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We propose a technique to prepare two or more atoms in certain entangled states, based on the interaction of
the atoms with a cavity mode. After the atomic state is prepared, the cavity mode is left in the vacuum state,
so dissipation does not affect the generated entangled states. These states could be used for improved tests that
challenge local realistic theories, and to examine related phenomena, which, thus far, have been realized only

with photons.

PACS number(s): 03.65.Bz, 42.50.Wm

Entangled states of two or more particles which are spa-
tially separated give rise to quantum phenomena that cannot
be explained in classical terms. One important example of
such states is a pair of spin-3 particles, in the singlet state

1
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where the subscripts 1 and 2 label the particles in this state.
This particular state is in the realm of the original derivation
of Bell’s theorem [1], which states that local hidden-variable
theories of quantum mechanics are not possible, and is the
basis of some quantum effects introduced recently, such as
the “teleportation” of quantum states [2]. Another particu-
larly interesting entangled state of three particles is the state

1
|¥) guz= $(|T1>|T2>|T3>"|l1>|l2>|l3>), 2

proposed by Greenberger, Horne, and Zeilinger [3]. With this
state, a single set of observations is required in order to con-
front quantum mechanics with local realistic theories.
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During the past decade, a number of interesting experi-
ments related to the quantum nature of two-particle en-
tangled states have been proposed and carried out. In all
these experiments, the particles are photons, and entangle-
ment results from different paths taken by the photons [4] or
from different polarizations [5]. Several experiments have
shown violations of Bell’s inequalities [1,6], providing over-
whelming support for quantum mechanics versus local real-
istic theories. However, as noted by Clauser and Horne [7],
the statement that these experiments with photons violate
Bell’s inequality is strictly true only if some supplementary
assumptions are invoked. In order to test Bell’s inequality
without any of these assumptions, it would thus be desirable
to prepare in a controlled way two different particles in an
entangled state, each particle going to a different region of
space, and to obtain the correlation between appropriate ob-
servables by means of two spatially separated measurements.
Furthermore, the detection has to be carried out with high
efficiency [7].

In this paper we propose a simple scheme to prepare su-
perpositions of atoms [8] with macroscopic separation in the
forms (1) and (2) which facilitate tests challenging local re-
alistic theories, as well as of other related phenomena that
have been only observed with photons so far. The spin-3
particles are, in our case, two-level atoms, and the entangled
states (1) and (2) are produced by the interaction with the
electromagnetic field contained in a cavity. Note that with
atoms in the state (1), one would be able to test Bell’s in-

R2799 © 1994 The American Physical Society



RAPID COMMUNICATIONS

R2800

Cavity

FIG. 1. Proposed configuration for the preparation of the en-
tangled state (singlet state) of two two-level atoms. Initially the
cavity is in the vacuum state. Atom 1 enters the cavity in its excited
state and atom 2 in its ground state. After crossing the cavity, the
atoms become entangled and the cavity is left in its original state:
the vacuum.

equality [1] without resorting to any additional assumptions.
Recent advances in cavity QED, both in the microwave
[9,10] and in the optical regimes [11], imply that these states
should be realizable with existing or planned technology.
This fact, together with the near-unity detection efficiency
for Rydberg atomic states [12], makes this technique a prom-
ising path for a variety of experiments related to the quantum
nature of entangled states.

Our scheme to prepare the state (1) is based on the inter-
action of two atoms, initially in their excited and ground
states, respectively, with a resonant cavity mode in a vacuum
state. An important feature of this scheme lies in the fact that
after the preparation of the entangled state, the cavity mode
is left in its original state, the vacuum, which is not entangled
with the two atoms. As a consequence, cavity damping
mechanisms before and after the interaction will not affect
the feasibility of the singlet state, and therefore cavity dissi-
pation must be negligible only during the time the entangled
state is prepared. We will also show that with a slight modi-
fication, the proposed scheme would serve to prepare the
state (2). This technique can be easily generalized for the
preparation of n-particle entangled states.

