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Collapse and revival in the dynamics of a spin with the spin-orbit potential
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We have calculated the time evolution of the density matrix reduced to the spin degree of
freedom for a particle in a spherical harmonic oscillator with a constant spin-orbit interaction. We
have studied two classes of spatial wave functions in the initial state: pure orbital states ilm) and
coherent states. When the initial spin is a pure state, its evolution in time produces a mixed state
during a time called the collapse time. This behavior of the spin is similar to that observed in the
Jaynes-Cummings model. A similar dynamics is produced for a broad range of geometrical initial
conditions for the spin as well as for the wave packet. The system is exactly recurrent, but we have
also found the existence of approximate recurrences corresponding to a reversal of the spin direction.
We have tentatively applied our result to mimic the evolution of the spin in the H atom. In this
case only a few spin-orbit partners play a role and, after a long time, produce a state where the
admixture is not complete. The average quantum behavior is always very diferent from that of a
classical particle having a spin as a vector of constant length. The increase of the number 2S+ 1 of
spin-orbit partners changes the time scale of the collapse by the factor ~S and a strong mixing is
always observed.

PACS number(s): 03.65.Sq, 03.65.Ge, 32.90.+a

I. INTRODUCTION

Coherent states play a major role in quantum mechan-
ics. Indeed, one of their properties, which is certainly the
most appreciated, is that with them one can attempt to
bridge the gap between classical and quantum physics.
The coherent states of the harmonic oscillator make up
a basic tool that can be found in all the textbooks of
quantum mechanics or quantum optics [1]. In recent
years [2,3] coherent states were constructed for the hydro-
gen atom and their evolution in time has been shown to
present a very beautiful succession of partial recurrences
and revivals [3]. It has even been possible to follow the
succession of these events experimentally in the case of
atomic potassiuin and rubidium [4]. On the other hand,
coherent states were used in a different context: to build
up the classical limit; of model Hamiltonians which cor-
respond to a large number N of interacting particles. In
this liinit, called the 1/1V expansion [5], the number 1/N
takes the place of the Planck constant. In some of these
models, for example, the I ipkin SU(3) model [6,7], the
classical dynamics presents regular and chaotic motion
within various degrees. A large amount of work has been
devoted to the comparison of the results of classical and
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quantum mechanics on this basis.
It is a major problem to extend these models and

theories to cases where spin is present quantum me-
chanically. In this direction it is important to quote
the extensive work that has been made on the Jaynes-
Cummings inodel [8] where a two-level system is cou-
pled to a one-dimensional coherent state. This coupling
has been shown to generate Rabi oscillations as well as a
suppression of them, called Cummings collapse. This col-
lapse means a situation where the spin is entangled with
the electromagnetic field. It does not last forever and one
observes a revival of the spin state which separates from
the field. This situation is recurrent [9]. When it is an-
alyzed in classical terms, chaos is also observed [10] and
one obtains a situation called chaotic Rabi oscillations.
The question of quantum irreversibility of this model was
raised. It was concluded [ll] that the irreversibility could
be attributed to nonlinearity leading to chaos. More re-
cently, a second model where spin is also present was
considered by Ballentine [12], which consists of a local-
ized spin driven by a polarized beam of spins. Classical
and quantum theory have been shown to exhibit a rich
variety of dynamical behaviors. The concept of dynami-
cal driving was emphasized by Ballentine to qualify the
fact that a system is driven by another dynamical system
and not by an external force. This definition could qual-
ify the models already studied by Slosser, Meystre, and
Braunstein [13] and also the Jaynes-Cummings model as
stressed by Gea-Banacloche [14].

The work that will be described in this article concerns
a particle of spin 2 embedded in a spherically symmetric
potential with a spin-orbit coupling. We also have here
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a situation where there is a mutual dynamical driving
of the spin degree of freedom by the orbital one. If this
problem is treated classically, i.e. , if we treat the spin
as a classical angular momentum of constant length, the
solution is rather elementary for a spherical harmonic os-
cillator. If the harmonic oscillator is deformed, however,
we have proved numerically elsewhere [15] that the spin-
orbit coupling is able to produce chaotic orbits and that
these orbits belong to manifolds that occupy the phase
space with a large dimension of 4, 5, or 6, for example.
This deformed model is a simple approximation for Nils-
son's model [16], the quantum-mechanical single-particle
model that helps to analyze deformed nuclei. Therefore,
with this model we have a situation similar to the hy-
drogen atom in magnetic field, [17] where the classical
phase space contains order and chaos, and this is why it
deserves a more extensive analysis.

Since the spin-orbit force plays a dominant role in the
splitting of the nuclear single-particle levels, both in the
spherical and in deformed case, it is an interesting ques-
tion to analyze to what extent the classical model is valid.
This problem will be discussed in what follows only for
the spherical case. We want to follow the time evolu-
tion of a wave packet that is initially a coherent state
of harmonic oscillator times a spin function. First, we
show that the equations of motion of the average posi-
tion, average momentum, and average spin components
are the equations followed by one classical particle pro-
vided that the spin stays in a pure state at any time. It
is therefore crucial to know the reduced spin density ma-
trix, discussed extensively in Ballentine s book [18], as a
function of time. Although the evolution operator can be
calculated formally, it is not possible to work out the ex-
pectation values of the spin components as a function of
time in analytic form, as we will show. An analytic form
can be calculated, however, for short times. We have
also performed a numerical calculation by conveniently
using the expansion of the coherent state on the spher-
ical basis derived by Mikhailov [19]. We have obtained
the following results. The pure state is exactly recurrent
and the period of recurrence is a common multiple of
all the quantum periods. However, the spin state is far
from being pure in the interval between two recurrences,
even for high quantum numbers. An analytical formula
valid for short times shows that indeed the spin behavior
is far off &om this classical behavior. For a large frac-
tion of the period, the state is strongly mixed and the
average length of the spin is close to zero to various de-
grees, depending on the initial direction of the spin. The
discussion of these initial conditions is also made and is
presented in the most generalized way. The conclusions
are somewhat similar to Ballentine's. However, our sys-
tem is totally different: there is no limit t ~ oo since the
system is periodic and we have exact recurrences of the
pure state; therefore, we have also some features com-
mon with the Jaynes-Cummings model. We have also
some features common with an extension of the Jaynes-
Cummings model [20] in which the spin interacts non-
linearly with the field by two-photon exchange. Finally,
we will also study the effects produced by an increase of
the spin which is such that the spin-orbit force is kept

constant.
In Sec. VII we will tentatively apply our model for the

evolution of the spin in the hydrogen atom in a particular
case when the wave packet contains every possible partial
wave with the restriction that each partial wave has a
unique radial quantum number, the lowest one, n = l+ 1.
Under these conditions the spin average decouples from
the orbital motion. We have not been able to treat more
general cases where such a decoupling does not take place
and where studying the spin evolution is an interesting
challenge.

