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The dispersion interaction energy for a pair of chiral molecules in their ground states is calculated us-

ing the multipolar form of quantum electrodynamics. The calculations go beyond the electric-dipole ap-
proximation, and the interaction Hamiltonian includes the electric-quadrupole, magnetic-dipole, and di-

amagnetic coupling terms. The energy is calculated using two methods: one with standard fourth-order
perturbation theory and another with a response formalism. In the perturbation approach, the inter-
molecular coupling arises from two-photon exchange whereas in the response method, the energy shift is

calculated from the response of one molecule to the Maxwell fields of the other. In both calculations re-
tardation effects are taken into account. It is shown that the dispersion energy contains a contribution
that depends on the relative handedness of the two molecules. An expression for this discriminatory en-

ergy shift, valid for all intermolecular separations beyond the electron overlap, is presented. In addition
to the discriminatory energy shift, results are presented for the interaction energy shift between a mole-

cule with electric-dipole polarizability and another with magnetic-dipole or electric-quadrupole polariza-
bility. The limiting behavior of these shifts in the near and the far zone is examined.

PACS number(s): 34.20.—b, 33.90.+h, 12.20.—m

I. INTRODUCTION

Early quantum-mechanical investigations of the in-
teractions between neutral molecules separated by dis-
tances beyond the electron overlap were made using
second-order perturbation theory with electrostatic dipo-
lar coupling. The intermolecular energy shift, called the
dispersion energy, showed an 8 dependence. In these
studies no account was taken of the finite speed of propa-
gation of electromagnetic influences. Casimir and Polder
[1,2], in a pioneering study took account of the speed of
propagation of light and showed that such an inclusion
led to a replacement of the R -dependent dispersion en-

ergy by an 8 dependence at large distances. Their pre-
diction was later confirmed experimentally [3,4]. Interac-
tions between chiral (optically active) molecules show an
additional interesting behavior. The dispersion energy
between two chiral molecules contains a contribution
that depends on the relative handedness of the two mole-
cules. The interaction energy between a right-handed
molecule of one species A with a right-handed one of
another species B is different from that of the right-left
pair. Such a discriminatory interaction is known as
chiral discrimination [5]. The origins of the discrimina-
tory interaction lie in the low symmetry of chiral mole-
cules and the transitions in these molecules are in general
both electric-dipole and magnetic-dipole allowed.

Previous studies [6,7] of this discriminatory interaction
have been confined to either small intermolecular separa-
tions (near zone) or large separations (far zone). In the
near zone the discriminatory dispersion energy may be
calculated using standard second-order perturba-
tion theory with electric-dipole-electric-dipole and
magnetic-dipole —magnetic-dipole potentials as perturba-
tion. It has an inverse sixth power dependence on the in-
termolecular distance and is given by [6,7]
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where ls" and m" are the electric- and magnetic-dipole
moments of the transition r~s with transition energy
E Since a. n electric dipole is a polar vector and a mag-
netic dipole is an axial vector, it is evident that the re-
placement of one of the molecules by its enantiomer leads
to a change of sign.

In the far zone, where retardation effects are impor-
tant, quantum electrodynamical calculations [6,8] showed
an inverse ninth power on the distance and the energy
shift was found to be
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Again the discriminatory nature of the interaction energy
is self-evident.

In this paper we report a result for the complete
discriminatory dispersion potential for a pair of chiral
molecules in their ground electronic states valid for all
separations outside the electron overlap region. The cal-
culations have been performed using two methods within
the framework of molecular quantum electrod dynamics in
the multipolar formalism. Both are extensions of earlier
studies used to derive the Casimir-Polder potential. One
is based on fourth-order perturbation theory together
with the use of diagrammatic techniques [8]. The other
uses a form of response theory [9,10] where the Maxwell
fields in the neighborhood of one molecule are first calcu-
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lated [11]and from the response of the second molecule
to these fields the discriminatory interaction energy is ex-
tracted.

