenta and projections.
Requiring that the product Ri(r){fs|rX|fs,) = R(r)
is independent of L, the summations over L and M can
be performed first:

=e Z a’.IM aJ M; R(r) Yjim, (7 )YJij('f‘)-
i£j

pﬂuc

(23)
If we identify the radial function R with the radial
parts of the nuclear transition densities obtained in the
Weisskopf approximation, i.e., R(r) = fs,(r)fs;(r), the
following consistent and equivalent representation of the
charge density fluctuation operator can be derived:

pancl) = 3 (%ﬁé) O(Ro — 1) Yime(7) Oz,

A 3R} JiM; J; M;
QLM=€(3+—OL)Z aJMa‘JMC ’ )

JiM; J;M; (2']‘! + 1)(2']-7 + 1) . ] M
e = [CREDEIED (50,11000) ()
)((J,- J; L | —M; M; M) (24)
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The electric multipole transition operator may be ex-
pressed in terms of particle-hole operators:

A 3R ’M'JpMp
QLm = (3+°L){EGJ,M,‘1JMC'MP

p#p’

o My I M,
_ZbJ,M,bJMC
q#q’

JoMy Jpo M,
+ZbJM ay,m,CL

JM JgM
+Dah g, BY a,Ci "} (25)
prq

In the following, we shall specify the excited nuclear
states |v) in the shell model basis and derive expressions
for the effective propagator Doy for even-A and odd-A
nuclei.

In the case of even-A nuclei collective excitations
|L,M,) may be described predominantly as linear com-
bination of 1p-1h states:

LM,y =" CFry S (—)™

JP Jq MPMq
X(JpJq Ly | =My My M,) aTJ,M, I;TJ,,M., |’6$,
Hy: |L,M,)=E;, |L,M,). (26)

The states |L,M,) are assumed to be eigenstates of a
corresponding nuclear (model) Hamiltonian H,ye. Due
to the algebraic structure of these states, the matrix ele-
ments of the electric transition operator, which occur in
the expression for I1°° and Dgyo turn out to be related to
the reduced transition strengths [18]:

Z(OIQLMlL M,) (LM, |QL5,|0)

_ KON, IIZ)*
= 01z, 011, SMm oL, +1
=6rL, 611, Smm B(EL,;L, — 0). (27)

The effective propagator Doo is obtained according to Eq.

(9):

Doo(7, 7', E) =Y BYEL; L - 0)
LM

2E;,
E?—-FE% +n
FRP(r)FEP (") Yo (F) Y pr (') (28)

where FFF has to be evaluated accordmg to Eq. (10)
with the radial function Ry = G(Ro —r):
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FSP —
A e YAy 22

FEF(r),

F(r) = ©(Ro — 1) [F

~ %5 In(r/Ro) for L =2 J

L r? rL
£2) (Eg ‘;Gt.ﬁ) for L # 2

+®(’l" — Ro) L+1 . (29)

The resulting propagator (28) has exactly the same struc-
ture as those derived for collective vibrations, rotations,
and giant resonances [7]. Slight modifications occur in
the radial dependence (29) inside of the nucleus, which
is the only residue of the single-particle interpretation.

In the case of odd-A nuclei, i.e., an even-A core plus
one valence proton, two types of nuclear excitations con-
tribute to the effective propagator. The first type are
single-particle excitations of the valence proton (indi-
cated by primes):

|Jor My ') zaTJ My, |O),

nuc . lJv’M )——EJ,lJ M ) (30)

where the core remains in its ground state r@j The
second type are collective excitations of the (Z — 1) core
giving rise to a multiplet of single-particle states,

M) =" (J, 1, | MymM,) &} 5, |lm),
M, m
Hyye : ,JM>—EJV M, |JM)
V—lJv—llv"'vJv+ly (31)
where the states |lm) are again linear combinations as
|

