
PHYSICAL REVIEW A VOLUME 50, NUMBER 2 AUGUST 1994

Using a Penning trap to weigh antiprotons
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A method for measuring the Earth's gravitational acceleration g on antiprotons is proposed. The
value of g is obtained by measuring the gravity-induced shift of the center of the radial orbits of antipro-
tons that are stored in a Penning trap. Such a shift is a measurable efFect for particles of very low energy
( = 1 peV) if the point of injection lies near the axis of a big Penning trap in which the magnetic field is

perpendicular to the direction of g. A possible experimental setup is described and several sources of er-
ror are analyzed. A comparison with a time-of-flight method, originally proposed to measure g on an-

tiprotons (and now under experimental investigation by an international collaboration), indicates the ad-
vantages of the present proposal. The experimental feasibility of the method of measurement that we

propose relies on the practical limit that can be achieved in minimizing the antiprotons' energy and on
controlling the radial coordinates of the particles before injection into the g-sensitive trap.

PACS number(s): 06.30.Dr, 04.80.—y, 07.77.+p

I. Vv raODUtwaON

The equivalence principle is a cornerstone of general
relativity and, more generally, of all metric theories of
gravity. Different versions of this principle, restricting
their applications to difFerent classes of phenomena, are
presently considered [1]. The weak equivalence principle
(WEP) applies to mechanical quantities, whereas the Ein-
stein equivalence principle includes WEP and all
nongravitational phenomena.

Tests of WEP began with experiments of Galileo,
achieved a significant level of precision with Eotvos s ex-
periments [2], and recently showed that difFerent macro-
scopic bodies fall in a gravitational field with the same ac-
celeration within one part in 10" [3].

Evidence that matter in the form of elementary parti-
cles still obeys WEP is far less conclusive. Although
Eotvos-type experiments strongly suggest that neutrons,
protons, and electrons obey WEP with a precision of one
part in 10 [4], very few direct tests (with quite low pre-
cision) have been performed with massive elementary
particles [5,6]. Moreover, the gravitational behavior of
antimatter has never been experimentally investigated.
WEP has never been tested directly with stable and mas-
sive antiparticles like positrons or antiprotons. A mea-
surement of the gravitational acceleration of antimatter
could provide further evidence for WEP and useful infor-
mation for contemporary research in fundamental phys-
ics. Relevant issues include the low-energy behavior of
gravity in unified field theories and open problems related
to matter-antimatter asymmetry in the universe (a broad
scenario is outlined in [7]).

In this paper we describe a method for measuring the

'Present address: Massachusetts Institute of Technology,
Cambridge, MA 02139.

acceleration g of antiprotons subjected to the gravitation-
al field of the Earth. The experimental techniques which
have been proposed to measure the gravitational force on
antiprotons (or on charged particles) are essentially of
two types. One is known as TOF (time-of-fiight tech-
nique) and has already been employed in order to mea-
sure the value of the gravitational force acting on elec-
trons [6]. The value of g is obtained by measuring the
distribution of the transit times of particles which drift
along a vertical tube where all the nongravitational forces
can be neglected. In order to reach the top of the tube,
where they can be detected, entering particles must have
a minimum velocity. Therefore, the time distribution for
upward launching will show a cutoff time t, given by

1/2

t, = "
(1)

where L is the length of the drift tube. The value of g is
calculated from the above relation after t, has been ob-
tained by fitting the measured time distribution near the
point of cutoff. This method has also been proposed in
order to measure the gravitational force on antiprotons
(particles will be extracted from the LEAR machine at
CERN [8] and the experimental research on this subject
is now actively pursued [9].

The other approach takes advantage of the fact that
the combined action of the gravitational field and a
steady transverse magnetic field produces a drift motion
of the center of the cyclotron orbits of the charged parti-
cles which is simply related to the magnitude of the grav-
itational force. An application of this principle to the
determination of g for antiprotons had originally been
proposed by some of the authors and has been brie6y de-
scribed [10]. A description of a modified version of the
same idea has also appeared in the literature [11]. The
present article is a study of the experimental feasibility of
a measurement of g on antiprotons by following the
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second of these principles and implementing it with the
use of a Penning trap.

II. FIRST PRINCIPLES OF THE METHOD

x,k

2q

k
y

q
(6)

The easiest way to describe the principle of this
method is to consider an idealized situation in which a
particle of mass m and charge q is moving under the
inhuence of the force of gravity and the force produced
by a uniform magnetic field B directed along the z axis
and perpendicular to g. The resulting motion of the
center of the cyclotron oscillations is the superposition of
a uniform rectilinear motion along z and a drift motion
along the direction of g XBz with constant speed vd given

by

(2)