An outline of the two methods is given in Sec. II and
the methods are applied in the subsequent sections to cal-
culate dispersion energies. In Sec. III the discriminatory
interaction energy shift between two chiral molecules is
presented. It is found that the interference between
electric-dipole and magnetic-dipole couplings leads to the
discriminatory shift. The shift is shown to survive ran-
dom orientational averaging. Although the interference
between electric-dipole and -quadrupole couplings also
leads to discriminatory shift for an oriented molecular
pair, the shift vanishes, as shown in Sec. IV, on averag-
ing. Sections V and VI are devoted to nondiscriminatory
dispersion potentials which are of the same order as the
discriminatory potential. It is shown that diamagnetic
coupling can give rise to contributions of the same order.
The asymptotic behavior of the potentials in the sma11-

and large-R limits is discussed.

creation operators of a (k, A, ) mode photon; V is the
quantization volume. The electric and magnetic polar-
ization vectors e'"'(k) and b' '(k) and the wave vector k
form a right-handed triad.

In the electric-dipole approximation, the displacement
vector field is assumed to be constant over the molecules;
this corresponds to the neglect of the spatial variations of
the vector potential over the molecules. In this approxi-
mation the radiation-molecule interaction is solely via the
coupling of the electric dipole to the displacement vector
field evaluated at the molecular center. In a higher ap-
proximation, first-order spatial variations of the vector
potential are taken into account; in the multipolar for-
malism this corresponds to the inclusion of the electric-
quadrupole, magnetic-dipole, and diamagnetic coupling
terms. Thus calculations including magnetic-dipole and
electric-quadrupole interactions to second order must
also include the diamagnetic interaction to first order
[10]. The calculations of dispersion energy reported here
include interactions to this order of approximation.
Thus, for the field-molecule coupling we have

II. OUTLINE OF METHODS (2)H;„,=H;„,+H;„, , (2.4)

A. Perturbation method

H =H~ +H~ +Hf~d +H j11t +H (2.1)

The multipolar Hamiltonian for a two-molecule system
is given by

where

0'"= —c, 'p(A) d(R„)—so '(B) d(Rs)
—m(A) b(R„)—m(B) b(Rs)
—so 'Q,, (A)V, d, (R„)—so 'Q;, (B)V,d;(Rs)

H„and H~ are the Hamiltonians of the molecules A and
B located at Rz and R~; H„d is the second quantized
Hamiltonian of the radiation field; H;"„, and H;„, are the
operators coupling 3 and 8 to the radiation field. In the
multipolar formalism the field-molecule coupling is ex-
pressed in terms of the coupling of molecular multipole
moments to the electric displacement and magnetic fields

[12—14]. The fields are represented by the mode expan-
sions
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(2.3)

a' '(k) and a ' '(k) are the photon annihilation and

where the a sums are over the electrons. It must be not-
ed that in the multipolar formalism, in contrast to the
minimal coupling formalism, there is no direct electro-
static coupling between the molecules. All intermolecu-
lar interactions between neutral molecules are mediated
by an exchange of transverse photons and the interac-
tions are fully retarded.

The leading contribution to the dispersion interaction
is of fourth order in H „",, corresponding to two-photon
exchange, and the interaction energy between two nonpo-
lar molecules in their ground states is given by

&olss,„,lm&&nlla, „,ln&&lzlH;. , Is &&slH;., Io&
b.E=—

I, II, III (Ern Eo)(En Eo)(Er Eo)

The ket vector l0 & is the ground state of the unperturbed
system with the molecules in their ground states and the
field in the vacuum state. The intermediate states are of
four types: (a) both molecules excited and field in the
vacuum, (b) one excited and one virtual photon present,

(c) both in the ground state with two virtual photons
present, and (d) both molecules excited with two virtual
photons present. Their contributions to the energy shift
are found with the aid of diagrammatic techniques. A
typical two-photon exchange graph is shown in Fig. 1. A
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FIG. 1. Typical diagram with two-photon exchange for cal-
culation of dispersion energy.