The preparation of the state (1) takes place in two steps.
First, one atom (atom 1) initially prepared in its excited state
|T1) is sent through a cavity in the vacuum state |0). After
the atom has left the cavity, a second atom (atom 2) prepared
in its ground state || ,) is sent through the cavity in a differ-
ent direction (see Fig. 1). The atom-cavity mode interaction
is described by the Jaynes-Cummings model. The inter-
action Hamiltonian in a rotating frame at the cavity mode
frequency and in the rotating-wave approximation is
H=ig(t)(o,a—a'o_), where o, =(a_)"=|1)(|]| is the
usual spin-3 excitation operator for the two-level system, and
a' and a are the creation and annihilation operators for the
cavity mode. For simplicity, we have taken the two-level
transition on resonance with the cavity mode. The coupling
parameter between the atom and the cavity mode is g(),
which is time dependent as the atom crosses the cavity, due
to the spatial structure of the cavity mode.

An important property of the Jaynes-Cummings Hamil-
tonian is that it conserves the excitation number
a'a+|1)(1]. In particular, the state ||)|0) (which is the
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ground state of the Jaynes-Cummings model) does not
change during the interaction, and the states [1)(0) and
[1)|1) will experience vacuum Rabi oscillations [10,11],
since they have the same excitation number. Here, IO) and
|1) are Fock states of the cavity mode with zero and one
photons, respectively. These Rabi oscillations will depend on
the interaction time ¢; of the atom i with the cavity mode,
and therefore on the atomic velocity v;=L/t; (L is the length
of the cavity).

We assume that the velocity of the first atom v, has been
selected in such a way that it undergoes 1/4 of a Rabi oscil-
lation due to the interaction with the cavity mode. Hence we
have for the state of the system

1
2

The state of the system after the second atom crosses the
cavity can be readily calculated if one takes into account that
the state |0)||,) remains unchanged during the interaction.
By selecting the velocity of the second atom v, in such a
way that the state |1)|],) performs half a Rabi cycle, the
final state of the system becomes

[¥)=—=(1)10)=[L)IN]12). (©)

|w>=%qmumm—ulmmo»

1
=E(ITOHZ)_|ll>|T2>)|0)=|‘l’)s|0>, 4)

and therefore the state (1) has been prepared. Note that the
state of the cavity mode (the vacuum) factorizes, so that
there is no “projection noise”” when one traces over the un-
observed cavity field. Furthermore, the cavity mode is left in
its initial vacuum state, so that it is ready to “prepare” an-
other singlet pair. Hence the cavity serves as a quantum me-
chanical apparatus to produce entangled states of two two-
level atoms.

So far we have assumed that the velocity of the atom is
fixed. However, in a real experiment, there will be dispersion
in the velocities of both atoms, Av; and Av,. To evaluate
their effect we take the coupling parameter to be constant
during the interaction time [g(¢)=g]. Then, the final state of
the system for any velocities can be readily calculated, re-
sulting in

|¥)=[cos(gt1)|11)|12)—sin(gt;)sin(gt,)|L1)]12)]]0)
—sin(gt;)cos(gt)|11)]12)]1). (5)

The singlet state will be produced for gt{=nm/4 and
gty=mm/2 (n,m integers), or, equivalently, for velocities
v{=4gL/m and v)=2gL/m (we have taken n=m=1 for
the sake of simplicity). Let us assume that the atoms have a
velocity v;=v?+ Av;. Then, in order for the state | ¥') not to
depart appreciably from the desired state |¥)g, we require
gAt;=gt;Av;/v;<1. This condition can be reexpressed as
Av;/v;<<2/w. Taking as a cavity a superconducting cylinder
of length L of the order of 1 cm, and the states ||) and |1)
circular Rydberg levels with principal quantum numbers 50
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FIG. 2. Proposed test of Bell’s inequality: Contour plot of Bell’s
S parameter as a function of the atomic velocities v, and v,. The
cavity length L =1 cm, and the coupling parameter varies as a sine
arch. Cavity damping as well as spontaneous decays are negligible
during the time the measurement takes place.

and 51, we see that g is ~2 X 10° s~ ! [9]. Hence the velocity
must be v?=2vg=2000 m/s, and Av;<v;. These param-
eters are within reach of current experiments in the micro-
wave regime. On the other hand, it is clear from (5) that
general entangled states can be prepared for v,=2gL/m,
and varying v, which, as has been recently reported, can be
used to demonstrate nonlocality without using inequalities
[13].

