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Low-energy difFerential scattering of electrons and positrons from noble gases
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Calculations of cross sections for electron (e ) and positron (e+) scattering from ground-state He,
Ne, Ar, Kr, and Xe at projectile energies below the lowest inelastic thresholds are presented. The main

focus in the present work is on the difFerential cross sections, since angular distributions depend sensi-

tively on the choice of interaction potentials used in the calculations. A part of the interaction potential
used in the calculations includes a parameter-free correlation-polarization potential which is (a) based on

physica1 ideas of what a correlation-polarization potential should be, (b) different for various target
gases, and (c) distinct for electron and positron scattering. The present calculations of difFerential cross
sections predict the locations of the principal maxima and minima with good accuracy and the shapes of
the calculated differential cross-section curves compare quite well with available experimental cross sec-
tions.

PACS number(s): 34.80.8m

I. INTRODUCTION

The traditional model potential approach, which has
been used by a number of investigators, for calculating
low-energy electron- and positron-atom elastic-scattering
cross sections employs a complex interaction potential
that is partitioned into the static, exchange, polarization,
and absorption parts. The efFects of the correlation be-
tween the projectile and the atomic electrons in the near-
target region, on the other hand, have been included
rather recently [1—5] by using simple parameter-free
model potentials. These recent investigations construct a
correlation potential ( V„„)from the correlation energy
functional, which has been constructed both for, electrons
[6] and for positrons [7]. Our purpose, in the present
work, is to obtain a general parameter-free correlation-
polarization potential which, when used in the scattering
calculations, would provide differential cross sections for
the scattering of both electrons and positrons from a
large number of target gases over a wide range of impact
energies.

We have calculated differential cross sections (DCS}for
positron and electron scattering from the rare gases He,
Ne, Ar, Kr, and Xe, in the ground state, at energies
below the lowest inelastic thresholds for which experi-
mental data are available for comparison; there are no ex-
perimental data for positron-helium scattering below the
inelastic threshold. For electron scattering, the inelastic
thresholds (corresponding to excitation of the target
atom} for He, Ne, Ar, Kr, and Xe are 19.8, 16.6, 11.5,
9.9, and 8.3 eV, respectively. For positron scattering, the
inelastic thresholds (corresponding to positronium forma-
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tion) for He, Ne, Ar, Kr, and Xe are 17.8, 14.8, 9.0, 7.2,
and 5.3 eV, respectively. For projectile energies below
the inelastic threshold, the interaction potential is real;
for electron scattering, it consists of static, exchange, and
correlation-polarization parts and, for positron scatter-
ing, it has only static and correlation-polarization parts.
The static interaction is repulsive for positron-atom
scattering and is attractive for electron-atom scattering;
thus, apart from an overall sign, the static interaction is
th'e same for electron and positron scattering from a tar-
get atom. The correlation-polarization part, on the other
hand, is different for the two projectiles since the incident
positron correlates differently with the target electrons
than the incident electron does. In the present investiga-
tions, we propose a new form of the parameter-free
correlation-polarization interaction which is based on the
correlation potentials V„„ofPerdew and Zunger [8] for
the electron-scattering calculations and of Jain [4] for the
positron-scattering calculations.

Traditionally, rare-gas atoms have been used for inves-
tigating new theoretical models for calculating
differential electron- and positron-scattering cross sec-
tions as well as for calibrating the corresponding experi-
mental measurements. Since 1975, theoretical DCS cal-
culations below the inelastic thresholds (low energy) for
electron rare-gas scat—tering have been presented for heli-
um [3,9—28], neon [24—26,29—37], argon [25,26,38—53],
krypton [25,37,51-61], and xenon [25,37,60—65]. DCS
calculations for low-energy positron —rare-gas scattering
have been presented for helium [66—69], neon [70], argon
[4,35,49,50,70—73], krypton [73], and xenon [73]. While
we have only listed papers in which low-energy DCS cal-
culations were presented, other authors have presented
pieces of related information such as the scattering length
and the phase shifts in this energy range.

Experimental measurements of differential cross sec-
tions, below the first inelastic threshold, for
electron —rare-gas scattering since 1975 have been
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presented for helium [74—83], neon [77,83—86], argon
[77,83,87—92], krypton [91—94], and xenon [92,94—97].
Similarly, low-energy DCS measurements for
positron —rare-gas scattering have been performed for
neon [77), argon [77,98,99], krypton [77,100], and xenon
[77].