As a consequence, a measurement of the displacement 6
of the center of the cyclotron orbits

q8g

in a given interval of time At, can provide a value for g.
However, the value of Ud is so small that even for a mea-
surement at the level of a few percent one needs values of
ht which correspond to drift tubes that are too long to be
considered in practice. A possible solution to this prob-
lem could be to confine the motion of the particles along
the z direction by using "the walls" produced by an elec-
trostatic potential superimposed to the magnetic field.
However, Maxwell's equations prescribe that a confining
electrostatic field 0, pointing along z has also radial com-
ponents 6„,8» (whose existence has been ignored in

[11]). The efi'ect of these components cannot be neglected
because they cause an additional drift motion of the
center of the cyclotron oscillations. With the simplest
choice one can take

z 0

Then for the radial components one gets

This field's configuration, that is, a constant magnetic
field pointing along the z axis and the electric field de-
scribed by (4), (5), and (6), is exactly the field
configuration used in a Penning trap (see Fig. 1). This is
a well-known device commonly used to confine charged
particles [12,13].

The motion of a charged particle stored in a Penning
trap is fully discussed in the literature [12];in the present
paper we will focus our attention on the possibility of us-
ing such a device to weigh charged particles, especially
antiprotons. The trajectory of a charged particle stored
in a Penning trap and subjected to the force of gravity is
found to be very similar to the motion which results
when the inhuence of gravity is completely neglected; the
axial motion and the radial motion are in both cases fully
decoupled and the force of gravity does not inhuence the
axial motion, which is harmonic with frequency 0„

k
' 1/2

2 V
' 1/2

0,=
m mZ02

where Zo is the geometrical dimension defined in Fig. 1

and V is the depth of the axial potential well which de-

pends in a simple way on the values of the electric poten-
tials that are applied to the electrodes of the trap.

The radial motion (irrespectively of gravity) is de-
scribed by the superposition of two oscillations: the cy-
clotron motion with frequency 0, and the slower magne-

tron motion with frequency 0 . The relevant result is

that the only effect produced by gravity is a shift of the
(equilibrium point) (see Fig. 2) of these radial oscillations
with respect to the geometrical center of the trap. The
new position of equilibrium rests at a point C where the
force of gravity is exactly balanced by the electric force.
With respect to the axis of Fig. 1, the point C has Carte-
sian coordinates (C,O, O), where

c)

Endco

Ring

ZQ

Ro

ix)

Endcop

Endcop

Ring

Endcop

FIG. 1. Typical cross sections of Penning

traps. The shape of the electrodes is obtained
by rotating the 5gure around the z axis. (a)
shows a regular Penning trap with three elec-
trodes {two endcaps and one ring} shaped as
revolution hyperboloids. The electric Seld de-

scribed in Sec. II can be obtained in the trap
when a constant potential difFerence is applied
between the endcaps and the ring. {b) and {c)
show cylindrical Penning traps. The pre-
scribed Seld can be obtained {near the geo-
metrical center) by applying appropriate con-
stant potentials to the electrodes.
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FIG. 2. Vector diagram showing that the addition of the con-

stant gravitational field to the radial electric field of a Penning

trap simply shifts the equilibrium point but does not change the

shape of the force field.

(8)

scribed by the motion of the guiding center of the cyclo-
tron orbits; the trajectory of this point is a circle of radius
R centered at C=(Cg, 0,0). Figure 3 shows how radii

R and R, are related to the initial conditions of motion
for a particle that, before undergoing capture into a Pen-
ning trap, travels along the z axis under the influence of a
magnetic field whose strength is identical to the intensity
of the field that is present inside the trap. Before entering
the trap (left-hand side of Fig. 3), the particle cyclotron
motion has radius r, and is centered at point A of radial
coordinates (a„,a„).The right-hand side of Fig. 3 shows

the particle radial orbit after capture. The two geometri-
cal parameters R and R„indicated in Fig. 3, are given

by the following formulas:

The time dependence of the radial coordinates of the par-
ticle is given by

X(t)+iY(t)=(X +iY )e +(X,+iY, )e '+C,

m+v p+v p

q

R =(a„—Cg) +a

R =
C

These are obtained from (13) and (14) using

(16)

where

0,
m (10)

xp =a„+r,cos(8, ),
yp =a„—r, sin(8, ),

(17)

(18)

qBg0 = —0c m

The quantities R and R„
R,=+X,+Y (12)

qBg
v„p=— r, sin(8, ),

m

qBg
v~p= — r, cos(8, )

(8, is a proper phase), and

(19)

(20)

R, =

(14)

The radial motion of a particle stored in a Penning trap
and subjected to the force of gravity can then be de-

are the magnetron and cyclotron radii and their values
are related to the particle initial position (xp and yp) and
initial velocity (v„pand v&p)

(v p+Q, xp —Q, Cs) +(Q,yp
—v„p)

R = ', (13)
(Q, —Q )

(v„p+Q xp —Q Cs) +(Q yp
—v„p)

(Q, —Q )

0 «0, (21)

Cg=

[the values of the magnetic field and the electric poten-
tials can be properly chosen in order to satisfy (21)].

