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Shimamura and Kimura have submitted the preceding Coinment [Phys. Rev. A 50, 5346 (1994)],(to be
referred to as SK), which criticizes our recent paper [T. Yamazaki and K. Ohtsuki, Phys. Rev. A 45,
7782 (1992)] (to be referred to as YO). In this Reply the authors clarify the purpose of YO and comple-
ment its essential points, thus showing that the criticisms of SK are inappropriate.

PACS number(s): 36.10.—k

The paper by Yamazaki and Ohtsuki (YO) [1] was
aimed at discussing some aspects related to the metasta-
bility of hadronic helium atoms which had been
discovered when negative kaons [2], negative pions [3],
and antiprotons [4] were stopped in liquid helium. The
delayed fraction, time spectrum shape, and lifetimes were
the observables. Further experimental studies are in pro-
gress [5], and as of today there is no successful explana-
tion for these interesting phenomena. So, YO tried to
give brief and rather qualitative estimates for the obser-
vation in an intuitive way, considering only the leading
terms. The following problems are discussed in as simple
a manner as possible, starting from the exotic-atom
viewpoints of Condo [6] and Russell [7]: (i} the atomic
core-polarization effect, (ii) the structure and radiative
lifetimes, (iii) the nonstatistical distribution of the angular
momentum and an estimate of the delayed fraction, and
(iv) the isotope effect, though the title of [1] refers only to
h).

To respond to the Comment of Shimamura and Kimu-
ra (SK) [15], it is important to consider the correspon-
dence between the atomic approach and the molecular
approach for the metastable antiprotonic helium atom of
Condo-Russell. We therefore begin this Reply with a dis-
cussion of this aspect.

I. CORRESPONDENCE BETWEEN THE ATOMIC
APPROACH AND THE MOLECULAR APPROACH

The usual two-body exotic atom consisting of a nucleus
and an exotic particle X of reduced mass M without
any electron contribution is described by the one-
dimensional Schrodinger equation with the potential

U(r) =—Z/r+ l (l + 1)/2Mr

U(r) consists of an attractive long-range Coulomb poten-
tial and a repulsive short-range centrifugal potential. The
solution of this equation gives the we11-known Bohr ener-
gies, which are

2

E(n, l)= — Ry .
n me

The multiplet (1=0,1, . . . , n —1) for each n is degen-

V(R)=U(R)+e (R), (3)

where er(R ) arises from the electron involved. Shimamu-

ra [8] and (previously) Ahlrichs et al. [9] as well as (more
recently) Greenland and Thiirwachter [10] solved this
equation. Certainly, this molecular approach is more
elegant and powerful than any other procedure starting
from the atomic configurations which ought inevitably to
take into account various configuration mixing effects
among them.

Here, we make some remarks concerning the molecu-

crate in energy. The potential U(r) resembles an intera-
tomic potential, when the, exotic particle has a large an-

gular momentum (hence, large n); the system thus looks
like a molecule, where the rotational (J) and vibrational
(v) quantum numbers could be uniquely assigned as J = 1,

v =n —I —1, in the same way as Shimamura [8] showed
in the case of the three-body system X He+. Namely, a
circular orbit is a rotating state with a nodeless radial
wave function, which corresponds to a vibrational quan-
tum number v =0, a next-circular state (1 =n —2} with a
single node, corresponding to v = 1, and so on.

The Bohr orbits do not, however, possess the usual

properties of rotation and vibration; the "vibrational
motion" here is far from harmonicity and the "rotation-
al" energy is not proportional to J (J + 1) at all (the "mo-
ment of inertia" is J dependent). Here, the rotation-
vibration coupling is maximal (fico-JA /J„, ) and the
moment of inertia keeps increasing with J (large centrifu-

gal stretching). This peculiar "rotation-vibration mode"
rejects the fact that the system is nothing but a Coulomb
atom. In spite of this, the assignment of rotational-
vibrational quantum numbers to a two-body exotic atom
is a quite sufficient and useful description, although, of
course, it is not a necessary one.