We remark on the motivation of our work in contrast
with the previous calculations. It is to be noted that
several of the previous calculations of differential cross
sections for the scattering of electrons or positrons from
rare gases were carried out for specific targets and, in
some instances, might possibly show better agreement
with the corresponding experimental data than the
present calculations do. In the present work our focus is
not necessarily to find the most accurate interaction for
any speci6c electron-atom or positron-atom system.
Rather, we strive to obtain a model interaction that
would be globally applicable for both electron and posi-
tron scattering from different targets.

II. INTERACTION POTENTIALS

We use atomic units unless stated otherwise. In decid-
ing upon the correlation-polarization interaction V,&(r)
to be used in the present calculations, we seek a form that
satisfies the following reasonable criteria.

(i) V, behaves asymptotically as

a& aq

2r 2r

p(r)= g ~P;(r)~', (2)

with its radial part as

p(r)= fp(r)dQ .
1

4m
(3)

Figure 1 also indicates the approximate location of R„b.
Even though the same form is used for both electron and
positron projectiles, the correlation-polarization interac-
tions for the two projectiles are different since the V„„

at the charge-density peak of the outermost occupied or-
bital; it is sometimes called the orbital radius (R „b). Ob-
taining d in this manner forces the potential to approxi-
mate correlation effects at and inside of R„b. We choose
this scheme because explicit use of V~„(r) in the near-
target region introduces an undesirable discontinuity in
the slope of the total interaction potential at R„b and
does not improve the results of our calculations. Also, in
this approach the discontinuities in slope arising from
piecewise fittings [4,8] of V„„to analytic expressions in
different ranges of r are avoided. Figure 1 shows the ra-
dial charge density of various rare gases, calculated using
analytical Hartree-Fock wave functions [101]that are in
the form of Slater determinants made up of normalized
one-electron orbitals P, (r). The electron density p(r) is

given in terms of these one-electron orbitals as

as r approaches ~. This form is suggested by the classi-
cal interaction between a charged projectile and a neutral
atom; az and a~ are, respectively, the static dipole and
quadrupole polarizabilities of the atom.

(ii} For a given projectile-atom system, V, gets small-
er in magnitude as the energy of the projectile increases.
This is suggested because intuitively one expects the tar-
get atom to experience less distortion from more rapidly
moving projectiles due to the reduced response time.

(iii) For a fixed energy of the incident projectile, V,
approaches its asymptotic form more rapidly for smaller
atoms. This is expected because the smaller atoms, hav-

ing fewer electrons, are more tightly bound and are,
therefore, more difficult to distort (compare the ioniza-
tion potentials of various rare-gas atoms, which are
24.588, 21.565, 15.760, 14.000, and 12.130 eV for He, Ne,
Ar, Kr, and Xe, respectively).

The above conditions can be satis6ed by several forms
of V

p
and many were tried in the present investigations.

The correlation-polarization interaction that we eventual-
ly decided to use has the following form:
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where E =Pi k i2m is the energy of the incident projec-
tile and Z is the atomic number of the target atom. The
value of the nonadjustable parameter d is obtained by set-
ting V,p equal to V~„at the edge of the near-target re-
gion where the effects of correlation become important.
We de6ne the edge of the near-target region to be located

r [a.u. ]

FIG. 1. The radial electron charge density of various rare
gases. The vertical line indicates the position of the density
peak of the outermost orbital.
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TABLE I. Values of az, a~, and R„b for various target atoms as well as the values of the nonadjust-
able parameter d for both electron and positron impacts.

Target

Helium
Neon
Argon
Krypton
Xenon

ad (a.u. )

1.38
2.66

11.1
16.7
27.3

a (a.u.)

2.44
6.42

52.8
95.6

212

R orb

0.55
0.67
1.25
1.50
1.86

d (a.u.) for e+

1.29
1.84
2.02
2.28

d (a.u. ) for e

1.55—1.6
1.86—1.87

2.74
3.06
3.52

used for generating V, are different. Table I provides
the values of ad, as, and R„b for various target atoms as
well as the values of the nonadjustable parameter d for
both electron and positron scattering in the range of im-
pact energies being presented.