FIG. 2. Typical diagram involving diamagnetic coupling.
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virtual-photon exchange is represented by a wavy line
and is given the mode label (k, A, ). The intermediate
states of molecule A are labeled m and those of B labeled
n. The energy denominators are easily read off the
graphs. For the graph in Fig. 1 the product of the energy
denominators is (E 0+tick')(Ack+fick')(E„o+Rck).
The number of topologically different graphs involving
two-photon exchange is 12. Each graph has a different
set of denominators, independent of the nature of the in-
teraction vertices. The nature of the vertices, however,
depends on the type of energy shift. For example, in the
graphs for the calculation of the Casimir-Polder poten-
tial, all four vertices are of the —e0 'p, d type, whereas
the discriminatory interaction energy calculation uses
one —e0 'p d and one —m 1 for each molecule. In the
former, where all the vertices are of the same type, 12
graphs contribute. In the latter, the different time order-
ings of the two types of vertices must be taken into ac-
count and the number of graphs increases to 48. In the
calculation of the energy shifts involving H,'„",, three types
of matrix elements (and their complex conjugates} are re-
quired. We list them here for future use:

2

(k', k'), (k, k);S, fqXk(R)f S„o)8m

e A'k
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These are used in Sec. V.

(2.11b}

B. Response method

The calculation of intermolecular energy shifts using a
form of molecular response theory is made in two stages.
The operators for the Maxwell fields in the proximity of a
molecule are first calculated using the Heisenberg picture
[11]. These fields are expanded in powers of the mul-

tipole moments. In our present studies we retain terms

up to and including the magnetic-dipole and electric-
quadrupole moments. As pointed out in Sec. II A, con-
sistency demands the inclusion of the diamagnetic cou-
pling term as weH. The second stage involves the calcula-
tion of the response of the second molecule to the
Maxwell fields of the first using the quantum-mechanical
analog of the expression for the classical integration ener-

gy Eq. (2.12)

where p';", m;" and QJ" are the electric-dipole, magnetic-
dipole, and electric-quadrupole transition moments for
the transition s~r.

In the calculation of some energy shifts the diamagnet-
ic coupling term of the Hamiltonian Eq. (2.6) must be in-
cluded. The diamagnetic coupling is represented by a
two-photon vertex and the two-photon exchange contri-
butions are found from third-order perturbation theory
with the aid of graphs of the type shown in Fig. 2. Typi-
cal matrix elements required for calculations involving
diamagnetic coupling are

—A,,kd;V dk , H,jk(V, dJV„d—i+—.. . (2.12)

a;., G,J, y;J, A;Jk, and 0;Jkl are the various multipole po-
larizabilities: their detailed forms are given in later sec-
tions. The leading term of the dispersion interaction en-

ergy Eq. (2.12) represents the response of a molecule with
electric-dipole polarizability to the displacement field of
an electric-dipole source. A quantum electrodynamical
calculation using this term gives the Casimir-Polder po-
tential [9]. Higher-order terms of Eq. (2.12) are used in
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the present work to calculate higher multipole contribu-
tions to the dispersion energy shift and in particular
discriminatory interaction energies dependent upon the
relative handedness of the molecules.

III. DISCRIMINATORY
DISPERSION INTERACTIONS

A. Perturbation approach

The leading contribution to the discriminatory disper-
sion energy arises from mixed electric-dipole-magnetic-
dipole interactions. The contributions are of fourth order

where each molecule is associated with one —co 'JM, .d and
one —m-b interaction terms. Forty-eight diagrams al-
lowing for different time orderings of the two types of
vertices contribute to the energy shift. They may be
grouped into 12 sets of 4. The graphs within each set
have the same energy denominators, but differ in the or-
dering of the vertices. For the four diagrams of the type
shown in Fig. 1, with the common energy denominator
(E„o+Pick'}(fick+Ack')(E„o+Ack ), but with different
orderings of the vertices, the contribution to the interac-
tion energy, using the matrix elements Eqs. (2.8) and (2.9)
for the electric- and magnetic-dipole couplings, is

b,E=Q
2COV

k, k'

hk'
Om~ mO+On~ nO

2& yCO

x[(5,„k,kk)—(5~1
—k'k(') —e) ek,„(k k„'+k' k„)+(5k kkk)—(5,I —k, k()]

—i(k —k') R
X

(E„o+lick')(Rck +Rck
' )(E„o+lick )

where k is the unit wave vector and the polarization sums have been performed using

ge "'(k)e' '(k)=(5; —k;k, ),

(3.l)

(3.2)

ge '(k)b,' '(k) =
;,e„k„, (3.3)

gb '(k)b,' '(k)=(5;, —k;k, ) . (3.4)

The angular integrations can be done with the aid of

r~(kR ) = f (51—k;kj )e*"' dQ (3.5)