II. THE CASE OF ONE CLASSICAL PARTICLE

We start with the simple spherically symmetric har-
monic oscillator potential with a frequency wo that is
perturbed by a spin-orbit interaction of the form

V, =K(t s).
Here s is an angular momentum of constant length and
x is a negative coupling constant which scales the spin
precession. The orbital angular momentum l and the
spin vector s obey the equations

ds—=r. (l x
dt

dl

dt '

which show that j = l+ s is a constant vector while both
l and s rotate around with the classical frequency

s, = s + (s —s ) cos((u, it) (4)

if s starts at time 0 aligned along Oz. The value of s,
depending on the inclination of j with respect to Oz, is
given by

The classical model contains five constants of motion:
the vector j, the length L of l, and the total energy
E = Ep + K (l s). The phase space of this system con-
tains the variables r and p of the particle as well as the
polar angles 8„and P, of the spin vector. The canon-
ical variables associated with the spin are q, = P„and
p, = scos 0, . There are only four constants of motion in
involution E, j, j„and l and four degrees of &eedom x,
y, z, and P, . Therefore the system is integrable according
to Liouville-Arnold theorem [21]. Throughout the rest of
the paper only the spin motion will be considered. How-
ever, a convenient radial property can be mentioned. In
the reference &arne, which rotates with the &equency sv.
around s, the spin-orbit coupling and the inertial forces
cancel and the trajectories are simple ellipses since the
force is simply harmonic.

The projection s of s obeys the equation
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III. THE QUANTUM CASE

i ' = ([s„H]}=ir. (syl —s ly) .. d(s, )
dt (6)

Here and in the following, s, , l;, and j, are dimensionless.
Equation (6) for the evolution of (s, ) coincides with Eq.
(2) for the classical component of s, if the factorization
of the spin part and of the radial part can be performed
at any time:

(s.t* —s*4}= (s~)(t*}—(s*}(~.} .

In the quantum case also there are four commuting
constants of motion E, j,j, and l . Our problem is to
compare the evolution in time of the expectation values
of (r), (p}, and (s} with the classical evolution for general
wave packets which are not necessarily characterized by
pure quantum numbers.

For K = 0 it is well known that the equations are
strictly the classical ones and that the wave packet does
not spread if it is a coherent state at time zero. Ehren-
fest's equations lead, because of the spin-orbit coupling,
to averages of products which couple the components of
s to the components of r, p, and /; for example,

radial and angular variables. A second reduced density
matrix p„can be defined by summing over the spin space
only. Then Ballentine has shown that if p, is a pure
state, it is a factor of the total density matrix p such
that p = p, p . This is why the factorization (7) is
possible. It is well known that p, can be expressed in
terms of the vector a = (o } as

p, = i(1+a. cr) .

As we specialize to the case of spin 2, here and in the
following o represents the usual Pauli matrices. When
p, describes a pure state it is easily seen that the length
of the vector a must be one. Here we are meeting the
important property that to be allowed to treat this vector
as a classical one, i.e. , to apply the classical equations for
its motions, the necessary and suKcient condition is that
its length does not change in time. In other words, the
length of a reflects the correlation between the spin with
the radial motion or the entanglement of the spin motion.
The case a = 0 represents an extreme case of quantum
correlations. In the following we will also consider the
evolution in time of Tr(p, ) = 2(l + a ) and the case of
full quantum correlations will then be when Tr(p, ) = 2.

I& s}~ = U (t) I& s). . (8)

The reduced density matrix p, that we will use is then
de6ned as

In the case of a harmonic oscillator potential the opera-
tors involved by the commutators of the Ehrenfest equa-
tions are simply s, r, p, or l and therefore a closed set
of average values is obtained which is identical to the set
that is present with the classical equations. Therefore,
we can assert that the average values under considera-
tion evolve identically to the classical ones if the spin
state is pure at any time. This condition is necessary
as well as sufBcient. Such a condition that the classical
limit is obtained, although there is no decoherence in the
dynamics, was previously found and discussed in Ballen-
tine's model [12]. It is a very simple matter to prove that
this result takes place in our model.

Obviously the best tool to analyze the validity of condi-
tion (7) is the density matrix reduced to the spin degree
of freedom. There is an extensive discussion of such a
tool in the book by Ballentine [18]. I et us just remind
the reader that it can be applied to our system, which
is composed of an orbital part and a spin part that are
generally correlated due to the term (1). In the follow-
ing the total system will always be a pure state. To be
specific let us denote the wave packet at time zero as
]() ~s} = ~(, s}s. In the folloming ~(} will be either a
harmonic oscillator coherent state or a simple eigenstate
]lm}, while ~s} mill be a spinor pointing in an arbitrary
but fixed direction. At time t the system has evolved to
a new wave packet

XV. THE EVOLUTION OPERATOR

The evolution operator of the spin-orbit part alone
(1) commutes with the evolution operator of the unper-
turbed harmonic oscillator. It can be calculated sepa-
rately. Also we can choose the time unit in order to
absorb the constant r as well as the factor 2 of the spin
s = 20. In these units T,i = vr/j. The evolution operator
U, is then written as

U (t) = "'""= f(') + g(t) (~ ~) .