The energy dependence of V,~ represents the nonadia-
batic correction to the dipole term, which is a measure of
the inability of the induced dipole to instantaneously ac-
count for the motion of the projectile and is known [102]
to behave asymptotically as 1lr . This energy depen-
dence is chosen to be a linear function of k, which is
similar to the suggested energy dependence of the nonadi-
abatic correction to the dipole term [103]. In order to
make this correction term different for various target
atoms we have explicitly included a Z dependence, which
is consistent with criterion (iii) listed above. Figures 2
and 3 show, respectively, correlation-polarization interac-
tions for the scattering of 5-eV electrons and positrons
from various rare-gas atoms. The fact that the potential
mimics the correlation effects inside of R„b can be seen
by observing that the magnitude of V, in the region

V ( )
Zs f p(r ) g g

r [r—r'[

which for a spherically symmetric density reduces to

(4a)

r & R „b is practically the same for any target for electron
as well as for positron impact. As noted previously in
criterion (iii), one can see clearly in Figs. 2 and 3 that V,~
is approaching its asymptotic form more rapidly for
smaller atoms. Since the present study is limited to low-

energy projectiles, for which k is small, the effect of this
term on most of the DCS results presented below is
minimal. However, for near threshold scattering from
helium and neon targets, for which the inelastic thresh-
olds are relatively high compared to those of argon, kryp-
ton, and xenon, we do obtain noticeable improvement at
smaller scattering angles (8(60') upon inclusion of the
energy dependent term.

The static potential, calculated using electron densities
p(r), is given by
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FICx. 2. The correlation-polarization potential, for an in-
cident electron energy of 5 eV, and the dipole asymptotic form
( —a/2r ) for various rare-gas atoms.

FIG. 3. The correlation-polarization potential, for an in-
cident positron energy of 5 eV, and the dipole asymptotic form
( —a/2r ) for various rare-gas atoms.
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V, (r) = —4me r'~dr' .
Ze p(r')

T 7 0
(4b)

V,„(r)= ,' [ED—Q—[ED+4mp(r. )]] .

Here c, is + 1 for positron projectiles and —1 for electron
projectiles. The exchange potential used in the present
calculations for closed-shell atoms is given by Riley and
Truhlar [104],

where h is the step size (0.00075 a.u. } of the calculation,
and j& and nI are the spherical Bessel and Neumann func-
tions evaluated using the algorithm of' Gillman and
Fiebig [105].

The scattering amplitude is obtained by

max

f(8)=(2ik) 'g(2l+1)(SI —1)PI(cos8)
t=o

In the present case ED =E—V, (r). +f4(8)+f6(8), (7)

III. CALCULATIONS

The above potentials are placed in the radial
Schrodinger equation and integrated out to a distance of
60 a.u. from the nucleus via the Numerov technique. The
first sixteen (I,„=15 } phase shifts are calculated exactly
by comparing uI, the radial wave function of the target
plus projectile system, at two adjacent points r and
r+ =r +k:

f4(8) = —mkud
sin(8/2) '" PI (cos8)t

+
2 I 0 (21+3)(2!—1)

where S~=exp(2i5&). The functions f4 and f6 are the
higher I contributions from the Born phase shifts for the
dipole ( —1/r ) and quadrupole ( —1/r ) parts of the po-
larization potential, respectively. The closed-form ex-
pressions, in atomic units, for these functions are [106]

r+ ui(r)ji(kr+ ) rui(r—+ )j i(kr)
tan(5, )=-

ru&(r+ )n&(kr ) r+ uI(—r)n&(kr+ )
(6)

and

(8)

f6(8)= —3nk a

I

sin (8/2)
I P, (cos8)

18
i o (2l+5)(21+3)(2l —1)(21 —3)

+g

where ad and a are the dipole and quadrupole polariza-
bilities of the atom, respectively. Finally, the differential
cross sections are obtained from the scattering amplitude
in the usual manner,

(10)

I

as ionization energies of argon and neon and of neon and
helium are larger than the corresponding differences of
xenon and krypton and of krypton and argon. ) This sug-
gests that not only are helium and neon more tightly
bound atoms because they are smaller, as alluded to in
criterion (iii) of Sec. II, but that this binding may be

2.0 .

e-Heat &eV
4

IV. RESULTS AND DISCUSSIONS

A. Electron scattering

Previously, we generated [107] complete three-
dimensional plots of the DCS surfaces, as functions of the
scattering angle and the projectile energy, in the elastic
regime for electron scattering from rare gases using
correlation-polarization interactions, which were slightly
different from the ones used in the present investigations.
Even in the present study, we have calculated DCS
curves for a very wide range of incident energies below
the inelastic thresholds. Figures 4—8, however, display
only a few of the present DCS curves for electron scatter-
ing from helium, neon, argon, krypton, and xenon. In or-
der to make our figures more clear and intelligible, we
compare our theoretical results with only a few selected
sets of experimental data.