R p )
sinkR + (5 3p p )

coskR sinkR

kR kR (3.6)

1 gkRWiqj(kR)= s;k kke*'"'RdQ= Tie, k
coskR

kR
sinkR

k (3.7}

The other 44 graphs may be grouped into 11 sets of 4, each set having a different energy denominator product. The
contributions from these graphs are obtained in a similar manner and summed. In the summation step the energy
denominators are decomposed into partial fractions in h manner similar to that used in the Casimir-Polder potential
calculation [15]. The expression for the energy shift, which consists of two parts, one symmetric and one antisymmetric
in k and k' is

On nO Om mO

4n'e'oAc' „(k o+k.o)

x f"f" dkdkk'k' 1

k —k'

x . [~,„(kR}~JI(k'R )+~,„(k'R )~,, (kR )]
k

k'+ [v]7(kR )gkj(k'R )+ye(k'R )qkj(kR )] (3.8)

Integrating over k' and changing the k integral to one
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over an imaginary wave-vector u, we obtain

8 —2uR g. .ij kl ij kl ij kl ij kl ij kl

4rrsfic ~„o (k +u )(k +u ) uR uR uR uR uR

(3.9)

where

u'jkl aikajl S'I Sjkt~ ~t

b jk! a'kPjl+'~ kjl 's'I sjkt t

O'Jkl a~k13ji+~ kjl+'~ k~j'l s'I sjkt t

dijkl Pik~jl

ej'kl ~'k~j!

with the dyadics a; and P;j defined by

a; =(5," R, IJ. ),—P; =(5,J 3P,P —) .

(3.10)

(3.11}

Before proceeding to examine the asymptotic behavior of Eq. (3.9), we use the response method to derive the energy
shift Eq. (3.9).

B. Response method

Transitions in chiral rnolecules are in general simultaneously electric- and magnetic-dipole allowed. A consequence
of this is that a chiral molecule possesses a mixed dynamic polarizability tensor G;j(oI), an electric-magnetic analog of
the electric-dipole polarizability tensor, defined by

OF FO OF Fo

Gj(OI) =g + (3.12)
r ErO rO

» contrast to the electric-dipole polarizability tensor a,j(oI},the sign of the mixed tensor Gj(to) depends on the hand-
edness of the enantiomer and it is this property that leads to dispersion interactions that depend on the relative handed-
ness of the molecules. The discriminatory interaction energy, correct to second order in the moments, between two
nonidentical chiral molecules is found from the response of one molecule to the fields of the other. It is given by

EE=Im —QG;, (co o)[d ""(p,;co o)b,'""(m;to o)+d,"'"(m;co o)b,'""(p;,~ o)]
~0 m

yGRJ(oI)[bi Id! I"(pm)+bi I"(pm)di I]
&0 g, g

(3.13)

In Eq. (3.13) molecule A has been chosen to be the source and 8 the test body. The final expression for the energy is of
course independent of this choice. We note that the term dependent on the zero-order field is a self-energy term and is
not dependent on the source A. Also the term linear in the moments does not contribute to the energy shift as it in-
volves an overall change in the photon number. The first term of Eq. (3.13) represents the response of molecule B
through its mixed polarizability G,"(to o) at frequency to o to the first-order fields associated with the transition m~—0
of A. The second term represents the response of B to the second-order field A and the vacuum field. Using the
electric- and magnetic-dipole-dependent Maxwell fields linear in the moments, derived in Ref. [11],the first term of Eq.
(3.13) is found to be

P

1 ~ R O O 6 ( ik jl+sjlss kt+ +t ) (~ k'l jl k~jl ~ kj'I+a 'ktsjl ~ ~t )''I klj!'
16+sc ~ 'j ~oPk I ~0 k Q

~G'(k ) o-m™ok' + +k'~' k oR

(3.14}

An evaluation of the contribution dependent on the zeroth- and second-order fields of Eq. (3.13) with the aid of the ex-
pansions for the free field and the second-order fields gives
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1 lt Om mo 6 (~ik+jl+ejlssikt~s~t ) (~ik~jl aik~jl 1 ik+jl+eiktejls~s~t } ~ik~jl

16' ~ ij mOI k I mo
k

~G (k ) m k + +
Cpc m m m m

oo
8 —2uR g. .

ij kl ij kl ij kl ij kl ij kl

4tr3eofic3 „' o (k +u )(k +u ) uR uR uR uR uR

(3.15)

where a,jkl, . . . , e,jkl are given by Eqs. (3.10). It may be
noted that the contribution Eq. (3.14), dependent on the
first-order fields, exactly cancels the first term of Eq.
(3.15). A similar cancellation has been noted in earlier
calculations on the Casimir-Polder potential [16]. So the
total interaction energy is simply the u-integral term of
Eq. (3.15) and is identical to Eq. (3.9) obtained in Sec.
III A by standard perturbation theory.