= L, 2E;,

Dgere (7,7, E) = 2

L3,
2L+1

(Y m

B*"(EL; L = 0) 3

2EL,J

The summation over j runs over all members of the mul-
tiplet with J,, =| J,—L |, ..., J,+L, which correspond to
the core excitation of multipolarity L. According to Eq.
(35) each state of the multiplet is associated with equal
transition strength B<°*(EL). This may be not the case
in reality. In view of the very small splittings between
the excitation energies Ey ;, it may be legitimized to in-
troduce an averaged eigenvalue E labeling the collective
core excitations. Thus, we can write

- 2FL
Degre (7,7, E) = S~ B"(EL;0 — L) — ot
0o ; E?2 — E2 +1ip
X FE¥ (r)FEF (r') Yom (7) YEu (7). (36)

_E3v+

B**(EL; L — 0) F§F
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indicated in Eq. (26). A multiplet of states arising from
collective core excitations consists of 21 +1 states |J, M, ),
which are concentrated close to an average energy E;
that would correspond to a collective excitation of the
neighboring even-(Z — 1) nucleus.

Having specified the nuclear states, in a next step the
matrix elements with the transition operator have to be
calculated. Excitations of the valence proton lead to

S (O1Q a1 Tor M) (Tt M| Q10,10
M"I

= > (JoM|Qru|To M) (Jor M| QY g | T M)
MM,

=611 Smmr BSP(EL; Jy — Ju), (32)

where J,» = J, + L. Note, that the evaluation of vac-
uum expectation values (O] ---|O) now implies a sum-
mation over all projections M,, due to the degeneracy of
the ground state. These excitations give rise to a single-
particle contribution to the effective propagator:

2E;,

SP--ol SP
DSP (7,7 E) = ZB (EL; J, —>J)————E2+E§,+in

XFEP(T)FEP(T ) Yo (7) Y (7). (33)
Let us turn to collective core excitations. With the
result
S (OIQLul T M) (J,M,|QY 4 |O)
Mv
=" (01QLulim) (Im|QL .10
=81 6L Spmm che(El;l g 0), (34)
one obtains (after relabeling summation indices)
£ (P)FE (7)) Yo (F)YEar (7)
(M) FL" (r") Yoae (F) YL (7). (35)

[

In order to achieve a unique notation with respect
to the expressions derived for collective vibrations, ro-
tations, and giant resonances [7], we define as “col-
lective” transition strengths: BW(EL;L — 0) :=
Beers(EL;0 — L) = (2L + 1)Be°*(EL;L — 0). We
can write the effective propagator for odd-A nuclei (sup-
pressing the bars):

2E;
Doo(7, 7', B) = S ABP(BL; Jy = Jo) g
00( ) LM{ ( ) E‘ZIUI +Z’l7
2E
coll . L
+B*“(EL;L — O)E-———2 — B i

XFEP(r)FET (') Yo (F)YEn (7). (37)
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The contributions AE7,, to the total energy shift due to various collective nuclear excitations T are displayed
for even-A thorium isotopes. Values for excitation energies and reduced transition probabilities are taken from Refs. [20-22].
For the giant dipole resonance (GDR) corresponding parameters are deduced according to the semiempirical formulas (A10)
and (A11). Uncertain decimals are indicated in parentheses.

Isotope Transition Level B(EL;L — 0) | AE'{,U2 | | AE;-’:/z | | AE;I,I/2 |
7 = (k; L7; EL) E (MeV) (e? b%) (meV) (meV) (meV)
230Th 0; 2+; E2 0.0532 1.612 447.4 82.5 8.9
0;3—; E3 0.572 0.091 9.9 1.8 0.2
2; 2+; E2 0.781 0.025 6.8 1.2 0.1
1;3—; E3 1.012 0.071 7.5 1.4 0.2
GDR; E1 12.97 0.209 261.1 482 5.2
232Th 0; 2+; E2 0.0495 1.842 505.2 93.2 10.1
0; 2+; E2 0.7741 0.020 5.4 1.0 0.1
0; 3—: E3 0.7744 0.064 6.9 1.3 0.1
2; 2+; E2 0.785 0.024 6.4 1.2 0.1
1;3—; E3 1.106 0.037 4.0 0.7 0.(1)
GDR; E1 12.94 0.211 262.8 485 5.3

Thus, the effective propagator decomposes into a collec-
tive and a single-particle contribution.