The operators f and g, defined in Eq. (11) are seen to
obey the equations

(df dgi
~

—+ —(l cr)
~

= gl'+ (f —g)(l cr)(dt dt )
or

i —=l g,dt

(1ab)

Prom now on l is everywhere the square of the orbital an-
gular momentum operator. Equations (13) can be solved
formally. The solution corresponding to f(0) = 1 and
g(0) = 0 is

p. = T (-r-)(I& s}«(C sl)

where (nlm) means that the trace operates only on the

i .
f(t) = e'~ cos 0— ——sin~ 0—

2) 0 ( 2p
(14a)
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(t) = e* ——sin 0—0 ( 2)
(14b)

has its orbital part in an Ilm) state and the spin of which
points into the direction u = (8, P) in spherical coordi-
nates:

where

0 = +1+4l2.
(8) (81

Ilm, u) = cos — llm, +) + sin — e'~ Ilm, —) . (22)
&) &)

Note that the factors 1/0 allow the operators f, and g
to be written as infinite series of rational polynomials of
12

These expressions for U„ f, and g are similar to
those proposed for the evolution operator of the Jaynes-
Cummings model [22]. There this operator was expressed
in terms of creation and annihilation operators of pho-
tons and acted on coherent states as well as on the states
with a Axed number of photons. In our case the states
of good orbital angular momentum will be transformed
most easily by U„while the evolution of coherent states
will admix all the partial waves. The similarity to the
version of the Jaynes-Cummings model developed in [20]
is more transparent if the I - o operator is expressed in
terms of creation and anihilation operators as

I . 0 = i[(ata„—ata, )cr + (ata, —ata )0'v

+(at a —at a„)o.,],
while in [20] the field spin interaction is

II;„,= ata (o+ + ~ ) .

A. Evolution of a pure llm) state

I et llm) be an eigenstate of the operators t2 and I, .
Since U, (t) acts only on the angular part of the wave
function and on the spin part, the radial part can be left
quite arbitrary. Hence llm) can be any wave packet built
in terms of harmonic oscillator wave function with the
same l and m.

Because of the simple formula

A straightforward calculation leads to the matrix ele-
ments of p, at time t,

&+la (Im 8&)l+)

,(81, , (8&= cos —
I fi + g~ ml + sin

I

—
lg~ a (m) I

(23)

(—Ip, (lm, 8$)l —)

,(81, , (81= co"
~

—
~ Ig«+(m) I'+»n'

~

— Ifi - gi ml' (24)
&2) E2)

(+l~ (tm gy) I

—) = —,
' »n(g) e'~ (fi+ gim)(fi* —a* m)

= (—ls. (Im, gy) I+)* (25)

U. (t+ t&) = e*( + ) U. (t) . (26)

Because P appears only in the nondiagonal elements as
e+'~ the eigenvalues of p, do not depend on P. This
result could be expected; since the distribution of the
llm) state has cylindrical symmetry around Oz, there is
no reason for the spin part to depend on the angle P.
Bohr's frequency u~ ——2l + 1, which corresponds to the
energy separation of the states with j = I+ 2 from those
with j = I —2, is the same as the eigenvalue (18) of O.
The operator U, (t) has the period 2t~, with t~ = 2vr/w~,
while p„which involves the square of U, (t), has period
t~. More generally, note that

Glim) = gl + 4l Ilm) = (2l + 1) llm),

f(t) and g(t) are diagonal and at time t one has

(18)

U, (t) llm) = f( (t) + gi (t) (t . o)llm) . .

U. (t) llrn, +) = (f( + g( rn) Ilm, +) + g( a~(m) Itm. + 1,~)
(2o)

with

a~ (m) = gl (I + 1) —m(m + 1),
where I+) are eigenstates of o, with eigenvalues +1.

Let us now study the time evolution of the state which

In (19) fi and gi are simply obtained Rom (14) by re-
placing fI by (2l + 1). In order to calculate p, we can use
the formulas

The time t~ of recurrence of a pure state coincides almost
with the time T,i = vr/ j of precession of the classical spin
around j for large t.

However, there is a considerable change in the nature of
the motion of the quantum spin during the interval (0, ti)
compared to the classical motion. Indeed, Eqs. (23)—
(25) are far Rom representing a pure state in the interval
(0, ti). The simplest case to consider is the one where 8 =
0 (or 8 = m as well). There the density matrix is diagonal
and the values of these elements are different from 1 and
0. Since the nondiagonal elements are zero this means
that (o ) = 0 and (cr„) = 0. Hence the diagonal elements
describe the change in (0,), which is identical in this
case to the length of a = (cr). The quantum spin vector
does not have a constant length and is not settled into a
pure state. The evolution during (0, t~) has nothing to do
with a classical rotation: the quantum evolution is the
entanglement between the orbital and the spin part. For
the case 0 = 0 we obtain
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(~.) = (+lp I+) —(—lp. l

—)
2m+ 1 /(I + 1) —m(m+ 1)
2t + 1 (2l + 1)'

x cos[(2t + l)t] . (27)

Although Eqs. (4) and (27) are siinilar mathematically,
they correspond to a dynamical phenomenon of quite a
different character: the entanglement of the spin with the
orbital part takes the place of the classical rotation. The
spin is entangled with the ll m) and lt m+ 1) states, in
the same way as in the haynes-Cummings model, to the
states ln) and ln+ 1), where n is the number of photons
in the mode. Bohr's &equency 2l + 1 in reduced units
takes the place of the Rabi frequency gn+ 1, also in
reduced units. Since (o', ) is strictly positive for all times,
the mixing is never maximal. In the next subsection we
will define conditions with coherent states where mixing
may be practically maximal.

The general case with 0 g 0 does not contain any
new features except that the density matrix is not di-
agonal and specific spinors exist that are associated with
its eigenvalues. In the general case with 0 g 0, (0 ) and
(0„) are generally nonzero.

B. Coherent state

The behavior of the spin discussed above was purely
quantum mechanical. Another interesting case can be
studied tentatively. We replace the llm) state by a co-
herent state of the harmonic oscillator denoted as l().
The aim is to study p, for such a state. Let us write
a particular (but general enough for our purpose, as we
will see soon) coherent state centered initially at z = xo,
y = 0, and z = 0 and with momentum pp along Oy

(28)

This state is specified by two parameters xp and pp that
can be varied in a continuous manner. The numbers (;
denote the complex eigenvalues of the annihilation oper-
ators a, , i = z, y, z,

((lL', l() = N+ L',

((lL'l() = 2N+ L', (36)

Al =(L ) —(L ) =2N, (37)

((lL l() =L +4(N+L )+8N +8NL . (38)

The derivation of these equations is straightforward, but
somewhat tedious; for example, Eq. (38).