The effect of the force of gravity is completely negligi-
ble at typical experimental conditions for Penning traps
(Zp= 1 cm, Vp =a few volts). However, a Penning trap
can be used to weigh an antiproton if the well depth gets
close to the value of the difference in gravitational poten-
tial energy and if the trap dimensions are large enough.
Explicitly, using (7) and (8), one finds

mgZO
(22)

qVg

)AX
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0)( i»- v v&iv v
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Y

TRAP ELECTRODES (not to scale)

R, =t-

Bg

FIG. 3. The relation between the radial or-
bit parameters of a charged particle moving in-

side a Penning trap (and subjected to the force
of gravity) and the radial initial conditions of
motion preceding the particle capture. For
simplicity the axial motion inside the trap is
not displayed. With the gravity field pointing
in the x direction, the center of the cyclotron
motion inside the trap describes a circle cen-
tered around the point C=(Cg, 0,0). For an
ideal capture process, the cyclotron radius R,
inside the trap is practically equal to the cyclo-
tron radius F, before capture and the radius
R is linked directly to the particle radial po-
sition (a,ay) before capture. R is close to
Cg if the values of a„anda~ are small.
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that is

, [Zo (m )]

[Vg (pV)]
(23)

A measurement of g can therefore be obtained from
that of C . This in turn can be obtained after measuring
the radial coordinates of many trapped particles (the par-
ticles will be extracted along the z axis of the trap and
sent to impinge on a detector which measures their posi-
tions) under two difFerent conditions, namely, (i) a very
short time after capture into the trap, and (ii) a time T
[equal to one-half of the magnetron period T
=(2n.)/0 ] after capture into the trap (other choices for
the value of Tg are possible}. The mean value of the first
class of measurements should yield (X ) =0 and ( Y) =0,
defining the position of the point 0 in Fig. 3. The stan-
dard deviations about these values will measure the Quc-

tuations due to the unknown parameters a„,a, and r,
The mean value of the second class of measurements will
define another point placed at a distance 2(R ) =2C
from O'. These data should fluctuate around the mean
value with the same standard deviation obtained from the
first group of measurements. The value of C and its sta-
tistical error can therefore be measured.

III. EXPERIMENTAL SETUP

In order to measure g with the method that we pro-
pose, very low-energy antiprotons ( =1 peV) need to be
injected near the axis of a big Penning trap (Zo = 1 m).
After a given time has elapsed, particles have to be ex-
tracted and their radial coordinates measured.

A possible schematic representation of the experimen-
tal apparatus is shown in Fig. 4. Three different traps are
employed:

(i) The first one, which will be called "storage trap, "
can be used to store a large number of antiprotons with a
thermal energy of 4.2 K ( =350 IMeV).

(ii) The second trap, which will be called "cooling
trap, " can be used to cool very small bunches of antipro-
tons (extracted from the storage trap) down to energies of
a few peV.

(iii} The last trap (which has larger dimensions} can be
used to perform the gravity measurement and will be
called a "g trap. "

Recent experiments at CERN have demonstrated the
possibility of capturing 10 —10 antiprotons in a Penning

rc =rm ~ (24)

where r, and r are the cyclotron and the magnetron ra-
dii in the cooling trap. Therefore if the limiting energy E&

of the cyclotron motion is 4.2 K, the values of the radii at
equilibrium should be

m
r =r =&2-c m

g[Ei (eV)]

B,
(25)

where B, is the magnetic field in the cooling trap. For
values of B, of the order of a few teslas, one obtains radii
corresponding to fractions of 1 pm.

To achieve goal (c), that is, further reduction of the
antiprotons's energy to values of the order =1 peV, we

plan to use adiabatic cooling by decreasing the values of
the confining potential of the cooling trap V; and the
value of the magnetic field B,. If V, is reduced adiabati-

cally to the final value Vf, the initial axial energy E„de-
creases to E,f, where

trap; the particles had been extracted from LEAR [9,14].
Antiprotons have subsequently been cooled down to 4.2
K by using electron and resistive cooling. The storage
trap of the apparatus we propose should perform in such
a fashion.

Due to space-charge eFects, the volume occupied by a
large number of particles in this trap would be relatively
high. To reduce the dimension of the radial orbits of the
particles before injecting them into the g trap, a few par-
ticles at a time will be transferred from the storage to the
cooling trap. The operations to be performed in the cool-
ing trap are the following: (a) reduce the number of
trapped particles to 1 by expelling the rest; (b} reduce the
magnetron radius of the remaining particle to the
minimum possible value; and (c) reduce the particle ener-

gy to the optimum value for injection into the g trap.
Techniques that can be used in order to perform opera-

tions (a) and (b) are very well known and have already
been employed with success. To detect and to measure
the number of particles present in the cooling trap one
can proceed as described in [15]. In order to decrease the
dimensions of the magnetron orbits it is possible to use
the sideband cooling technique, which has been studied
and has already been employed in several experiments
[12]. This last can be used, in particular, to couple the
cyclotron motion with the magnetron motion while keep-
ing the cyclotron motion at low temperature: the final
equilibrium condition should be