It is worth noting that helium and neon are dis-
tinguished from the other rare gases in that these are rel-
atively small rare-gas atoms and have completely filled
shells; the other rare-gas atoms only have filled subshells.
(Note that the diff'erences between the excitation as well
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FIG. 4. Differential cross sections for the elastic scattering of
5-, 12-, and 18-eV elecrrons by helium. The circles (Ref. [74])
are experimental cross sections; the lines are the present results.
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FIG. 5. Di6'erential cross sections for the elastic scattering of
7-, 10-, and 15-eV electrons by neon. The circles (Ref. [85]) and
diamonds (Ref. [86]) are experimental cross sections; the lines
are the present results.

FIG. 7. Differential cross sections for the elastic scattering of
3-, 5-, and 7.5-eV electrons by krypton. The solid circles (Ref.
[91]) are experimental cross sections; the lines are the present
results.
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FIG. 6. Differential cross sections for the elastic scattering of
3-, 5-, and 7.5-eV electrons by argon. The solid circles (Ref.
[91]) are experimental cross sections; the lines are the present
results.
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FIG. 8. Differential cross sections for the elastic scattering of
1-, 2.75-, and 5.75-eV electrons by xenon. The circles (Ref. [95])
are experimental cross sections; the lines are the present results.
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enhanced due to the fact that these atoms have complete-
ly filled shells. Therefore, it is reasonable to believe that
it is more important to account for the effects of this
stronger binding for helium and neon than for the other
rare-gas atoms. This stronger binding suggests a depen-
dence of the correlation-polarization part of the interac-
tion potential on the target Z, which we have taken as in
Eq. (1). The fact that the efFects of this k lZ term are
only evident for helium and neon in the present calcula-
tions may be explained by the above argument for Z as
well as by the increasing influence of k on near threshold
scattering from helium and neon targets, for which the
inelastic thresholds are relatively high compared to those
of argon, krypton, and xenon.

The global picture for electron scattering shows good
agreement at larger scattering angles and a tendency to
slightly overestimate the differential cross sections at
smaller scattering angles for all rare-gas targets. This
overestimation, while not too severe, is most pronounced
at lower energies and may be partially attributable to the
model exchange potential which becomes less accurate at
very low energies [104]. More importantly, we note that
for all of the targets considered the magnitude and shape
of the present DCS curves are quite reliable. The loca-
tions of the principal maxima and minima, which are
somewhat sensitive to the form of the correlation-
polarization interaction used, are consistently predicted
with good accuracy. However, in the case of electron-Ar
scattering at 3 eV, how well the present calculation fits
the second minimum around 130' is ambiguous due to the
lack of experimental data above 135'. At 7.5 eV, the
present calculation gives good results; however, there is a
sharp feature in the experimental data between 120' and
130'. Our calculation does not predict such behavior but
produces a curve with this sharp feature smoothed over.

For the electron-Xe cross sections of Fig. 8, we note
that the present nonrelativistic calculations can predict
the locations of the principal minima in the DCS curves
reasonably well, even for this large atom. Furthermore,
the accuracy of the calculations improves with increasing
electron energy. The xenon DCS curve for 5.75-eV elec-
trons produces one of the best agreements with experi-
mental absolute DCS data among all of our results.

B. Positron scattering

Again, in our previous work, we generated [107], using
correlation-polarization interactions which were slightly
different from the one used in the present investigations,
complete three-dimensional and contour plots of DCS
surfaces for positrons scattered from helium, neon, argon,
krypton, and xenon as functions of the scattering angle
and the projectile energy below the inelastic thresholds.
However, in Figs. 9—12 of the present work we compare
the DCS curves for positron scattering from Ne, Ar, Kr,
and Xe only, using the present interaction potentials,
with the available experimental data in the elastic-
scattering regime. No DCS curves for the scattering of
low-energy positrons from helium are shown since no
corresponding experimental data are available. The elec-
tron results are better indicators of the quality of the
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FIG. 9. Dift'erential cross sections for the elastic scattering of
13.6-eV positrons by neon. The squares (Ref. [77]) are experi-
mental cross sections; the line is the present result. The experi-
mental results are normalized to the present calculations at 75'.

correlation-polarization interaction than the positron re-

sults; this is because in the case of positron scattering for
each target considered, except argon, corresponding ex-
perimental data are available at only one incident energy
below the inelastic threshold. Furthermore, except for
krypton, these experimental differential cross sections are
all in the form of relative data requiring some normaliza-
tion.