The coherent state (28) contains only two parameters
xo and p„o ——po (obviously p o = p o = 0). These two
classical values define one classical orbit oriented in the
simplest possible way with its angular momentum along
Oz. The evolution operator of the unperturbed harmonic
oscillator transforms this state onto a coherent state lo-
calized at arbitrary points on this ellipse depending only
on the time. Since this operator commutes with U„all
these points correspond to the same spin density matrix
(provided that the spin direction is kept the same with
respect to the ellipse). The rotational invariance ensures
that it is enough to study the different orientations of
the spin with respect to the ellipse. Therefore the spin
density matrix depends only on four parameters: two of
them refer to the ellipse, such as xp and pp, or equiv-
alently N and L, and the angles 0 and P of the spin
direction as shown in Fig. 1. The following results are
valid for all the central potentials that commute with
our special spin-orbit term.

The complete initial state contains the coherent state
l() just defined by (28) times the most general spinor

N = —,'(*o+po)

where N is the average of the total harmonic oscillator
quantum number and L is the average projection of an-
gular momentum of the packet (30) onto the z axis. This
allows us to study convenient values of N and L instead
of arbitrary values for xp and pp, for example, integer
values.

We have calculated the following expectation values in
terms of N and L:

a'I&) = C'lC) (29)

with the choice (28) ( = xo/~2 = (*, („=ipo/~2 =
—(„*,and(, =(; =0. Then

I'0) . (0)
l(, u) = cos — ](,+) + sin I

—
l

e'~ ](,—) .
&') &')

(39)

((IL IC) = popo (30) z"

and finally

(&IL*I&) = (&IL I&) =0 (31) +o
U

XO

xP Po Ug

Instead of xp and pp we can characterize our wave packet
by the numbers N and L defined as

L = xppp )

FIG. 1. Picture explaining our convention of variables de-
scribing the initial conditions. They are such that the spin
points in the direction of u, while the particle is located at any
point on the ellipse; for example, at the point on the minor
axis, labeled xo with the momentum po.
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The spin direction is now de6ned with respect to the
axis, which is perpendicular to the elliptic trajectory of
the unperturbed wave packet and the minor axis of this
ellipse. Our aim now is to discuss the density matrix for
the state (39) that is evolved in time by U, (t), i.e. ,

IC u)~ = f(t)+g(t)(~. a)

(01 . /'0), ,x cos — ~(, +) + sin — e' ~(, —) . (40)

1. Short tim, e limit

If the initial wave packet possesses the cylindrical sym-
metry

(t.')p = (I,')o (48)

the P dependence disappears. This was the case for the
~lm) state for which

(I )p = (l„)p =
2 l(l + 1) —m (49)

We have proved above that this independence of P sur-
vives also for large t for the ~lm) state.

In the case of the coherent state (28) we calculate easily
the average values of l, l„, and l as

(I.'}p = 2&p (~,')p = 2~p
Analytical expressions can be derived for the average

values of the spin components along the initial direction
u as functions of 0, &P, N, and L. Since the spin points
initially along the u direction it is natural to express the
density matrix with the matrices a„and o„I,a„«(uI and
u" are two directions orthogonal to u such that for 0 = 0
and P = 0 one has u = z, u' = 2:, and u" = g). For small
t one Ands

(o.„),= 1+ t (V,a„V. —
2 (a„V. + V, o.„))p ——1 + n„ t

(I.'}p = 2(*p+ pp) + &p».
(5o)

One can solve Eqs. (33) and (34) in order to express every
quantity in terms of N and L. Our choice for x0 and p0
is such that

(51)

The coefficient of interest in Eq. (44) can now be ex-
pressed as

(o„)~ ——t (V.o.„V, —
2

(o.„V, + V, a„)}p——n„ t

(41)

(42)

p„= n„+ 2P = 2 (L cos(0) —N[1+ 2 sin (9)]

+ 2g¹—L2 cos 2{/) sin (8)) . (52)

The eigenvalues of the density matrix up to t are simply

(a„.), = it ([V„o„])p
+t' (V,o„, V. —

—,'(o.„V,'+ V.'o.„)),
= pt + a.„I t (43)

1= ( ) +( ) +( -) =1+( +P )t

(44)

with P defined as

P = i([V» o.„])p= —2(l )p = 2L sin(0) . (45)

One Ands after some long but simple calculation the co-
efBcient n

o.„=(V.a„V. —V,')p ——2 ((&„)p —(&„', + &„', }p) . (46)

In this expression the components l, l, l„appear.
They can be easily transformed to the fixed axis so that
the general result, which is valid for any orbital state, is

Up to the second order the evolution of the length of the
average spin depends only on the following combination
ofn and P:

(53)

2N [1+cos (g—)], (54)

where g is the angle between u, the spin direction, and
the long axis {02:)of the ellipse. Indeed, for L = 0, only
one angle, the angle @, appears since the trajectory is
linear.

The conclusion for the short time limit is similar to
that drawn for the ~lm) state. The coherent state (39)
behaves immediately when t = 0+a in such a way that the
spin part and the orbital part are entangled. Moreover,
there is no hope to change this behavior by increasing
% and I, i.e. , in the case where the coherent state is
supposed to behave even more classically.

2. Long time behavior

It is obvious that our result must have a period vr with
respect to P. The dependence on P disappears for N = L
since the trajectory is circular. YVe also And in this case
that the circle is indeed oriented with respect to spin
since p„= 0 if 0 = 0, while p„= —4L for 0 = vr. Finally,
in the interesting case L = 0, p„ takes the form

o.'„=2 (cos(0)(l )p —(I }p [cos (0) cos (P) + sin (P))
—(l„)p [cos (0) sin (P) + cos (P)] —(t )p sin (0)J

(47)

The next task is to follow the spin evolution for larger
We have chosen to decompose the coherent state ~()

on the spherical harmonic oscillator basis ~nlm) using an
old work by Mikhailov [19]. Let us write
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I() = ) A„i (() Inlm) . (55) V. NUMERICAL RESULTS FOR SPIN—

Mikhailov has shown that

A„i (()=e (2l + 1)!!2~

!(I+ n+1)!!(~+~-

l! (I + m)! (l - m)!
(2l)!