In the following, we discuss the possibility of testing
Bell’s inequality with the scheme we have proposed. In order
to do that, one should be able to measure the quantity [6]

S=((ri0'§)—(0';0'z,)+(a'i,oﬁ)ﬂ-(o-;,ai,). (6)

Here, o";;=(;i& (a=a,b,a’',b’ and i=1,2), where
o'=(0%,0',0%) is the familiar Pauli operator for the two-
level atom i. Local hidden-variable theories predict |S|<2
while quantum mechanics predicts |S|>2 for certain values
of the vectors a,b,a’, ,b: . For instance, for angles
Z(a,b)y=2(b,a'y=+L(a',b')=m/4, the quantum me-
chanical prediction yields |S|=2v2. For two-level atoms
such as analyzed in this paper, the measurement of the Pauli
operators along any direction o; can be carried out by ap-
plying a controlled pulse to the atom which transforms the
states ||) and |T) into the eigenstates of o;; a subsequent
measurement of the state of the atom (ground or excited)
would give the desired measurement of the observable cor-
responding to o;. For Rydberg atoms, these processes can
be very efficient (see, for example, Refs. [9,14,15] and ref-
erences therein).

Figure 2 shows a contour plot of S for different velocities
vy and v, and for typical parameters found in experiments
on cavity QED in the microwave regime: L=1 cm, and g(¢)
a sine arch (which corresponds to the TE;,; mode of a cyl-
inder cavity) with max[g(t)]=4.2X10° s~!. The dashed
lines in the plot represent S= —2.2,—2.4,—2.6, and —2.8,
whereas the solid line corresponds to |S|=2, i.e., the maxi-
mum value allowed by local realistic theories. Note that
Bell’s inequality |S|<2 is violated for an extremely wide
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range of atomic velocities which would make it possible to
perform appropriate tests without having to select the veloci-
ties very accurately.

The preparation scheme proposed here can be easily gen-
eralized to produce other entangled states of more than two
particles. In the following we show how the state | ¥) gy (2)
can be prepared. Let us assume that the cavity mode is ini-
tially in a coherent superposition of Fock states |0) and

|3>’

1
|‘1'>c=$(|0>—13>)- @

This state could be prepared using some recently proposed
schemes which involve either the adiabatic passage of two-
level atoms with Zeeman structure through a cavity [16], or,
alternatively, the measurement of atoms leaving the cavity
[17] which project the state of the cavity mode onto (7). Next
we assume that we send three atoms in the ground state, one
after another, with given velocities v, v,, and v3, respec-
tively. The interaction of the first atom with the cavity mode
can be easily calculated. As the atom is in its ground state,
the state [0)||;) is not modified due to the interaction. If the
velocity v, is selected in such a way that the state [3)|];)
performs half a Rabi cycle after the interaction, the state of
the system atom-1-plus—cavity mode will be

lw>‘=%<|o>ul>—|zml>>. ®)

Analogously, since the second atom is also in its ground
state, the state |0)||,) remains unchanged during the inter-
action with the cavity mode. When the velocity is selected in
such a way that the state |2)||,) performs half a Rabi cycle,
the state of the atom-1-plus—atom-2—plus—cavity mode be-
comes

|w>2=fﬁaomlm»—|1>|r1>|r2>>. ©)

Finally, by selecting the velocity of the third atom, one ob-
tains for the system the state

|w>3=%aomlmzm»—|o>|u>m>m>>

1
= E(Hl)llz)”ﬁ“|T1>|T2>|T3))|0>

=|¥)6uzl0)- (10)

We wish to point out that entangled states between four cav-
ity modes and one three-level atom have been proposed re-
cently [18]. In contrast to this model, our proposal provides
entangled states between three atoms which are spatially
separated.

This scheme can be easily generalized for the preparation
of other entangled states of n particles. Provided one is able
to prepare the cavity mode initially in the state
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1
I‘P>C=\Tz(|0>—tn>), (11)

the state

w>=\f—5<|muz>---|L,,>ﬁ|u>m~-n,,>> (12)

is obtained by sending n atoms initially prepared in their
ground state, and with controlled velocities.

These schemes to prepare entangled states are valid pro-
vided one can neglect dissipation in both the two-level atoms
and in the cavity mode during the preparation procedure. For
circular state Rydberg atoms and microwave cavities both
radiative lifetimes and cavity decay times range from 0.01 to
0.1 s [14]. The required interaction time between each atom
and the cavity mode is <1077 s. Thus there is sufficient time
to prepare the states (12) without any significant decoherence
due to dissipation [note that, for example, to prepare the state
(10) one has to send six atoms through the cavity].