C. Complete potential for randomly oriented molecules

in agreement with previous work [6]. In the near-zone
limit (kR « 1) it is sufficient to retain the leading term of
Eq. (3.17), namely, the R -dependent term, and the ex-

ponential factor can be set to unity. The near-zone shift
is then found to be [7]

ly' m 'I lu'"m"'I
«Nz= . . . , X12m'eo'c'R '

~„~p+E.p

To obtain Eq. (3.19) from Eq. (3.17) we have used

Expression (3.9) applies to a molecular pair with fixed
relative orientations and may also be written in terms of
the mixed-polarizability tensor G; over imaginary fre-
quency as

1 2 u
dua+b m' o (a +u )(b +u }

(3.20)

fi f du u e ""G;"(icu)Gki (icu )
16K Fpc

ij kl ij kl ij kl ij kl ij kla" b c. d e"
u2R2 uR uR uR uR

We mention in passing that the near-zone result Eq.
(3.19) can also be obtained using second-order perturba-
tion theory with static dipole-dipole coupling potentials

(3.16)
I,"(jap, ) = (5; —3';P ),

4n.eoR ' (3.21)

or in terms of the rotary strength R,Jo=im(po'mi'0). To
deal with molecules in the fiuid phase, a rotational aver-

age of Eq. (3.16) is needed. By following the standard
procedure [17], the discriminatory dispersion interaction
energy for two freely rotating chiral molecules valid for
all separation distances beyond the electron overlap is

1 0 .m OII O.m OI

18' Epic R

o (k +u }(k +u) uR uR
(3.17)

D. Asymptotic behavior

We now examine the asymptotic behavior of Eq. (3.17)
in the limits of large and small intermolecular separation.
In the far-zone limit (kR ))1) the molecular separation
is much larger than the wavelengths of the rnolecu1ar
transitions. In the denominator of Eq. (3.17} u may be
ignored in relation to k p and k„p. After performing the
u integral, the discriminatory interaction energy in the
far-zone limit is found to be

g3c I@0m mmo
I I

on noI
~EFz=

3~3e~2 9 ~ g2 ~2 (3.18)

m, ~m,~

V; (mm)= '
(5;j —3R;R, ) .

4~&pc R
(3.22)

The result for all R is given by Eq. (3.17) and those for
large and small intermolecular separations are respective-
ly given by Eqs. (3.18) and (3.19). This interaction po-
tential is discriminatory, dependent upon the relative
chirality of the molecules of the pair. The polarizability
tensor G; (co) changes sign with enantiomer since p, a po-
lar vector, is antisymmetric to inversion, in contrast to
I, which is symmetric. For molecules with absolute
configurations R and S, the A (R)-B(R) and A (R) 8(S)-
interactions differ in sign. Since the rotary strength may
be either greater or less than zero, it is not possible to
determine the absolute sign of the interaction when the
molecules are chemically distinct. For chemically identi-
cal molecules, however, the energy shift for opposite iso-
mers is attractive, while that for like isomers is repulsive.
The R far-zone and R near-zone results agree with
those of Mavroyannis and Stephen [6] and Craig, Power,
and Thirunamachandran [7].

IV. INTERACTION BETWEEN TWO MOLECULKS
WITH MIXED ELECTRIC-DIPOLE —ELECTRIC

QUADRUPOLE POLARIZABILITIES

Electric-quadrupole interactions are of the same order
as magnetic-dipole interactions. We now calculate the
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energy shifts dependent on the mixed electric-
dipole —electric-quadrupole interactions and examine
whether discriminatory energies analogous to those cal-
culated in Sec. III exist. The calculations follow the same
pattern and an outline of the calculations using the two
methods is given.