+ 0(( )(1+m —p)/2 (~gq )p(q )(I—m —p)/2

P l+m —p ~ ~
l —m —p

We will now present the behavior of two quantities
Tr(p~) = —(1 + a~) and (a ) = Tr(p, cr„) as functions of
t/T. Here T is the common period of all partial waves
corresponding to a fixed value of the coupling constant
r; it takes the value T = 2' and appears in all the quan-
tities that were calculated. The period of the harmonic
oscillator is absent &om all our results because it cancels
in the calculation of p, . Pure spin states are recurrent for
multiple times of T. The time reversal symmetry com-
bined with the T periodicity allows us to understand why
all quantities are symmetric with respect to the time —T.
The evolution operator U, is indeed such that

(56)
U (—t) =U. (t). (58)

where j = —(n —I) and p = 1, 3, 5, . . . for f + m odd and

p = 0, 2, 4, . . . for I + m even, while (~ = gl/v 2((
i(&) aild gp = (, (zero in our case). The expansion of a
coherent state in partial waves has recently been studied
by Boris et al. [23] in the framework of their study of
Kepler orbits of H atoms. Our formulas (35)—(37) show
that indeed there is a spread in angular momentum given
by bL/(L, ) = /2N/L, which decreases with L, while
there is also a spread in the number N, which is given
by b,N/N = 1/~N and decreases with N. The time
evolution is obtained by writing the wave packet in the
form

(el
I(: n& = ) ~ i (4) Inlm& cos — I+&

Aim &')
('t) &

+ sin — e'~ —)(2
(57)

The evolution in time is obtained by using Eq. (20) on
each term of this sum. Obviously, the density matrix is
a sum of terms corresponding to all the values of n and
I which are present in (57); the density matrix is shown
in the Appendix. Because of Eq. (20) each factor has pe-
riod 27r/(2l + 1) and the sum admits the common period
27r, which is also a multiple of the classical period a/j.
Note, however, that the admixture of many partial waves
does not improve the connection between the quantum
period and the classical one. The quantum period resem-
bles the classical period for a pure Ilm) state for large l.
We have discussed the large difference in the nature of
the dynamics of the two cases. The admixture of many
partial waves produces only a multiple of the period.

Another difference with respect to the case of the pure
Ilm& state stems from the P dependence of the density
matrix. Indeed, one can easily see that the angle P, when
the sum of (57) involves difFerent values of m, occurs
also in the diagonal elements of p, . This confirms our
previous result of Eq. (47) that the eigenvalues of the
density matrix depend now on P. The calculations of
the density matrix and its diagonalizations have been
performed numerically.

From Eq. (26) one also gets

U. (t + T) = U. (t) . (59)

Combining all these properties, one obtains

p (t) = p ( t) = p ( t++) (60)

p ( & —t) =-p ( &+t) . - (61)

We have concentrated our efforts on two values of the
principal quantum numbers that were chosen as integers:
% = 8 and N = 20. They are supposed to correspond to
a low value and a higher value of the excitation energy,
respectively. In each case L was varied by integral steps
from 0 to N, while t) and P were given simple values.

In Figs. 2 and 3 we present Tr(p, ) and (S„& as func-
tions of t/T. The curves correspond to P = 0, i.e. , when
0 =

z vr the spin points along the short axis of the elliptic
trajectory. The curves for % = 8 and % = 20 are quali-
tatively similar as far as the behavior with respect to t,
L, and 0 is concerned.

The general behavior can be described in the following
terms. There is a rapid decrease of Tr(p, ) for very small
t. Let us call this time the "collapse time, " which can be
defined using our Eq. (53) as

1
(62)7c

This behavior very much resembles what is observed in
the Jaynes-Cummings model (Fig. 1 of the first work of
[14]; see also [22]). There the spin state, a pure state for
t = 0, collapses to a maximum mixing since Tr(p, ) = z.
In our case the character of the mixing that is obtained
depends very much on 0 and L. The value 0 = ~~ leads
to the largest change. For L = N a value very near from

is indeed obtained for 0 = &sr, but for L = 0, 2, or
4 the mixing is incomplete. The collapse time is much
shorter for N = 20 than for N = 8, as predicted by (52).
Note that as long as Tr(p, ) = —,then I(cr„&I = 0.

The collapse time corresponds to the time needed for
the partial waves of the wave packet to get out of phase.
A partial revival is possible for t/T = —,as shown in
Figs. 2 and 3, which also during a time w and is quite
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FIG. 2. Expectation value of the spin com-
ponent and the trace of p, as functions of
time during one period for three difFerent ini-
tial positions of spin vector with respect to
the orbit. For all cases P = 0 and N = 8
(low excitation energy).

spectacular for 0 =
&

m and L = N. In this case the
revival is characterized by Tr(p, ) 1 and

(~-)&/2
—(~-)..

with the coefficients a(t), b(t), and c(t) defined as

Sl . &2l+1 )
a(t) =) AI sin

l
t

l21+12 q 2
l

(68)

The case L = N enables us to understand almost an-
alytically those behaviors. In this case the sum (55) is
restricted to m = l and l = n, b(t) = ) AI cos

lC) = ).&«I(C)l~~~) . (64)
&2! —1)' . , (2t+1,'!
2l+1) ( 2

(69)

, &el . , &e)
(+lp, l+) = cos — + sin — u(t),

E'r E')
(65)

The matrix p, is then obtained by using Eqs. (23)—(25)
for all the partial waves with m = l. One Ands , Ji+i& (2t + 1

c(t) = ) AI e ' ~ ' cos
l

t
l

l

2/ —1 . !'2l + 1

2l+1 g 2
(7O)

, (e)
(—l p, l

—) = sin — b(t),
E j

(66) For the simple case studied with L = K, Eq. (56) leads
to the simple result

(+lp. l

—) = —,'»n(e) e ' c(t) (67) AI = lAIIIl = e
l! (71)
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a(t) = 0, b(t) = 1. (72)

For N = 20 the numerical calculation shows that indeed
Tr(p, ) —0.9 and we are not far from the high l limit.

(iv) For 0 = —vr the element (+~p, ~

—) is different from
zero, but Eq. (70) shows that all the phases are present
for a general t. Therefore, on the average, the density
matrix is 2 in the diagonal and 0 elsewhere. This is the
case of maximum mixing.

(v) For 0 = z7r and t/T =
2 the coefficient c(m) takes

a finite value and the partial waves add coherently

exactly the Poisson distribution. (Note that QI AI = 1.)
However, the detailed form of A~ is somewhat irrelevant
in the following discussion.

From this matrix the following behaviors for L = N
are seen.