DIRECTION OF THE MAGNETIC FIELDS

STORAGE
TRAP

I/~k f

COOUNG
TRAP

I

!
POSITION
SENSITIVE

!
DETECTOR FIG. 4. Schematic drawing of the experi-

mental apparatus.
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' 1/2
f

V;
(26)

For energies in the range relevant to the experiment, the
confining condition

stitute the major contribution to the heating of the an-
tiprotons (other processes will be discussed in the follow-
ing section}. If an elastic collision with the residual gas
changes the antiproton energy by an amount h,E, the
conditions for particle confinement read

E,f &qVf (27) E, +LE &qV (31)

is always fulfilled if we start with V; at several hundreds
volts and E„.at about 350 peV.

If the magnetic field 8, is decreased adiabatically, the
action integrals corresponding to the radial motion are
conserved. Their values are E, /co, and E lro where

E, and E are the energies of the cyclotron and magne-
tron motion respectively, and co and co, are the magne-
tron and cyclotron frequencies in the cooling trap.
Therefore the radial energy of the particle decreases al-
most linearly when the value of the magnetic field goes
from B, to the final value Bs. The cyclotron and magne-
tron radii increase according to the relations

1/2
C

(28)mf
—

mi

Cf Cl

' 1/2
C

(29)

where r &,& and r; „arethe values of the radii when
the magnetic field is Bs and B„respectively. Once the
adiabatic cooling is completed, the magnetic field in the
storage trap will be the same as in the g trap.

It is to be noted that reducing the value of the magnet-
ic field increases the uncertainty of the measurement [see
(15) and (16)]; however, this adjustment is necessary in
order to properly set the length of the period T of the
magnetron motion in the final trap and therefore the
value of the measuring time T~. T is directly propor-
tional to the value of the magnetic field as can be verified
considering (7), (10), (11),and (21):

[B (T)][Z0 (m )]
(30)

An upper bound for the period of time available to per-
form the measurement is set by the typical frequency at
which significantly perturbing events can occur. Major
disturbances are in principle connected to processes
which can alter the particle trajectory, increase its ener-
gy, or cause its loss. The confining period is basically
limited by the processes of annihilations of the antipro-
tons with the molecules of the residual gas. However, ex-
perimental data reported in [14] show that antiprotons of
energy corresponding to 4.2 K can remain confined for
several months. More serious problems can be caused by
processes which can increase the energy of the antipro-
tons. In particular, an increase of the radial energy cor-
responds to an increase of the cyclotron radius and conse-
quently tends to decrease the precision of the measure-
ments; furthermore, heating of the axial motion can
cause the loss of the particle.

Elastic collisions with the molecules of the residual gas
(its temperature is 4.2 K for a cryogenic apparatus} con-

where E, =E,f is the particle axial energy in the g trap
[see relation (26)] and

hE «E„, (32)

where E, is the cyclotron energy in the g trap.
The mean time r between two successive collisions

with helium atoms, when the exchange energy is hE, has
been evaluated in [16]. For an apparatus at 4.2 K we
have

lP
—12

r= 168 [hE (peV) ]'~ sec .
P torr

The condition that has to be fulfilled is therefore

(33)

7 &)Tg, (34)

with b,E satisfying (31}and (32}. From Eqs. (33}, (34),
and (30) it can be inferred that the magnetic field in the g
trap cannot be the same as in the storage trap (in order to
achieve an efiicient electron cooling, the value of the
magnetic field in the storage trap has to be approximately
6 T). Feasible experimental conditions can be obtained if
the value of the magnetic field in the g trap is of the order
of a few gauss. The resulting magnetron periods are of
the order of hundreds of seconds and are therefore com-
patible with condition (34) when the temperature is 4.2
K.

A possible set of working conditions, which in our
opinion could be used to perform the measurement, ap-
pears in Table I (see also the next section). Actual values
will basically depend on the experimental limits that can
be reached for V~ and T~.

The statistical error (b,slg)„which affects the mea-
surement of g, is related to the statistical error of Cz,
therefore it is largely dominated by the uncertainty in the
initial conditions of the particles at the instant of injec-
tion into the g trap. The measurement of the radial posi-
tion of N particles yields

hg ECg

C

(r I+rI) ~ Vb

V+ rn gZoi
(35)

where r & and r,& [defined by (28) (29)] are related to a„,
a„,and F, by

rCf =~C (36)

rmf QQx+Qy (37)

Relations (36) and (37) hold only if we assume ideal con-
ditions during the transfer of the particles from the cool-
ing trap to the g trap. Using the data of Table I, we get
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TABLE I. A possible set of working conditions that can be
used to perform the measurement of g. The first value of 6~„,
5», and Cg/C~ corresponds to the actual experimental limit on
the patch effect (which is w4„,=10 cm V) and the second
one corresponds to the patch field that would be obtained with
the coating technique of [19].