IV. NUMERICAL RESULTS

Let us now turn to the numerical results for the en-
ergy shifts of the 1s,,5, 2s,/2, and 2p,/, states due to
nuclear polarization in selected even-A actinide isotopes
of Th, U, Pu, Cm, and Cf. Based on Eq. (14) the effec-
tive self-energy shifts for hydrogenlike ions are obtained
after performing numerical integrations. We should men-
tion, that only the contribution due to virtual transitions
of the bound electron into the positive and negative en-
ergy continuum [first and third term of Eq. (14)] have

been taken into account. The contribution due to tran-
sitions in unoccupied bound states (second term) turns
out to be negligible compared with the other terms. The
evaluation proceeds according to the following scheme:
For a given type of collective nuclear excitation (vibra-
tion, rotation, giant dipole resonance) the contribution
of each single excitation of multipolarity L is calculated
separately. For a fixed L, we first have to compute the
radial matrix elements (v&|FL|E'k,) between the consid-
ered electron bound state |vx) and the intermediate con-
tinuum state |E’'k,) with the radial function Fy of the
corresponding effective propagator (see Appendix). In a
second step the integration over the continuum energy
E' is performed (see Ref. [7] for a more detailed discus-

TABLE II. The same as in Table I for even-A uranium isotopes. Values for excitation energies and reduced transition

probabilities are taken from Refs. [20, 23-25]. Experimental uncertainies in the determination of the transition are indicated

by “?'”
Isotope Transition Level B(EL;L — 0) | AELI/2 | | AE3,, , | | AEZ, , |
7 = (k;Lm; EL) E (MeV) (e* bY) (meV) (meV) (meV)
U 0; 2+; E2 0.0435 2.180 707.5 132.9 15.3
0; 3-; E3 0.850 0.084 10.6 2.0 0.2
2; 2+; E2 0.927 0.025 7.8 1.5 0.2
?; 3-; E3 1.023 0.031 3.9 0.7 0.(1)
GDR; E1 12.91 0.214 313.2 58.8 6.8
238U 0; 2+; E2 0.04524 2.320 747.1 140.3 16.2
0; 3-; E3 0.745 0.076 9.4 1.8 0.2
2; 2+; B2 0.959 0.036 11.2 2.1 0.2
0; 3-; E3 1.040 0.044 5.4 1.0 0.1
GDR; E1 12.89 0.216 314.8 59.1 6.8
238U 0; 2+; E2 0.04491 2.460 786.4 147.7 17.0
0; 3-; E3 0.732 0.082 10.1 1.9 0.2
?;3—; E3 0.998 0.029 3.4 0.6 0.(1)
0; 2+; E2 1.037 0.013 4.0 0.8 0.(1)
2; 2+; E2 1.060 0.026 8.0 1.5 0.2
GDR; E1 12.86 0.217 316.5 59.5 6.9
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TABLE III. The same as in Table I for even-A plutonium isotopes. Values for excitation energies and reduced transition
probabilities are taken from Refs. [20, 26-29].
Isotope Transition Level B(EL;L — 0) | AEL,, , | | AEZ,, , | | AEZ,, ,, |
T = (k; Lm; EL) E (MeV) (e® bh) (meV) (meV) (meV)

238Pu 0; 2+; E2 0.04408 2.526 961.2 184.0 22.6

0; 3—; E3 0.661 0.101 14.8 2.8 0.4

0; 24; E2 0.983 0.024 8.8 1.7 0.2

GDR; E1 12.86 0.219 375.3 71.8 8.9

240py 0; 2+; E2 0.04282 2.666 1004.8 192.3 23.7

0; 3—; E3 0.649 0.059 8.6 1.6 0.2

2; 2+; E2 0.938 0.016 5.8 1.1 0.1

GDR; E1 12.83 0.221 378.1 72.4 8.9

242Pu 0; 2+; E2 0.0445 2.694 1009.8 193.3 24.1

0; 3—; E3 0.833 0.060 8.6 1.6 0.2

?;,3—; E3 1.020 0.064 9.1 1.7 0.2

2; 2+; E2 1.102 0.031 11.2 2.1 0.3

GDR; E1 12.80 0.222 380.2 72.8 9.0

2%4Pu 0; 2+; E2 0.0460 2.722 1011.5 193.6 24.0

?,3—; E3 0.708 0.043 6.1 1.2 0.1

or 7; 2+4; E2 0.009 3.3 0.6 0.(1)