(i) For 8 = 0 the eigenvalues are 0 and 1 for any t.
(ii) The eigenvalues of p, are independent of P. (The

density distribution is indeed circular. )
(iii) For 0 = 7r the eigenvalues of p, are a(t) and b(t).

For high N the high l play a dominant role, as seen in
[22], and therefore

Using the same approximation as above for the high
N, c(vr) = —1. The density matrix is now

p. (vr) =
1
2

1 eiP
2

—-'e-i&
2

1
2

(74)

It describes also a pure state. Since initially

1 1 —iP
p&(0) 1 ip 1

2 2
(75)

the spin is found rotated by m in the plane xOy after this
time —T. The numerical calculation corresponds quite2
well for N = 20 to the limit just described. The sec-
ondary Inaximum or minimum that occurs near t = 0
or t = 2T is not understood. They could be connected
to some partial revivals, but their amplitudes are very
small.

Our numerical calculation shows that the explanations
given for L = N apply also to the behavior of p, for
L & N. This confirms that our collapse time is generally
the time of dephasing of the partial waves. We can note,
however, that Tr(p2) is minimum for 0 = zvr and for
t = —T there is not always a revival in general. The2
revival occurs near L = N and L = 0 in both cases; it
corresponds to a reversal of the spin with respect to its
initial value.
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The general case is, however more d% lt ti cu o interpret
since not only the values m = l contribute to the ex an-

, p, takes a more complex form and
the analysis is more diFicult.

Generally, our results depend on 0 and P. For L = 0,
as said above, the relevant angle is the 1 -~ d fi
or q. ( ). This explains why the curves 0 = 0, —7r, and

vr coincide in Figs. 2 and 3 when L = 0. F L por ' Othe
curves with diferent 0 are s 1't Asp i . maximum difference
occurs for I = N between 0 = 0 d 0 =—
~ ~

an = &7t.. Moreover
it is for these values of I th

)

0= -' It
hat the revival appears when

=
2 ~. It is interesting to follow the revival as a function

occurs even for L = 0 when .' =—en ~ =
2 vr, i.e., when spin is

directed initially along the long a A
' '1

occurrence of the revival when the spin points initially in
the plane xgy for L = 4 = —N. Th e revival is observed
for P = zvr. It has the same property: the spin state is
almost pure for t = —T and than e spin is reversed.

Finally, the values of (0.„) and Tr(p2) at t = Tare—
given as a function of L for N = 20 in Ta

resent for
a e reviva is a general phenome h' 'enon w ich is

presen or all values of L and N provided that the spin
is well located initiall i.e.
e ipse. A maximum value of Tr(p, ) is observed in Table
IforL =—L —

2
It is interestin tg to compare the evolution of the de 't

matrix and of
e ensi y

nd of the spin in the vicinity of t = 0 and t = —T.
In Fig. 6 the curves for t 0 and t —T h bave been
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I
0
2
4
6
8
10
12
14
16
18
20

(~-)
-0.911694
-0.916264
-0.928176
-0.943576
-0.954722
-0.962580
-0.966378
-0.967334
-0.966386
-0.963428
-0.948642

Tr(p, )
0.915592
0.924034
0.943642
0.963163
0.975467
0.980189
0.980145
0.977938
0.974732
0.970256
0.954952

TABLE I. The degree of the revival at t = —T for wave
packets with N = 20.

now that there are 2S+1 spin states with S ) 2. In order
to produce a spread of spin-orbit multiplets independent
of S, the spin-orbit interaction (1) will be replaced by

Vs = —(I . S) .S (76)

(The change of S can also be incorporated in the time
scale by eventually replacing t by St.)

Here we benefit &om the discussion about S = 2. We
have learned that the most rapid change of p, occurs
initially and therefore we want to estimate how the col-
lapse time depends on S. We keep again the spin along
u at time 0 and consider, as at the beginning of the Sec.
IV B 1 a general wave packet. Along the same lines as for
Eq. (41)—(44), one finds, for the average value of the spin
length at time t,

the spatial state is also in a pure state. It is not hard
to see that the spatial state revives to a coherent state
centered on the classical ellipse at the place where the
classical particle would be found without spin-orbit cou-
pling. For t = nT the revival of the coherent state is
complete, but for t = (n+ 2)T we can expect it only ap-
proximately. However, the details of the time evolution
of spatial degrees of freedom require the analysis of the
complementary reduced density matrix p„.

It is interesting to analyze the consequences of the
changes of (o) on the average of the orbital angular mo-

mentum. I et us note that on the average (j) = (I + s) is

conserved. To be more specific, let us consider the case
L = K and 0 = —vr in which we have a sharp transition to

2

Tr(p2) &. Initially the only nonzero component of (l)o
is (t )o

——L, while that of (s) o is (s )0 ——s. In the mixed
state with (s)q 0, the average value of the orbital angu-
lar momentum must be such that (l )q s, and (t, )& L
during all the time when Tr(p2) 2. When T

——2, thus

(l)~y2 should take an other value since (s )&~2
—s. The

conservation of (j) provide the values (l )T~2 2s and
(l, )Ty2 —L. We obtain a situation where the amount of
angular momentum transported by the spin is carried out
by the orbital part of the wave function in such a way that
the length and the direction of the vector (l) are changed
[24]. This change is an increase of (I ) from 0 to 2s made
in two steps. The first occurs during the interval [0, 7. ],
where (l ) increases by s; the second one occurs during
the interval [

——r„z]. The reverse changes of (I ) are

produced in the second interval [—,T].
All the changes of Tr(p2) in which the length of (s)

decreases can be described by a modification of (l) which
gains or loses the corresponding amount of angular mo-
mentum. Figures 2 and 3 show that we have to consider
extreme situations when 0 = &7t and a large % and L to
be able to produce the maximum transition between (s)
and (I) that we have described above.

VI. CASE OF HIGHER SPIN

Along the same lines as Ballentine [12] we want to in-
vestigate also the limit of a higher spin. We consider from

l(S)l~ = (S )o+t'[(VSS-Vs —-'(S Vs+ VsS ))o

+ —,', I(l v„s„]),'1 (77)

= S + t (Vs S„Vs)p
—S(VS ) p

+ 2's
I s (S-I- )oI' (78)

g2= S+, , ((I-).[S(S+1)—S']
—(I„+t )o S+ S(l )o) .