Quantity

Vg

ZQ

Rp
Cg

hg

E,g ——E,I
E

Bg

Tg

rp, ZQ

V;

Vg

8,
~ct' & ~mi

~cf Pm f
5pz 7 5py

Value

100 pV
1 m
1 m
1 mm

3%

0.3 peV (3.5 mK)
0.35 peV (4.2 mK)
50 G
314 sec
=1 cm
100 V
100 pV
6T
0.4 pm
15 pm
2mm, 1pm
5X 10-', 10'

bg 3%%uo

g, &N
(38)

This result shows that the method we propose is very sen-
sitive and allows, in principle, the performance of a 1%
measurement by using a very small number of cold an-
tiprotons (in order to reach the same level of precision by
using the TOF technique one needs many more particles,
i.e., 10 antiprotons thermalized at T=4.2 K). The final
precision of the g measurement will be largely dominated
by systematic errors, as we will show in the next para-
graph, we expect that some of them may actually intro-
duce uncertainties whose values will be comparable with

Cg It is then avoidable to perform a differential measure
by calibrating the experimental apparatus with other par-
ticles, for instance, H ions. The following section will
be devoted to the discussion of what we expect to be the
most important effects in contributing to the systematic
error of the measurement. Other possible sources of sys-
tematic error, like those related to the particle transfer
between traps or the effect of the presence of the position
detector, will not be discussed.

IV. SOURCES OF ERRORS
AND DISTURBANCES FOR THE MEASUREMENT

In this section we will discuss what we expect to be (i)
the main problems in obtaining antiprotons with the pro-
jected energy and orbit dimensions, and (ii) the main fac-
tors which can affect the final uncertainty of the measure-
ment if the requirements of point (i) are fulfilled.

We will often refer to [16], where an analysis of the
sources of error for a gravity measurement on antipro-

tons with the TOP technique is presented. Several con-
siderations therein expressed are also pertinent in this
context.

The source of errors and disturbances that will be con-
sidered here (the interaction of the antiprotons with the
residual gas has already been discussed) are the following:

(i) Stray electric fields due to patch effect.
(ii) Vertical electric fields (in the g trap) induced by

thermal gradients and gravity.
(iii) Forces produced by image charges and by stray

charges.
(iv) Precision of the electric and magnetic fields in the

measuring trap.
(v) Any process which can heat up the particle and

bring it back to 4.2 K.

A. Patch efFect

Among the forces which can affect the final result of
the measurement, one of the most important is due to
stray electric fields that are caused by patch effect. Such
an electric field is present in the vicinity of any conductor
and is due to the potential gradient which results from
the spatial variation of the work function along its sur-
face. This variation may be due to the random orienta-
tion of the crystal domains of the surface. The average
value of this electric field is zero but fluctuations can be
detected on a small scale. In particular, along the axis of
a cylinder of radius R0, the rms value of the radial com-
ponent of the field is

grms {)2 (yrmsw
P" ' g2

0
(39)

[17]while the fluctuations of the axial component are de-
scribed by

rms 0 4 @rmsw

g2
0

(40)

In the above relations w is the typical dimension of the
patches and 4 ' describes the fluctuations of the poten-
tial along the axis of the cylinder.

The patch effect is a major source of disturbance for
the cooling and the measurement procedure. The g mea-
surement is affected because a radial component of the
patch electric field introduces a force which superimposes
on the force of gravity. If the particles move in a region
which is close to the axis of the g trap we can assume that
the field 8

„

is approximately constant and that its effect
is to cause a displacement C of the center of the radial
orbits, which adds to the displacement produced by the
force of gravity. The ratio between these displacements
1S

m =5X10 '
@rms

[Ro (m )]
w[4 ' (cm V)]

(41)

It can be noted that with large values of Rn (Ro ——1 m) a
relative precision of the order of 1 can be obtained assum-

ing the lowest value which has ever been measured for
wsIs™(w@' '(10 cmV [18]). At this time research is
in progress to investigate coating techniques which are
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pr5„=5= zo,
f

that is,

rms zo2

5px 5pp =0.2w
2f ro

(42)

(43)

where ro and zo are the dimensions of the cooling trap.
The radial coordinates of the antiprotons, at the in-

stant they leave the cooling trap, can be parametrized as

x =r f cos(8 )+r,f cos(8, )+5„,
r f sin(8~) r,—fins( —8) +5 pp. (45)

expected to reduce the value of w4™down to
(5—10)X10 Vcm [19,20]. If these efforts will be suc-
cessful, it will be possible to make a measurement at the
level of 10 or better. In the cooling trap the mean
value of the electric field due to patch effect is much
higher than the mean field in the g trap since the dimen-
sions of the cooling trap are of the order of 1 cm (dimen-
sions cannot be increased for the resistive cooling to be
efFective).