As an aside, we note that all these states could, in prin-
ciple, also be prepared using the adiabatic transfer technique
recently proposed in Refs. [16,19] in the cavity QED con-
text. This technique is independent of the atomic velocity,
and it involves the adiabatic transfer between atomic and
cavity mode coherences. Hence one does not need to control

atomic velocities in order to prepare the entangled states be-
tween two or more atoms. We would like to point out that the
state (7) for the cavity mode could be prepared, in this case.
using the same technique.

In summary, we have proposed a scheme for the prepara-
tion of entangled states between atoms; in particular, singlet
pairs and GHZ states. The scheme is based on the passage of
two-level atoms through a resonant cavity. After the en-
tangled state is prepared, the cavity is left in the vacuum
which prevents the atomic state from being modified by any
kind of noise in the cavity. The prepared state could serve to
perform tests of Bell’s inequality which circumvent some of
the problems present in experiments realized with photons
[5,4]. We believe that such a scheme is experimentally fea-
sible with Rydberg atoms and microwave cavities. A more
detailed analysis of the preparation of atomic entangled
states, along with other possible applications of these states,
will be presented in a forthcoming paper.

Note added. After submission of the manuscript we found
out that Phoenix and Barnett [20] have proposed a scheme to
prepare the singlet atomic state (1) that is similar to the one
proposed in this paper.

J.I.C. acknowledges discussions with A. Schenzle. J.I.C.
thanks JILA for hospitality. The work at JILA is supported in
part by the NSF. J.I.C. acknowledges travel support from
NATO.

[1] J.S. Bell, Physics 1, 195 (1965).

[2] C.H. Bennet, G. Brassard, C. Crépeau, R. Jozsa, A. Peres, and
W. K. Wootters, Phys. Rev. Lett. 70, 1895 (1993).

[3] D.M. Greenberger, M. Horne, and A. Zeilinger, in Bell’s Theo-
rem, Quantum Theory, and Conceptions of the Universe, edited
by M. Kafatos (Kluwer, Dordrecht, 1989); D.M. Greenberger
et al., Am. J. Phys. 58, 1131 (1990); see also N.D. Mermin,
Am. J. Phys. 58, 8 (1990).

[4] Z.Y. Ou and L. Mandel, Phys. Rev. Lett. 61, 50 (1988).

[5] A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 47, 460
(1981); ibid. 49, 91 (1982); A. Aspect, J. Dalibard, and G.
Roger, ibid. 49, 1804 (1982).

[6] J.F. Clauser et al., Phys. Rev. Lett. 23, 880 (1969).

[7]1 J.F. Clauser and M.A. Horne, Phys. Rev. D 10, 526 (1974).

[8] A. Shimony, Phys. Rev. A 30, 2130 (1984).

[9] M. Brune et al., Phys. Rev. Lett. 65, 976 (1990); Phys. Rev. A
45, 5193 (1992).

[10] H. Walther, Phys. Rep. 219, 263 (1992).

[11] R.J. Thompson, G. Rempe, and H.J. Kimble, Phys. Rev. Lett.
68, 1132 (1992).

[12] S. Haroche (private communication).

[13] L. Hardy, Phys. Rev. Lett. 71, 1665 (1993).

[14] L. Davidovich et al., Phys. Rev. Lett. 71, 2360 (1993).

[15] A very profound review of cavity QED is given in S. Haroche,
in Fundamentals Systems in Quantum Optics, Les Houches
1990, edited by J. Dalibard, J.M. Raimond, and J. Zinn-Justin
(Elsevier Science Publishers, New York, 1992), p. 771.

[16] A.S. Parkins er al., Phys. Rev. Lett. 71, 3095 (1993).

[17] K. Vogel, V.M. Akulin, and W. Schleich, Phys. Rev. Lett. 71,
1816 (1993).

[18] K. Wodkiewicz, Liwei Wang, and J.H. Eberly, Phys. Rev. A
47, 3280 (1993).

[19] J.M. Raimond er al., in Laser Spectroscopy IX, edited by M.S.
Feld, J.E. Thomas, and A. Mooradian (Academic Press, New
York, 1989), p. 140.

[20] S.J.D. Phoenix and S.M. Barnett, J. Mod. Opt. 40, 979 (1993).



Cavity

FIG. 1. Proposed configuration for the preparation of the en-
tangled state (singlet state) of two two-level atoms. Initially the
cavity is in the vacuum state. Atom 1 enters the cavity in its excited
state and atom 2 in its ground state. After crossing the cavity, the
atoms become entangled and the cavity is left in its original state:
the vacuum.