In the case S =
2 the coefficient of t2 in (79) is — times

the coefficient p„, which is given in (46) because S is used
instead of 0. After the transformation to the Axed axis
as in Eq. (47), the following equation is obtained for the
coherent state, again using (50):

I(S)Iq = S+ (Leos(0) —N[1+ 2 sin (0)]

+ 2 /%2 —L2 cos 2(P) sin (8)j (8o)

=S+ "t
4S (81)

This simple formula shows that S occurs only in the de-
nominator or, more simply, that the collapse time of the
spin scale as ~S since, concerning the 1V, L, 0, and P
dependence, the coe8icient p„ is the same for general S
as for S = — (52) for small t. The expectation value (80)
just calculated does not coincide, however, for S
with the time evolution of Tr(p, ) as it does for S =
since the density matrix is characterized now not only by
the vector (S), but by an increasing number of tensors of
higher rank that we cannot calculate easily. Therefore,
the numerical calculation of Tr(p, ) is an interesting task.

We have plotted in Fig. 7 (S,) and Tr(p2) for 1V

8, L = 4, and S = 2, 2, 2, 2 as functions of t for two
different initial conditions: the spin parallel (left) and
perpendicular (along the long axis of the ellipse right)
to the angular momentum. For a better comparison (S,)
is scaled with respect to S. As for higher S time units
scale with S (Ts = STi); the small t behavior is clearly

2
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m = l only and a single radial quantum number n~ also
occurs. We will choose n~ = l + 1, with the usual spec-
troscopic notation. On the other hand, the partial waves
will be distributed in such a way that, like in Eq. (71),

1.0—

I I I I I I I I I I I

(84) 0.5—

Our initial wave packet is then characterized by some
integer N and by an initial average angular momentum L
such that L = N. We have proved in Eq. (B4) that p, (t)
depends only on V, defined by (83). The difference with
the case of the harmonic oscillator considered previously
is that V, contains a function of r, Vo(r) = 2Rn (—')
which can be treated by erst-order perturbation theory.
The radial integrals for the states with n~ ——l + 1 are
expressed as [25]

1 1
n~ ——l + 1 l —

3 n~ ——l + 1 lrs as l(l + 1)4(l + 2)

(85)

These integrals produce a splitting between the spin-orbit
partners with n~ ——l+ 1, j = l+ 2, and j = l —

2 given

by (in units 2Rn )

05
0 200 400 600 800 1000 1200

FIG. 9. The time evolution of Tr(p, ) and (S„) for the cir-
cular trajectory of the spatial wave packet in the hydrogen
atom with N = L = 4 and 8 = 7r/2. The period of the partial
wave with I = 1 (the highest frequency contribution) is chosen
as the time unit. The initial position of spin is perpendicular
to the trajectory in its plane. The inset shows the presence of
the highest frequency in the Tr(p, ) curve for short times. In
the full picture this highest frequency is residually seen only
in the thickening of both curves.

2

l(l+ 1)4 (86)

There is a strong decrease of u~ with l that shows that
only a few partial waves contribute. Treating Vo by first-
order perturbation theory allows us to use Eqs. (65)—(67)
for the matrix elements of p, (t) with a(t), b(t), and c(t)
defined as in Eqs. (68)—(70), but with the frequency 2l+ 1
in the time functions replaced by that de6ned by Eq.
(86). Obviously the time unit is difFerent from that in
the harmonic oscillator. We can choose this unit in such
a way that T~ q

——1.
A justification of our decoupling of the spin motion

from the orbital motion can be found when considering
those classical orbits which are such that the electron
stays on a sphere. Such orbits are indeed possible and
provide simple classical analog to our wave packet.

The results presented in Fig. 9 for % = L = 4
and 0 = 2' show that only a few partial waves occur.
The significant change of Tr(p, ) observed is explained
by the three highest frequencies with l = 1, 2, and 3.
The interference of these three waves produces a value

Tr(p, ) 0.55 after about three periods of l = 3 wave.
However, we do not get a collapsed state stable in time
and the oscillatory character takes over. The highest fre-
quency, due to l = 1, is presented in the inset of Fig. 9
for a small time interval and enlarged vertical scale. This
frequency is not seen on the long time behavior where
the fastest oscillations are due to the wave with l = 2,
while the oscillations with a longer period which mimic
the revivals are due to the wave with l = 3. (Note that
for N = 4 the Poisson distribution is maximum for this
partial wave. )

In conclusion, this model shows, besides the change of
scale already explained, an evolution for the H atom in

which only a few spin-orbit partners are involved. This
evolution is devoid of a reasonable revival; it presents
a situation where the state is neither totally pure nor
totally mixed.

VIII. CONCLUSION

The aim of this paper was to underline the difference
between the quantum evolution of the spin and the clas-
sical one in cases where there is a spin-orbit potential
added to a central one. For S =

2 we have found no way
for a transition toward a classical behavior. Quantum
mechanics describes the spin evolution as its entangle-
ment with the orbital part, which cannot be suppressed
by an increase of the quantum numbers of the spatial
wave packet. This entanglement has been studied as a
function of the initial conditions; it can be totally sup-
pressed only in some trivial cases when 8 and l are totally
decoupled. It is a common feature of the spin-orbit model
and of the Jaynes-Cummings model that there is a col-
lapse of the spin state that occurs as soon as the coupling
is effective. It is a second common feature that the entan-
glement does not last forever and that there are revivals.
We have found an interesting case where the revival is
produced when the spin is found pointing in a direction
that is opposite the initial one. The quantum-mechanical
period that is found in the spin-orbit problem for the case
of a coherent state depends only on the strength v of the
spin-orbit interaction. Thus it is independent of the ini-
tial conditions and in particular of the orbital angular
momentum or of the total angular momentum. In a sim-
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ilar configuration the classical period depends on K as
well as on j through formula (3).

It is worth mentioning the existence of a different semi-
classical approach to spin —orbit coupling developed by
Littlejohn and Flynn [26] and Frisk and Guhr [27], whose
aim is to treat spin degrees of freedom exactly. However,
they concentrate their considerations on a spatial part; a
possible connection of the entanglement of the spin with
spatial degrees of freedom with results obtained within
their approach is not clear for us.