The particle trajectory in the g trap is influenced by the
patch effect in the cooling trap because stray electric
fields produce random displacements of the center of the
radial oscillations in the cooling trap, which in turn
reflect as uncertainties in the position of the antiprotons
at the moment they enter the g trap. If 5p„and 5p
represent the displacement of the center of the radial os-
cillations in the cooling trap after the adiabatic cooling
process has taken place, we have

range from the present lowest limit to values which could
be achieved after expected future developments.

B. Thermoelectric fields

Problems related to the presence of thermoelectric
fields are discussed in detail in Ref. [16]. If the tempera-
ture of the surface of a metal is not uniform along direc-
tion s, the electric field near the surface is

1 BW S dT
dT ds

where dW/dT is the variation of the work function with
temperature and S is the thermoelectric coefficient. Typi-
cal values for S are of the order of 1 peV/K. The term
a W/aT is presently not well understood. In particular, it
has been observed that its value is strongly affected by gas
adsorption (especially helium); as a consequence, the rate
of variation of W with respect to temperature can be ex-
tremely high (up to a few mV/K) [16).

For the experiment that we propose, temperature gra-
dients along the axis of the g trap do not interfere with
gravity measurements; the only effect of the resulting
field is to displace the center of the axial oscillations.
Temperature variations along the x direction produce
electric fields which overlap to gravity and are therefore a
source of systematic error. Their effect is to displace the
center of the radial oscillations in the cooling and the g
trap as well as along the transfer channel which connects
the two traps.

The most important effect occurs inside the g trap.
The ratio between the displacement of the radial oscilla-
tions C~ and Cg is

Assuming that the transfer takes place in a homogeneous
magnetic field we can write X(T ), Y( T ) as functions of
Cg pg~f r f 5p 5pp 8, and 8, . Since phases 8 and 8,
are randomly distributed, if we neglect the difference be-
tween the cyclotron frequencies and q8/m, we find that
the mean values of the radial coordinates in the g trap are

(X(T )) =(5 „—C )cos(Q T )+5 sin(Q~T )z+C ,g

Cr qCr
C mg

that is,

C~ =10 [S (mV/K)] (K/m)
dT
dx

(49)

(50)

(46)

( Y(Tz)) =(5p„—C )sin(Q T )+5 cos(Q T ) . (47)

These relations show how the measurement of C is
affected by the displacement of the center of the radial os-
cillations in the cooling trap. However, by measurint
(X(Ts)) and ( Y(T )) for different values of T and
fitting the data with (46} and (47}, the values of 5p„,5pp,
Cg, and Q can be separately obtained.

Another way to account for the systematic error de-
scribed by 5 and 5 is to take measurements with
different values of V (C depends on Vg but 5 „and5p„
do not}. It is worth pointing out that the previous esti-
mates are realistic only if the particle is confined near the
center of the trap.

Possible values of 5 „and 5 „and the relevant data
from which they were calculated are tabulated in Table I.
For the patch effect field we have used values which

The control of temperature gradients is therefore crucial
to the success of the experiment. Temperature gradients
as low as 10 K/m have already been obtained [16].

C. Gravity-induced electric field

meg BS'
q Bz

(51)

where m, is the mass of the electron and 8'is the work
function of the metal. The first term is due to the elec-
tron redistribution, the second, which gives a bigger con-

A metallic structure placed in a gravitational field un-
dergoes slight deformations of the crystal lattice. More-
over, the electron s distribution inside the solid is affected
by the presence of a gravitational field. The resultant
electric field inside a cylinder of vertical axis has been
widely discussed in the literature [16]. The value of this
field 8; is given by
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D. Forces due to image charges

The field created by the image charges induced on the
walls of the trap affects the motion of the antiprotons.
An estimate for the force F; near the axis of the trap
can be obtained from

C2, r
1m (52)

where Rc is the radius of the apparatus and C2 is 1.0027
[16] (this formula is exact for a cylinder of infinite
length). The above contribution has to be added to the
force due to the confining fields and therefore affects the
value of C~. The x coordinate of the center of the radial
oscillations in the g trap becomes

Plg

4m e O

and the relative variation is

(53)

'-'- = q 'p
Cg 4wtp R p Vy

(54)

or, by inserting the numerical factors,

1.44X10 [Zo (m )]

[V& (pV)][Ra (m )]

Cg
—

Cim

Cg
(55)

For the given values of the potentials and the geometrical
dimensions, this effect introduces a negligible error.

E. Stray charges effect

In principle the surface of the trap electrodes should
not be considered as an ideal conducting surface. Indeed,
an amount of stray charges could build up on thin layers
of nonconducting matter. This process generates an ex-
tra stray electric field inside the trap that could disturb
the measure. However, the named effect is very di%cult
to quantify because it depends on the particular experi-
mental configuration and history. Here we limit our-
selves to state the existence of the problem.