?;3—; E3 0.960 0.053 24.8 4.8 0.2

or 7; 2+; E2 0.012 4.3 0.8 0.1

?7;3—; E3 1.020 0.166 23.2 4.5 0.6

or ?; 2+ ; E2 0.039 14.0 2.7 0.3

?;3—; E3 1.111 0.084 11.8 2.3 0.3

or 7; 2+; E2 0.021 37.2 7.1 0.9

GDR; E1 12.77 0.224 382.5 73.2 9.0

sion of the numerical procedure). We have tried to select
isotopes, for which a considerable amount of experimen-
tal data for excitation energies and reduced transition
strengths for collective vibrational and rotational states
are available. The energy shifts presented due to the
giant dipole resonance are results of pure model calcula-
tions, where the transition energies and the B(EL) val-
ues are taken according to semiempirical formulas [Egs.
(A10), (A11)]. The results for the energy shifts due to

selected collective nuclear excitations will be tabulated
in the following (see Tables I-V).

V. DISCUSSION OF THE RESULTS AND
SUMMARY

A brief look at the tables presented in the previous sec-
tion reveals, that the major contribution to the total en-
ergy shifts arises due to virtual excitation of the low-lying

TABLE IV. The same as in Table I for even-A curium isotopes. Values for excitation energies and reduced transition

probabilities are taken from Ref. [30].

Isotope Transition Level B(EL;L — 0) | AET, ,, | | AE';’,I/2 | | AES,, ,, |
7 = (k; Lm; EL) E (MeV) (e? b) (meV) (meV) (meV)
245Cm 0; 2+; E2 0.04285 2.988 1312.6 256.1 33.6
2; 2+; E2 1.124 0.034 14.3 2.8 0.4
1;3—; E3 1.128 0.042 6.9 1.4 0.2
0; 3—; E3 1.301 0.048 7.9 1.5 0.2
3;3—; E3 1.527 0.025 4.1 0.8 0.1
1;3—; E3 1.624 0.038 6.2 1.2 0.2
GDR; E1 12.74 0.228 456.1 89.0 11.7
248Cm 0; 2+; E2 0.04338 2.998 1349.2 255.3 33.5
2; 2+; E2 1.050 0.036 15.1 2.9 0.4
?; 3—; E3 1.100 0.059 9.7 1.9 0.2
?;3—; E3 1.235 0.021 3.4 0.7 0.(1)
GDR; E1 12.71 0.229 458.8 89.5 11.8
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TABLE V. The same as in Table I for even-A californium isotopes. Values for excitation energies and reduced transition
probabilities are taken from Ref. [30].

Isotope Transition Level B(EL;L — 0) | AE'{,I/2 | | AEZ{,U2 | | AE;’{PU2 |
7= (k; L7; EL) E (MeV) (e* bL) (meV) (meV) (meV)
as0ct 0; 2+; E2 0.04272 3.200 1641.2 326.5 45.7
2;3—; E3 0.907 2.886 555.7 111.0 15.6
1; 3—; E3 1.211 2.757 527.9 105.5 14.8
?;3—; E3 1.429 1.900 362.4 72.4 10.1
GDR; E1 12.69 0.233 547.6 108.9 15.3
282cf 0; 2+; E2 0.04572 3.340 1636.5 325.6 45.6
GDR; E1 12.66 0.234 550.5 109.5 15.4