When the spin-orbit interaction acts between a number
2S+ 1 of spin-orbit partners, a collapse is also produced,
but there is only a slow increase of the collapse time like
~S. None of our numerical calculations produce a result
closer to the classical result.

We have also considered spin-orbit splittings with a
law identical to that presented in the H atom. There is
certainly a tendency toward mixing. However, the be-
havior of the density matrix is explained there only by a
few frequencies, while the different partial waves produce
a collective collapse for the harmonic oscillator. This
certainly permits us to ignore the spin evolution in the
hydrogen atom for the time scale considered until now
[2,3,22].

We have shown in this paper that the spin-orbit prob-
lem in a spherical harmonic oscillator presents a striking
similarity to the problem of a two-level system interacting
with a one-mode field in a cavity. Both of these models
emphasize the original way in which a spin is coupled to
its quantum-environment in quantum mechanics.

We can also compare the evolution of quantum-
mechanical average spin not to the evolution of one parti-
cle according to classical mechanics, as we did throughout
the paper, but rather to the evolution of an ensemble of
classical particles. The fact that the limit of quantum
mechanics when 5 ~ 0 corresponds to statistical clas-
sical mechanics was stressed already many times in the
past [28] and more recently [18]. We have shown in a
simple case, by considering an ensemble of classical par-
ticles initially prepared in such a way that their spins are
parallel and their orbital angular momenta are also par-
allel, distributed according to the Poisson law (71), that
the average classical results coincide, for large N, with
the quantum-mechanical ones [29]. With this statistical
assumption, we can interpret the collapse, the revivals,
and the universal revival time of the harmonic oscillator.
These results will be discussed more extensively in future
works.

APPENDIX A: GENERAL FORM OF SPIN
DENSITY MATRIX

Let us start from the expansion of the coherent state

(') =) ~ ( Inlm) .
num

We introduce three quantities A( ), A( ), and A( ) as

A,"=) (A2)

A, = ) A( A( (A3)

A,"=) X„, (A4)

p(o)+p( )+p( ) (A5)

- ()(+Ip, I+) = ) A, )
I
f(+ g(ml cos

lm

, (g)
+Ig(a (m)l sin )—

5 )
(A6)

(—lp.''I —) =).A If( g(ml »n-o - (o) , fg')

lm

, fg)
g( a+ (m) I

cos
4')

(A7)

(+Ip! )I —) = -'sin(g) e '~) A, (f(+ g(m)(f,* —g,'m)

= (-Ip!'I+) (A8)

In particular, when m = l, A(( ——A( = IA(((I, which(o)

occurs in (68)—(70) for m = l. The density matrix sep-
arates into three parts: one where only A( ) appears,
called p,' '; one where A( ) appears, called p, ; and one(o) (~).

where A( ) appears, called p,(2).
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If we take into account only p, , the eigenvalues are in-
dependent of P. For L = N one has p, = p, = 0 and(~) (2)

the nonzero A~ ) have l = m (i.e. , A( instead of A&~ )).
(~) (~)The density matrices p, and p, are found as

(+lp.'"I+) = ) .A("+. (f(+ g(m)
lm

xg(*a (m+ 1) 2 sin(g) e '~ + c.c. , (A9)
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(—I&"I—& =).Ai ' [A*+gi*( +1)]
lm

xgia~(m) -'sin(8) e '~+ c.c., (A1O)

The consequence of this theorem is that the reduced den-
sity matrix p, (t) depends only on V, . No characteristic
time associated with Ho occurs in the average spin evo-
lution for this restricted wave packet.

The proof remains on a recurrence on the expansion of

(A11)

(,). , (e'l
(+Ip(')I —) = ) A,

'l' cos' — (ft+gim)

x g,*a+(m —1)

, t'g)
+ sin — [f&* —gi (m —1)]gta (m)

& )
= (—ls."I+&*

(o),

where

(o), =)- (") (o(-)&, (B5)

One sees that p, contains P in the diagonal part p,.
has only nondiagonal elements, which also contain P,

o(') =o, ol'i = [H, o], o('i = [H, o(')], (B6)

(+Ipl')I —) = ) AI Igil'a+(m) a (m+ 2)-,' sin(0) e'&

lm

= (-l~."I+)' (A12)

APPENDIX B: SPECIAL CASE OF THE H ATOM

I et 0 denote any of the spin operators s, s„, or s .
Let us calculate the average (0)t at time t for a wave
packet that is defined at time 0 as in (57), but with a
restricted sum. The spatial part I() is supposed to con-
tain all the partial waves l, but with m = l only. Each
partial wave is, moreover, associated with a single radial
quantum nI, . We have then

and, more generally,

O(n) [H O(u 1)]— (B7)

0( i = [V„sg = iVp(r)(s x l) . (B9)

0( ) is obviously diagonal in the basis. In the same way

(Ol"i& = ) A„*, , A„, [(s —s, )
ll'

x(ni l'l'
I
0 + [V„o ] Int«&] . (B8)

It is now possible to show that both 0( ) and. its com-
mutator with V, have only diagonal elements in the re-
stricted basis. Let us start with 0( ) and 0( ) by writing
0=s

I(& = ) A„,„]nits& . (B1)
(') lni«& = (« —«)(n«'~'Ioi') ln

+(n, i'i'I[v. , ol')]In, «& . (B1O)

Hpln~m& = s tln~m& (B2)

The full Hamiltonian contains also a spin-orbit part V,
with a radial form factor Vp(r)

H = Hp + V, = Hp + Vp(r) (l . s) .

We want to prove the following theorem:

iHto —iHt& (
iV, to iV,t&—(B4)

In this appendix the coeKcients A, ~~ can be left arbi-
trary.

The states Intll& are eigenstates of a central Hamilto-
nian Ho and in general

The commutator of 0( ~ with V, is a polynomial of second
degree in powers of l, . It therefore has the required prop-
erty. More generally, the commutator of V, with 0(
in the restricted basis involves a polynomial of degree n
in the components l; of the orbital angular momentum
as well as the radial form factor Vp(r) . Our theorem is
therefore proved.

In the case of the harmonic oscillator Ho and V, com-
mute. The theorem is valid for a general wave packet and
the evolution of the spin averages is independent on the
period of the oscillator.

Our theorem is interesting for the H atom or for a gen-
eral central potential such as the nuclear Woods-Saxon
potential. There it is true only for the case of special
mixing (Bl).
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