F. Precision of the Sells in the g tray

tribution, is due to the crystal deformation. Recent mea-
surements [21] have shown that the ratio between the
gravity-induced electric fields and the weight of antipro-
tons is close to 1. A measurement of gold electrodes has
yielded a ratio less than 0.18. In the apparatus that we
propose the axis of the cylinder is perpendicular to the
direction of gravity; however, we expect that the order of
magnitude for the above ratio will still be given by Eq.
(51). As for other sources of systematic errors, it is cru-
cial to calibrate the apparatus with different kinds of par-
ticles.

perfections of the electrodes, nonhomogeneous magnetic
fields, and errors in the alignment between the trap axis
and the direction of the magnetic Geld are effects whose
contributions to the particle trajectory and therefore to
the error in the final measurement have to be evaluated.

A nonhomogeneous magnetic Sell, and therefore a
gradient of Bz, introduces a motion of drift of the center
of the cyclotron orbits which superimposes on the motion
of drift due to the force of gravity [22]. The drift velocity
vz due to this gradient is given by

Bs X VBs
U, =(E,+2E„) (56)

mg
v& &(

q8
(57)

Using (56) and neglecting the difference between Bs and
its z component, we have

mg
Bs Bs Ei+2Eii

(de IBs stays for either dB /Bx or BB i' ), that is,

dB, 1 10 '
Bs B& [(Ei+2Eii ) (peV)]

(58)

(59)

Therefore, for a measurement of g with a precision of
1%, an accuracy of at least 10 —10 ~ cm ' is required.

In comparison, one does not need a very high precision
in aligning the direction of the magnetic field with the
trap axis z. If we introduce a finite angle 8& between
these two directions, the new equations of motion show
that the radial and the axial motions are coupled; further-
more, the radial orbits are noncircular and the three asso-
ciated frequencies are not the same as those given by Eqs.
(7), (10), and (11); however, the point of equilibrium of
the orbits does not change with respect to the ideal case.
The coupling between the radial and the axial motion
causes the axial energy of a particle to depend on the cy-
clotron radius. As a consequence, the radial dimensions
of the orbits in the g trap increase with the difference of
the average energy of the motion along z and the average
energy of the radial motion. Since

mvi
R, =-

q8

8I v v' 8
(60)

the change in the radius of the cyclotron motion due to a
finite value of 8~ (with 8s ((1)is readily obtained:

where E~ and E~ii, for each point on the trajectory,
represent, respectively, the energy of the motion along
the transverse and parallel direction with respect to the
magnetic field. The tolerance of VB can be obtained ob-
serving that in ideal conditions (if R =Cs) the center of
the cyclotron orbits moves with a velocity which is given
by (2); we therefore require that

The trajectory described in Sec. II has been calculated
assuming ideal behavior of the electric and magnetic
fields. In real conditions the effect of manufacturing im-

bR,
R,

84
zg 8

E, 8
(61)
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Therefore, a misalignment of a few degrees can be
tolerated as long as the value of E, is close enough to the
value of E,g.

In order to extract the value of g from a measurement
of Cg it is crucial to minimize nonideal behavior of the
elastic field introduced by imperfections of the shape of
the electrodes. We have estimated the order of magni-
tude of the tolerance in the construction of the electrodes
by considering an elliptical shape in place of the ideal cir-
cular one. Equations (5) and (6) become

V~ hack(r/d) Pk(cos8), (71)

where

(72)

and Pk(cos8) are the Legendre polynomials. If we
neglect terms of order 6 or higher, the potential of an an-
tiproton near the center of the g trap is

I
x

q
(62)

(63)

qV(x, y, z)= — (r —2z }

c4q Vii+ ( 8z +3r 24r z—) +mgx .
1684

(73)

where (referring for simplicity to a Penning trap having
electrodes shaped as hyperboloids)

ring endcap4q(V. —V )
(64)

R +[I+(1+@)]Z
q( ring Vendcap) (1+@)

Rz+ [1+( 1+e) ]Zii
(65)

Rx and Rp are the lengths of the semiaxis of the ellipse
and

Rx =( I+a)Rp

Since

Cg x

2m

the error in k, contributes to the error in g:

bg ~g+hk
g Cg k

Using (59) we get

(66)

(67)

(68}

(k„—k )

k

1+2Zp/Rp —1
(1+e}2+(2+2@+e2 }Z2p /R p2

(69}

If for the sake of simplicity we let Rp =Zp (for e «1}we
obtain(k„k)—=1.33@ . (70)

Therefore, the relative error introduced by axially asym-
metric mechanical imperfections is expected to be of the
same order of magnitude as the degree of asymmetry in
the shape of the electrodes.

Other mechanical imperfections occurring in the
manufacture of the electrodes, if they do not break the
azimuthal symmetry, perturb the harmonic electric po-
tentials by introducing terms which are proportional to
even powers of the coordinates. Therefore, near the trap
center, the electric potential in polar coordinates takes
the form [12]

As a consequence, the x coordinate of the point of equi-
librium of the radial oscillations has to be modified [with
respect to Eq (18.}]by adding a term D4, where

2
D4 Cg= T~Cg (74)

Typical values of c4 are of the order of 10 '-10 z [12]
and using "compensating" electrodes this value can be
lowered by at least an order of magnitude. Even without
the employment of sophisticated techniques the systemat-
ic error due to an anharmonic potential can be reduced to
a negligible value. However, it has to be pointed out that
the above estimates apply only if we assume small oscilla-
tion amplitudes. Furthermore, anharmonic terms can in-
troduce a statistical error, for the dimensions of radial or-
bits would also depend on the axial energy.