rotational state and the giant dipole resonance. The main
reason for that is obviously the relatively small excitation
energy, respectively, the considerably large values for the
reduced transition probabilities. All other modes taken
into account contribute only at the percent level. The
numerical values for the energy shifts of the 15,3, 251/,
and 2p, /; states differ roughly by an order of magnitude,
respectively. Summing up all the contributions referring
to the excitations taken into account, we obtain values
for the total energy shifts which are collected in Table VI.
However, we should be aware about the uncertainties we
have to deal with. Numerical errors are under control,
since convergence of both the radial and the energy inte-
gration is achieved. The major source for deviations in
the final numbers arises due to uncertainties in the values
of the parameters [excitation energies and B(EL) values]
used in the calculation and due to the number of modes
considered. The results for the contribution of the giant
dipole resonance may be envisaged only as an estimate.
Higher multipole resonances (e.g., the giant quadrupole
resonance) should be included as well. In view of this

situation, we may assign a typical error of about 25%
to the final energy corrections of the considered electron
bound states. Nevertheless, it is instructive to plot all
the results obtained for a given bound state, in order to
get some insight into the general trend. In Fig. 3 the
energy shifts of the 1s,/, state is depicted. The actual
contributions to the 2s,,2-2p;/2 Lamb shift is displayed
in Fig. 4.

Let us briefly summarize. The theoretical approach of
effective propagators has been extended to odd-A nuclei,
which would allow us to take into account single-particle
excitations of the valence proton. The derivation of the
corresponding effective interaction was based on a micro-
scopic approach utilizing the Weisskopf approximation.
Accordingly, the resulting expression has a similar form
as in the case of collective nuclear excitations.

We have presented numerical results for the energy cor-
rection of strongly bound electrons in hydrogenlike atoms
due to nuclear polarization. Thereby, we have concen-
trated on a systematic study of the effect in even-A ac-
tinide isotopes. The contributions of nuclear polarization

TABLE VI. Total energy shifts (meV) of the 1s;/2, 2812, and the 2p;,; states and the con-
tribution to the 2s;/5-2p; /2 Lamb shift due to the nuclear excitations collected in Tables I-V are

shown.
Isotope | AE1,1/2 | l AE231/2 | l AE2P1/2 I | AEz,_zp |
(meV) (meV) (meV) (meV)
230Th 738.7 135.1 14.6 120.1
232Th 790.7 145.9 15.8 130.1
3°U 1043.0 195.9 22.6 173.3
236U 1087.9 204.3 23.5 180.8
$°u 1128.4 212.0 24.5 187.5
228Pu 1360.1 260.3 32.1 228.2
240Pu 1397.3 267.4 32.9 234.5
24%Pu 1418.9 271.5 33.8 237.7
24Pu 1459.9 279.6 34.2 245.4
or 1452.8 or 278.0 or 34.4 or 243.6
28Cm 1808.1 352.8 46.4 306.4
288Cm 1836.2 350.3 46.0 304.3
2%0¢f 3634.8 824.3 201.5 622.8
2%2¢f 2187.0 435.1 61.0 374.1
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FIG.3. Total energy shifts | AEi,, ,, |in (meV) are shown

for various isotopes as a function of the number of neutrons
N.

to the actual 2s;/2-2p, /, splitting turns out to be at least
of the order of 0.1 eV and, thus, of the level of the current
experimental accuracy.
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APPENDIX A: RADIAL FUNCTIONS AND
REDUCED TRANSITION PROPABILITIES FOR
COLLECTIVE NUCLEAR EXCITATIONS

1. Harmonic surface vibrator and free rotator

The collective dynamics of the nuclear surface can be
treated in terms of collective bosons (surface phonons)
[17]. Analytical expressions for the radial functions Fy,
and B(EL) values can be derived. Let us note, that
some intermediate formulas in the derivation of effective
propagators appearing in Ref. [7] contain some obvious
misprints. In the harmonic approximation, the following
expression for the transition charge density (radial part)
with multipolarity L > 2,

Ri(r) =Ry TP6(r — Ry), (A1)

can be derived. According to Eq. (10), one is led to
radial functions,

_ 4n

" (2L +1)RE

rL

FL("') [@(Ro — ’I‘) ROT_T_T

+O(r - Ro) fi] (A2)
0) FL+1 |-

Specifying the set of excited nuclear states |[v) as one-

phonon states, ie., |v) = |LM), the Wigner-Eckart the-

orem applies when evaluating the matrix elements of the

electric multipole transition operator Qras. This leads

to the reduced transition probabilities,

B"™(EL;L — 0)= (2L + 1)"'B"®(EL;0 — L)
_3 2L
" 47 AmEy

where m denotes the mass of the nucleon.

