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Realization of trapping in a two-level system with frequency-modulated fields
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We demonstrate the existence of population-trapping states in a two-level system driven by a frequency-
modulated field. We present detailed numerical results on trapping and also on jumps in the system which

occur when the energy levels cross.
PACS number(s): 42.50.Md, 42.50.Hz

The trapping states of a system occupy a very special
place in quantum optics. A large number of papers have dis-
cussed the importance and applications of coherent popula-
tion-trapping states [1] which occur in a A system driven by
two semiclassical fields. The trapping states of a A system
driven by quantized fields have been very recently discov-
ered [2]. Most of the existing investigations discuss the trap-
ping states in three-level systems. The two-level systems so
far are not known to exhibit trapping states, except when the
two-level atom is interacting with a quantized field [3].

In this Rapid Communication we show that we can realize
trapping states in two-level systems by driving the system by
frequency modulated semiclassical fields. We present both
analytical and numerical results.

In order to keep the analysis as simple as possible, we
consider the frequency-modulated field on resonance with
the frequency of the atomic transition. The interaction
Hamiltonian in the interaction picture can be written as

H=*% §S+e*"‘1’<”+H.c. , 60}

®(t)=M sin(¢), 2)

where M and () are the index of modulation and the fre-
quency of modulation, respectively. The S*,S* are the
spin-1/2 angular momentum operators for the two-level sys-
tem and g is the Rabi frequency. On using the generating
function for the Bessel functions

+

exp(iz sinf) = 2 e*%1.(2), 3)

k=—o

the interaction can also be written as

hg <
H=7g S iUy (M)ST+ He. )

k=—o0

Assuming that () is large, we can make a second rotating-
wave approximation, leading to

5
H~ 7g Jo(M)S* +H.e. ®)

For weak coupling g and large () one expects this rotating-
wave approximation to be a good one. Note further that if M
is chosen such that
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Jo(M)=0, (6)

then the interaction Hamiltonian (5) vanishes and in such a
case one is left only with the fast oscillating terms in (4).
Clearly, under these conditions one would expect that no
dynamical evolutions will take place on a time scale that is
slower than the scale of periodic exponentials in (4) and that
the populations will thus be trapped on this slow scale. For
time ¢~m/2() (say), the other exponentials in (4) become
important and they would lead to a transition between the
two states of the system. Again one would expect trapping in
the time interval (7/2Q),7/€)). We will verify these qualita-
tive results by integrating numerically the time-dependent
Schrodinger equation. The jump at time 7/2{} can also be
understood in terms of the crossing of the energy levels. We
can transform (1) into a frame that is rotating with the in-
stantaneous frequency of the field; then the effective Hamil-
tonian becomes

hg
H =M cos(Qt)S*+ 7S++H.c. . 7

The two bare levels cross whenever cos(Q2#)=0, i.e., when
t=nmn/2Q) (n=integer). The Landau-Zener theory [4] pre-
dicts that a transition from the ground to the excited state
will occur with a probability
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FIG. 1. Probability p of excitation as a function of ¢, where
we choose M=14.9309177086 the fifth zero of J, and
g/92=8.0; y/2=0.0 (i.e., in the absence of spontaneous emission).
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FIG. 2. Probability p of excitation as a function of ()¢, where
we choose the tenth zero of Jy, ie., M=30.634 606 468 4; g/}
=8.0; ¥/Q=0.0 (i.e., in the absence of spontaneous emission).

We next discuss the numerical results, which support the
above findings. It should be noted that the response of the
two-level atom subject to a bichromatic field has been very
extensively studied [5-8]. However, most of the literature
concerns the steady state, though some papers deal explicitly
with the transient response [9,10]. In light of our earlier dis-
cussion we concentrate on the trapping situation; i.e., when
the condition (6) is satisfied. We assume that the system has
a very long lifetime and that the atom is in the ground state
at time #=0. Some typical results are shown in Figs. 1 and 2,
where the probability of excitation is plotted as a function of
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FIG. 3. Contour plots for the atomic polarizations and inversion
when M =30.634 606 468 4; g/Q2=8.0; y/Q=0.0 (i.e., in the ab-
sence of spontaneous emission).

ot

FIG. 4. Effect of weak spontaneous emission on the
probability p of excitation for different values of y (=1/2 Ein-
stein A coefficient), ¥/Q2=0.01 (x=x+0.0, y=2/3y), v/2=0.05
(x=x+2.5, y=y+03), 9y/Q=01 (x=x+5.0, y=y+0.8);
M =30.634 606 468 4; g/Q1=8.0. For clarity the different curves
have been displaced as indicated by the transformations in brackets.
For example, y=y +0.8 means: the value on the y axis equals the
actual value plus 0.8.

Q¢. In the interval 0<Q¢< 7r/2 the atom remains trapped in
the ground state except for the small oscillations at fast time
scales. At ¢= /2 the atom can make a transition to the
excited state. However, here in the region 7/2<Q¢<m we
find that the atomic polarization (Fig. 3) is also significant.
Thus the atomic state in this region is a coherent state [11].
In Fig. 3 we show different contour plots. Other initial con-
ditions, like the atom prepared in a dressed state, lead to
similar behavior. Using Figs. 1 and 2 we have made an esti-
mate of the jump probability at = 77/2(). This result agrees
closely with the approximate result (8). Finally in Fig. 4 we
show the effect of the atomic spontaneous emission, which is
expected to change the characteristics of the trapping state,
particularly if y~€. Thus the conditions under which the
trapping states can be observed are

Qsy; Jo(M)=0, t~ % . ©)

In earlier transient experiments Golub and Mossberg [10]
used the Yb atom transition, which has 7~875 nsec. This
atom seems suited to observing the trapping states discussed
here, as we can use {)~1 MHz and observation time in the
range of nanoseconds to microseconds.

Thus in conclusion we have demonstrated the possibility
of producing trapping in two-level systems, the existence of
which depends on the conditions (9). We further show that
the system jumps whenever the energy levels in the frame
rotating with the instantaneous frequency of the field cross
each other. The issues discussed in this paper would be even
more interesting in the context of higher spins or multilevel
systems where several levels can cross at the same time, and
we hope to discuss these in the future.

One of us (W.H.) thanks the University Grants Commis-
sion, Government of India, for financial support.
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