Now, when an electron is coupled to large-I circular (or
near-circular) orbitals, the electron motion can be treated
adiabatically and the molecular approach (thus the as-

signment of rotation-vibration quantum numbers) does

play an important role, as fully discussed by Shimamura

[8]. In the adiabatic approximation the potential is now

given by
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lar approach. Although the potential V(R) looks like an
interatomic potential in shape, it is essentially different
from the case of normal molecules. In the present exotic
helium case, the long-range attractive part comes from
the Coulomb interaction and the short-range repulsion is
from the centrifugal barrier, while in real molecules the
long-range part comes from the molecular interatomic
binding force mediated by the electron(s) and the short-
range component is from the internuclear repulsion. In
the former, although both the centrifugal and Coulomb
interactions together form a potential minimum where
bound states are accommodated, the electron energy
e (R } is a slowly varying function which plays no essen-

tial role in binding the two objects, but only modifies the
binding energies so as to remove the degeneracy of
different-1 states for each n. Physically, the binding is
essentially of "atomic origin, " and as shown below, most
of the results of the molecular approach, as derived by
Shimamura, already exist in a two-body system without
an electron. The theoretical fact that the large-l orbitals
behave like bound states in a "rovibrational" potential
has not been recognized experimentally, but the present
metastable exotic helium atom is an exceptional case.

(i) The propensity rule ( b,u =0 dominance) that
Shimamura found already exists in a two-body atom, and
was described by YO as the selection rule hn =b,l=1,
which conserves the number of radial node. To show this
explicitly, YO presented Eq. (YO-5) and (YO-6).

(ii} Similarity of the wave functions. The essential
character of the wave functions (radial dependence, node,
etc.) comes from the two-body atom. The rovibrational
states are not characteristic of a "molecule, " but already
exist in two-body atoms having large angular momenta.

(iii) The level structure is essentially of the atomic type,
though the degeneracy is removed by the e -X interac-
tion. It is very different from that of normal molecules.

It is thus very interesting to consider the correspon-
dence between the atomic approach and the molecular
approach. Although the former is physically transpar-
ent, it involves a large number of configuration mixings
and is mathematically troublesome. In order to account
for Auger processes, however, it is a useful procedure.
The molecular approach is mathematically elegant, and
gives a convenient description of the energy levels and
wave functions, though the structure is essentially of
atomic origin. YO attempted some possible discussions
of the phenomena in a rather qualitative and intuitive

way based on the atomic picture. The essential point lies
in the correlation between p and e, which we call atom-
ic core polarization. The results starting from the atomic
approach are (and must be) consistent with the molecular
approach, and thus YO are connecting the two views.
The rigorous arguments on the validity of configuration
mixing and detailed quantitative treatments, however,
were outside the scope of YO. They will be described in a
forthcoming paper [11].

II. ATQMIC CQRK PQI.ARIZATIQN

The term "atomic core polarization" comes from nu-
clear core polarization, which is a generic concept in nu-

and

cL
L

3(2L +1}
1

p2 EE2
(4)

L —1

1/2
L 1

3(2L —1) p~ EEpp

The typical numerical values, though not presented in the
paper, are c37 —0. 127 and d36=0. 128. The magni-
tudes of these mixings are of the order of 1%. Neverthe-

clear physics, symbolizing various phenomena in which
low-energy transitions (or static moments) of multipolari-

ty EA(o, r MA, ) are either enhanced or suppressed due to
the coherent coupling with core excitation of the same
multipolarity, even if the core excitation energy is high.
Here, the core in its physical essence is not a "spatially
inner" region, but, rather, an "energetically deeper" re-
gion (in a nuclear system all of the nucleons are confined
within the same nuclear boundary, where the core implies
deeper bound states, not spatially inner). In this sense,
the simplest atomic core polarization is seen in the
present antiprotonic helium atom, where the E1 transi-
tion energies (=2 eV) are by an order of magnitude
smaller compared with the electronic excitation energy
( =18 eV}. Here, the ls electron constitutes the simplest
core with respect to p. For the concept of core polariza-
tion, YO referred to Arima and Horie [12] in the case of
the magnetic moments, and to Leon and Seki [13] in the
case of exotic atoms.