Neglecting the effect of static nuclear quadrupole de-
formation the function F3(r) can be used to specify Do
in the case of low-lying rotational modes. The corre-
sponding transition strengths B(F2;2K — 0) depend
on the quantum number K characterizing different rota-
tional bands (K = 0 for the ground-state band, K = 2
for the v band, etc).

e2h? RV, (A3)

2. Giant dipole resonance

Treating giant resonances within the hydrodynamical
approach (HD) for spherical nuclei [17], one obtains tran-
sition charge densities (radial part),

RE(r) =Nin jr(zLnr) ©(Ro — 1), (A4)

with the normalization factor Nz, = {3R3[i?(2Ln) —

JL—1(2Ln)iL+1(2Ln)]} 3. Accordingly, one derives the fol-
lowing radial functions [7]:

n 4m 2L +1
F{M(r) = m{FL(T) + O(Ro — 1) Rozr.
jLGLar/Re)  ( r \* ir(zLn)
x |: Jr+1(2Ln) (Ro) jL+1(ZLn)] }’

(AS5)
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where z1, = k. Ro are zeros determined by the bound-
ary condition (:—er(kLnr))lr=R0 = 0, and n lables the
nth harmonic for a given multipolarity L. Correspond-
ing transition strengths can be defined according to

B(EL;Ln — 0) = 2L+1 Z (0@ | LMn)|?

_ 3 ZNL 2L
" 4w AmEL, 22, — (L +1)

xe?h?RyEY,

(A6)

where m denotes the mass of the nucleon. If one further
assumes that the total strength of a giant resonance with
multipolarity, L is concentrated at one energy Ey, = Ep;
refering to the lowest harmonic with n = 1, we can define
a total B(EL) value, e.g., for a giant dipole resonance

(L=1):

B(E1;1 —0) = 22 HO|QLam|1M1)|?

3 ZN 2

- = 2h?.
dr AmE,; 22, -2 €

(A7)

However, the physical quantity which is measured in the
experiment is not a B(E1) value but the photoabsorption
cross section o(FE) or the integrated cross section o =
J dE o(E). Assuming that the dominant contribution to
the total cross section is due to the giant dipole resonance
only, we can write

E1F1
(B~ E1)*+T3/4
(A8)

o"P(E,T,) = BHD(El 1-0)

Furthermore, neglecting the finite width I'; of the giant

dipole resonance one finally obtains a total cross section,

1673 872 ZN e?h
ofP = e B BHP(E1;1 - 0) = 2% A4 me
(A9)

The equation above allows us to deduce a transition
strength for the giant dipole resonance from measurable
quantities like the resonance energy and the photoab-
sorption cross section. It is known that the hydrody-
namical model tends to overestimate such quantities. In-
stead of using (A9), it seems more appropriate to de-
duce the B(E1) value from the semiempirical Thomas-
Reiche-Kuhn (TRK) sum rule assuming again that it is
completely fulfilled by the giant dipole resonance state:

T = s E BTRE(E1;1 - 0).

(A10)

The excitation energy FE; is determined according to the
empirical formula [16, 14]:

E, =95 (1 - A"1/3) A7Y3 MeV. (A11)
In the case of heavy nuclei the assumptions made above
seem to be in good agreement with experimental data
(19]. The B(E1) values deduced from the hydrodynam-
ical model and that obtained by the TRK sum rule are
related by BEP(E1) ~ 1.7 BTRK(E1). Note, that the en-
ergy shifts calculated with transition strengths deduced
from the TRK sum rule can be easily corrected by multi-
plication by an overall factor ¢ = (1 + 100) é stands for
the percentage to which the TRK sum rule may be ex-
ceeded or not. This parameter can be deduced from cor-
responding measurements of the photoabsorption cross
section.
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