Finally we observe that a misalignment 5„' between
the axis of the cooling trap and the axis of the g trap pro-
duces an efFect which can be described by relations which
are formally identical to (46) and (47}.

G. Sources of heat for antiprotons

Once the adiabatic process of cooling is completed, the
temperature of antiprotons will be lower than the temper-
ature of the surrounding environment by several orders
of magnitude. It is therefore important to evaluate the
typical time scale involved before significant changes of
the antiprotons's temperature begin to take place. The
processes that we considered are the following: (i) elastic
collisions with the residual gas, and (ii) resistive heating.

Process (i) has already been considered in Sec. III.
Process (ii) can be investigated considering the effect of a
resistance R connected to an electrode of the trap. A
resistive load is produced by the tuned circuits that are
employed to detect particles in the cooling trap. The
resistance R acts as a generator of random potential
across the trap. The power spectrum is related to the
equivalent noise temperature T,fr by 4KTesR (T,fr- 4.2—
K). The effect of the corresponding random electric field
is to set a lower limit to the process of resistive cooling if
the initial energy of the particles is greater than KT,z or
to increase the temperature of the particles if their energy
is lower than KT,z.

It is not di%cult to demonstrate that the characteristic
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time of this heating process is identical to the characteris-
tic time ~„ofresistive cooling, where

4ml 0
1 (aq) R

(75)

lo stands for the radial or axial dimension of the trap, and
a is a geometrical factor (a &1) [12]. In order to esti-
mate the characteristic time scales involved, we con-
sidered the interval of time htz which is necessary to
double the initial energy (here called E„,} of the particles.
Since the axial and radial energy of the antiprotons in-
crease with time according to

E„(t) —(E„KTtr)e "+KT tf, (76)

we get

[Io (m )]
bt2=2. 8X10 [E„,()MeV)] sec,

R ohm
(77)

V. CONCLUSIONS

The method that we propose in order to measure the
gravitational acceleration on antiprotons can represent a
possible alternative to the TOF technique (whose applica-
bility is presently under experimental investigation).

The main difficulty with the method that we propose
regards the preparation of well localized single particles,
of very low energy, and small cyclotron and magnetron
radii. If (before injection into the g trap} this delicate
operation can be completed successfully, the accuracy of
the gravity measurement becomes completely indepen-
dent of the original energy and radius distribution of the
particles. This aspect represents an improvement with
respect to the TOP technique in the sense that no hy-
pothesis on the initial velocity distribution of the
launched particles needs to be made [8]. Furthermore,

where we assumed T,ff=4. 2 K and a=0.5. Values of
R =10 0 which are typical for Penning traps connected
to a tuned detection circuit, would cause problems.
However, for our purposes, this effect is negligible. In
the g trap here is no detection circuit and in the cooling
trap, while the adiabatic cooling process is taking place,
the detection circuit is detuned.

though the measuring time per particle is longer, each
particle provides an independent measurement of g; re-
peated measurements serve the only purpose of decreas-
ing the statistical error by the usual factor I /v E.

Finally, we find that the TOF technique and the
method we propose have different sensitivities to patch
effect fields. As discussed in [16],taking into account the
field caused by the patch effect, the time of flight t for a
particle of velocity vo moving along the axis of a vertical
tube of length L is

' 1/2 —1/2
m L mvo

2 0 2
—mgz+qV (z) dz,P (78)

where V (z) is the patch potential along the axis. It fol-
lows that in order to perform the measurement it must be
qV~(z ) && mgz; the patch potential not only causes a sys-
tematic error (as is the case for the method that we pro-
pose) but also strongly affects the statistical error. The
rms value of V on the tube axis is

@rmS
yrms 0 2

Qd
(79)
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where ad is the radius of the drift tube. If w@™=10
cm V (see Sec. IVA), considering a drift tube with the
length to diameter ratio assumed in [8], the condition
qV™«mgL implies Lad »2 m (or ad »15 cm and
L »15 m). These dimensions are not realistic for a TOF
measurement, mainly because of the strict requirements
on the strength and homogeneity of the magnetic field.
As a consequence, the feasibility of the TOF experiment
relies strongly on the success of future techniques which
are expected to reduce the value of the patch effect field.
As we mentioned in Sec. IV, the method that we propose
would allow a differential measurement for g, with the
value of the patch fields actually measured. Progress in
lowering the values of the patch fields would contribute
anyway to an increase in the precision of the measure-
ment and a decrease in the difhculty of the experiment.
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