YO pointed out that there exists an effect that is simi-

lar to nuclear core polarization. The important and
essential point is that the residual interaction causes a
special type of mixture of configurations which gives a
coherent contribution to the transition rates to the first
order of the mixing amplitude. For electric dipole transi-
tions the mixing of wave functions of hL = 1, as defined

by (YO-8) and (YO-9), is most important. This ls np-
mixing is caused by the dipole-dipole part of the
Coulomb interaction V(r„R ). What YO discussed is

the effect of 1s-np mixing caused by the dipole-dipole
correlation which was not taken into account in Russell's
calculation. Thus we taken up only the correlation part
using the basis wave functions which have readily taken
into account the main part of the Coulomb interaction.
This procedure assures that we can see only the core po-
larization effect on the dipole transitions, since the 1s-np
mixing does not affect the transition energies very much.
Note that the term "perturbation" in YO applies only to
the dipole-dipole part of the interaction. In other words,
the unperturbed wave functions include the screening
term, but exclude 1s-np mixing.

SK seem to misunderstand this point; we never
thought of using the Z =2 hydrogenic wave functions as
the unperturbed wave functions. %hat YO paid atten-
tion to is the eff'ect of bl. = 1 mixing of the wave func-
tion, which does not aff'ect the energy intervals so much,
but, rather, changes the El transition rates drastically.
To see the essence the first-order perturbation is good
enough and instructive.

Specifically, the mixing coefficients as defined in Eq.
(YO-8) and (YO-9), are expressed by

' 1l2
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less, the mixing causes a dramatic change in the transition rate. The transition matrix element is generally

(f Ilr'"III ) =
((I~I~ )L'llr,"'+r'"Il(1'l~)L )

=(—1) ' ' "

I, , v''(2L +1)(2L'+1)(1,llr', "lll,') (I l~ )
'p

lf 1 I'
+( —1) ' ~ ' f, '&(2L +l)(2L'+1)(ifllr"'Ill~)(lfll, '),

e

where

I' 1 1
(I'llr"'lll ) =( —1)I'&(21'+1)(21+1) 0 0 0 (f'(r)lrl f(r) )5(1'+l, l) . (7)

The unperturbed amplitude for a typical transition (n, I)~(n —1,1 —1) is

((s L —1)L —lllr"'ll(sL)L ) = &L ( f—i,(r)lrl fi (r) )

and the first-order contribution is

cl. &(s L —1)L —lllr', "II(I L —1)L &+dc I&(PL)L-—lllr'"il(sL)L &

1/2 ' 1/2
2L +1 (1& 2L —1

=CL
3

&sllr', "IIP &+di-I

CL

1/2
2L +1

3 L —1

' 1/2

3
&f„(.)lr f„(.)), ,

which has a destructive contribution to the unperturbed
amplitude.

The typical numerical value for the unperturbed ampli-
tude is

e dipole moment in the language of the molecular ap-
proach. The two views are not mutually exclusive at all.

III. DISTRIBUTION OF THE ANGULAR MOMENTUM

(37,36IIE 1ll38, 37) = —3.07,

2L +1
C37

2L —1
36

while the first-order amplitude is
1/2 1/2

(10) The angular momentum to be brought in exotic-atom
formation is given essentially by a classical estimate,
namely, the momentum times the impact parameter, be-
cause the wavelength of the incoming X is much small-
er than the collision size. The maximum angular momen-
tum L at an incident center-of-mass (c.m. ) energy E is

(f&, (r)lrl f2~, (r)), =+1.20 . (11) L ( E)=a &2ME, (12)
[In Eq. (YO-10) there was an error in the sign of cz, but
the conclusion is unchanged. ] The radial matrix element
was evaluated by using the calculated basis functions.
The second term gives rise to a substantial reduction in
the total transition amplitude, yielding a suppression fac-
tor of 1 —a=(1.87/3. 07) =0.37.