As in the electron-scattering case, we find that the
shape of the DCS curves and the locations of the minima
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FIG. 10. Di6'erential cross sections for the elastic scattering
of 5- and 8.7-eV positrons by argon. The squares (Ref. [77]) and
triangles (Ref. [98])are experimental cross sections; the lines are
the present results. The experimental results at 5 and 8.7 eV are
normalized to the present calculations at 90' and 70', respective-
ly.
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FIG. 11. Differential cross sections for the elastic scattering
of 6 67 eV .pos-itrons by krypton. The crosses (Ref [100]).are ab-

solute experimental cross sections; the line is the present result.

are predicted with good accuracy. This fact is particular-
ly important for our goal of obtaining interaction poten-
tials with global applicability because the location of the
minima for positron scattering are even more sensitive to
the choice of V, than in the electron case. Even after
normalization of the experimental cross sections, our re-
sults tend to underestimate the minimum; this underes-
timation can be partially attributed to the finite angular
acceptance of the scattered positron detectors and the
finite-energy width of the positron beam (see, for exam-
ple, Ref. [99]).

Two points concerning the argon and krypton DCS
plots are worth noting. In the lower half of Fig. 10, the
relative differential cross sections of Floeder et al. [98]
are at 8.5 eV, whereas the relative cross sections of Smith
[77], normalized to the present curve at 70', and the
present calculated cross sections are both at 8.7 eV. In
Fig. 11, the present positron-Kr differential scattering
cross sections are compared with the absolute experimen-
tal data of Dou et al. [100]. We see here that the present
calculation does provide the overall shape of the DCS
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FIG. 12. Differential cross sections for the elastic scattering
of 5-eV positrons by xenon. The squares (Ref. [77]) are experi-
mental cross sections; the line is the present result. The experi-
mental results are normalized to the present calculations at 75'.

curve as well as the location of the principal minimum
with very good reliability considering the extent to which
the actual experimental values overestimate the present
calculations. An additional reason for the difference be-
tween the experimental results and the present results
may be that the experimental errors shown in Fig. 11 are
only the statistical uncertainties; the estimated upper lim-
it on the uncertainty, resulting from the normalization
procedure used for converting the experimental relative
DCS to absolute DCS, is +20%%uo. Since in general the lo-
cation of the principal minima of the DCS curves is sensi-
tive to the correlation-polarization interaction used in the
calculations, it is somewhat surprising that the location
of this minimum in the positron-Kr system is predicted
so accurately while the DCS curve lies as far below the
experimental values as it does.

Although the focus of our investigations is on the cal-
culations of differential cross sections, for the case of pos-
itron scattering there are so few measurements of the
differential cross sections that a comparison of the
present integrated elastic cross sections 0 T, with the cor-
responding experimental cross sections is worthwhile.
However, in several instances the numerical values of the
experimental cross sections were not available at exactly
the same impact energy E for which the present calcula-
tions were done. For comparison purposes, the present
theoretical and experimental values of the pair [E,o r] in
a.u. are [13.6,2.05] and [13.5, 3.40] [108], respectively,
for neon; [5,8.94] and [5,9.67] [109], respectively, for
argon; [6.67, 13.6] and [6.8, 17.6] [110], respectively,
for krypton; and [5,26.6] and [5,37.5] [110],respective-
ly, for xenon.

V. CONCLUSIONS

We have constructed a correlation-polarization in-
teraction that gives good agreement with low-energy ex-
perimental differential cross sections for both electron
and positron scattering from all of the rare-gas atoms
(there are no experimental data for radon). Even though
the results are presented only for a few selected energies
of the projectiles, the actual calculations are carried out,
for each target atom, over a larger energy range extend-
ing from very low to the first inelastic threshold. The
correlation-polarization interaction is presented as an
analytical expression containing no adjustable parame-
ters. The proposed form of this interaction clearly
confirms the importance of accounting for the correlation
between the projectile and the target electrons. It is no-
ticed that from among the many models studied, the
correlation-polarization interaction that gives good glo-
bal results also contains, in addition to including correla-
tion effects, dependences on projectile energy (k ) and on
target (Z).

The interactions that we use for electron and positron
scattering in the present calculations are identical in
analytical form but different in numerical values. The in-
clusion of correlation effects makes the positron V, more
attractive than the electron V, in the near-target region
(see Figs. 2 and 3). We intend to explore the applicability
of this V,~ interaction to other atomic target groups (e.g.,
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alkali atoms) with our ultimate goal being to obtain a sin-

gle form of the correlation-polarization interaction that
will predict the shape of the differential cross sections for
electron and positron scattering from any atom with suc-
cess equal to, or better than, the present calculations for
rare gases. Based on the present results, we believe that
this goal is achievable, even though this ultimate interac-
tion might require a more complicated dependence on
projectile energy and on target. We believe that the

present investigation has brought us closer to achieving
this goal.
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