Of course, we do not have to use the perturbation
method. We confirmed the results of the perturbation
approach by comparing the diagonalization results on the
energies, wave functions, and transition rates in the two
cases, with and without 1s-np mixing. Note that the en-

ergy level intervals do not depend on the mixing, while
the transition rates do change by a factor of 3.

The large reduction of the E1 transition strength
which has been shown above from the viewpoint of the
hL =1 configuration mixing is physically equivalent to
the compensation of the p dipole moment by that of the

I,„=a +2ME (13)

The maximum value E,„may probably lie between the
lowest excitation energy, i.e., E, =21 eV, and the ioniza-
tion energy I0 =24.6 eV, because above Io the ionization
process dominates.

The initial population of I, P (I), is a convolution of the

with a being the maximum impact parameter. Since the
bound X is formed most likely at a radius which is
around the electron radius, we can set a =a, .

Exotic-atom formation takes place when the energy of
particle X reaches somewhere below the ionization en-
ergy Io after the ionization loss process. The beam inten-
sity w (E) at the formation is expected to distribute con-
tinuously from 0 to E,„and thus the angular momen-
turn has an upper limit
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0.5

laws: (i} The binding energy of the formed atomic levels
of pHe+ at n =no (with respect to He +} is assumed to
be that of He, 79 eV. The critical angular momentum is
given by setting the binding energy of circular orbitals of
ionized pHe +,

0. 1

4 M
(1+1)' m

to 79 eV, which yields

Lo =0.83 .
no

(17)

(18)

0.0

FIG. 1. A schematic presentation of a convolution effect of
normalized statistical shapes with cutoff at I =L (E) which cor-
responds to the p energy at capture. The yield 0(E)w(E) is as-
sumed to be independent of E.

1 1

a 2M' (15)

For a crude estimate of P(l}, let us assume that the for-
mation rate o (E)w (E) is independent of E. Then, we ob-
tain the simple formula

P(l) ~(21+1)ln(l~,„/1) . (16)

As shown in Fig. 1, this gives a bell-shaped distribution.
The purpose of deriving such a formula was to under-
stand the phenomena in a semiempirical and semitheoret-
ical parametrization. Since the energy distributes from 0
to E,„, there is a certain limit of 1, and the statistical
distribution of I for unlimited 1 is inconceivable. No ex-
perimental information concerning the initial population
of 1 is available from any earlier experiments on exotic
atoms, since they are not directly related to the initial dis-
tribution of l. A nonstatistical distribution with a cutoff
parameter, P(1)=(21+1)exp(—al), is often introduced
without any real justification.

Although the above bell-shaped distribution formula
results from definite physical assumptions, the value ofl,„should be regarded as being a somewhat adjustable
parameter in view of the crudeness of Eq. (12}. Theoreti-
cally, a better-founded formula may certainly be possible
and would, indeed, be welcome.

The 1 distribution has a scaling factor &M as do no
and 1,„, and thus the shape of P(l) is a universal func-
tion of I/l, „. The critical angular mornenturn Lo which
divides metastable and "prompt" states (namely, a state
with 1 )Lo is metastable) can be crudely estimated as fol-

normalized statistical shape with a cutoff parameter
L (E) that depends on E (see Fig. 1), namely,

nax 2,l +$P(l)~ f 0(E)w(E)dE
[L (E)]

~ (21 +1)f cr(E)w (—E)dE,
E( E (14)

with

Although the actual critical angular momentum may be
somewhat larger than this crude estimate, what is impor-
tant here is that Lo is scaled by M'~ (or, equivalently, by
no). This means that the delayed fraction is nearly in-

dependent of the mass of X . This is consistent with the
observation that the delayed fractions for m, E, and p
are all around 3%%uo [2—4].

SK's criticisms seem to be mostly based on misunder-
standing and confusion. In the above derivation YO as-
sume the energy dependence of the beam intensity (not
the number density) and the capture cross section to be
uniform. The criticism (1) of SK is incorrect, because we
use w (E) as the beam intensity spectrum, not the density
spectrum, and so no velocity comes in explicitly. This is
a normal procedure which experimentalists use [14]. We
can say more generally that the same formula results
from the assumption that the total yield of exotic atoms,
namely, o(E)w(E), is independent of E below a certain
limit (say, E, or Io). There is no inconsistency in YO;
Eq. (YO-14) is a formula for a maximum 1 when E is arbi-
trarily given, while the 1,„ in the expression of P(1), Eq.
(YO-17), is that for a distributed E with a definite upper
limit E,„. Whether w(E) extends to E, or Io gives a
different 1,„, (48 or 52, respectively). The value of the
parameter should, however, be taken as being somewhat
arbitrary because of the too simple assumptions in Eq.
(YO-14).

The above derivation of P(l) does not depend on the
population of n Obvious. ly, the formula is applicable
when states of n larger than 1 are populated, as SK also
point out. Empirically, there is evidence that the circular
states of l-no —1 or more, are not highly populated;
otherwise, a much longer-lived component than ~-3
@sec would be revealed. This means that there is an
empirical limit on 1 which nearly satisfies 1 & no —l. In
conclusion, we learn empirically that l,„ is around no.
We need and wait for a rigorous theory for the individual
population of both n and l.

IV. ISOTOPE EFFECT

YO considered the isotope effect on the overall lifetime
of the p~e+ atom on the following grounds. Let us
define R =M(p"He)iM(p He)= —",, . In the atomic pic-
ture the energy spacing is approximately given by
difFerentiating Eq. (YO-2) as

(19)
ll o
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for the most probable n =no=(M/m)'~2. Here, the
essential point is the inverse proportionality of AE to no,
which is defined separately for He and He. We then ob-
tain

b,E„( He)
=R '"=1 03

bE„( He)
(20)

A calculation using the molecular approach gives this ra-
tio as 1.025, showing that the crude estimate is not bad.
Although the E1 matrix element depends on the reduced
mass, the unperturbed transition rates at the most likely
n are the same for He and He, as stressed in YO. In the
first-order correction the transition rates for both He
and He are reduced, but remain equal to each other be-
cause the reduction factor a is independent of M. YO
therefore considered only the M dependence of (bE)
giving

r„( He)/r„( He)=R =1.09 . (21)

The molecular approach gives a value (1.09) equal to the
above simple estimate. Do SK want to claim that this re-
lation has a large error as much as 30%?

This ratio may be good enough to represent the ratio
for the trapping time, but we made a slightly more accu-
rate tuning. The overall lifetime should be the represen-
tative level lifetime multiplied by an average cascade
number of metastable states at n -no. Since the metasta-
ble states are distributed over a given energy interval, the
number of metastable cascades is expected to be propor-
tional to the level density at n no, nam-ely, to (b,E)

Multiplying this factor, YO obtained

r ~ (bE) '~M' . (22)

This procedure implicitly assumes that the number of the
contributing metastable cascades is rather small. This
view is consistent with the experimental fact that the
overall trapping time is around 3 psec. The purpose of
deriving such a crude estimate was to plan an experimen-
tal verification of the Condo-Russell model for the meta-
stability. This crude estimate gave r( He)/r( He)
=R =1.13, a small but observable effect. Indeed, short-
ly after the derivation a dedicated experiment to observe
the isotope effect was carried out [5]; the experimental
value turned out to agree with the above crude estimate.

The present estimate would not be good if we were not
allowed to neglect effects other than the radiative transi-
tions. Better theories would take into account effects oth-
er than the radiative lifetimes.

SK seem to insist that when a theory has an uncertain-
ty in explaining the absolute value of an experimental ob-
servable it cannot predict the isotope shift with better
precision. This does not make sense; all of the isotope
shifts, isomer shifts, hyperfine anomalies, etc. , have very
small, but nevertheless, meaningful effects.

In summary, the present authors stress that the pur-
pose of YO was to give as simple estimates as possible for
dominant effects consistently based on the atomic picture
for the metastable antiprotonic helium toms. The atomic
approach is shown to be similar to the molecular ap-
proach. We believe that the two approaches are mutually
consistent and helpful. We hope that the crude estimates
given by YO may be improved by more comprehensive
theoretical treatments of these interesting phenomena.
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