A. The complete potential

As in Sec. IIIB, the energy shift is found from he
response of one molecule to the fields of the other. The
dispersion energy correct to second order is obtained
from

p g ~ijk(~mo)[di'"(j 'mo)~kdj "(Q'~no)+d'"(Q ~'o) jkdj "(j ' )~o)
1

28O m

+ jkdj
"(jj'o) o)d'"(Q'~ o)+'(jkdj'"(Q'o) o)d'"(jj'~ o) l

1 (~)[d( )P d( )(pq)+d( )(pq)P d(o)+q d( )d( )(pq)+P d( )(pq)d(o)]
~b0 k, &

(4.1)

where the fields are those of A evaluated at the position
of the test molecule B. Using the electric-dipole- and
electric-quadrupole-dependent first-order and second-
order displacement fields [11]in Eq. (4.1), we obtain

3 g~ Xj i Qjk pi Qmn
8n soke „„

f g Se
—2uR

(k +u )(k„o+u )

ij klmn ~ij klmn ij klmn ij klmn

gR gR gR gR

ij klmn ij klmn ij klmnT" U" V"

g 6R 6 g 7R 7 g 8R 8
(4.2)

B. Asymptotic limits

In the far zone, the energy shift shows an R depen-
dence and is given by

256m s()R

X [45P,Jki~„+ 1 Q5, ~jk„i+6R,jr i~„

+ 3~(jkimn +2Tijk(mn ijkimn ~ijki~& ] '

(4.3)

where A;Jk (0) is the static mixed polarizability tensor

EXpliCit eXpreSSiOnS fOr the tenSOrS P&jkimn& V&jklmn

are given in the Appendix.
The energy shift Eq. (4.2) has also been calculated us-

ing fourth-order perturbation theory. The calculation
follows the same lines as in Sec. III A, after replacing the
magnetic-dipole interaction by the electric-quadrupole in-
teraction terms of Eq. (2.5). The number of graphs is

again 48 and each diagram contains one electric dipole
and one quadrupole vertex of each molecule. The
relevant contributions from the diagrams are found with
the aid of the electric-dipole and -quadrupole matrix ele-
ments Eqs. (2.8) and (2.10). Collecting terms from the 48
diagrams and integrating over k' leads to the shift Eq.
(4.2).

or ro

A; k(0) =2+1Jk E (4.4)

+15k,P,P„],
A B

ijki(QQ) g [ (~ij fikl+~jkfii(+~ik~jl )
Q, Qki

4n.eoR
'

(4.6)

+15(5jRkki+5 kP; P(+5;kPjPi

+S,,P, R„+S,,R,P„+S„P,.P,).
Ios', P,R„R,—] . . . (4.7)

Expressions (4.2), (4.3), and (4.5) hold for oriented mole-
cules and are discriminatory since the tensor p, "Q "k de-

pends on the handedness of the molecule. However, they
vanish on random orientational averaging since the ten-
sor po"Qjko does. This behavior is in contrast to that
found in Sec. III, where the discriminatory shifts depen-
dent on mixed electric and magnetic interactions survive
random averaging. Thus Eq. (3.9) is the sole contribution
to the discriminatory energy shift to this order for a pair
of randomly oriented molecules.

V. INTERACTION BETWEEN AN ELE(.IRIC-DIPOLE
POLARIZABLE MOLECULE AND A

MAGNETIC-DIPOLE POLARIZABLE MOLECULE

A. The complete potential

We now consider nondiscriminatory interactions
which are of the same order as those calculated in the

In the near zone, the shift Eq. (4.2) shows an R depen-
dence, as expected, and is

+onQ no+omQ mo

16m eoR'

The near-zone result Eq. (4.5) may also be obtained with
second-order perturbation theory and the electrostatic
potentials coupling two electric dipoles (3.21), an electric
dipole and an electric quadrupole (4.6), and two electric
quadrupoles (4.7):

pAQB
Vjk(pq)= [—3(5jkk+5jkk;+5;kk&)

4m soR
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previous sections. In this section we obtain the interac-
tion energy for a pair of molecules, one with electric-
dipole polarizability a; and another with magnetic sus-

ceptibility y; . This can be evaluated in two ways, de-

pending on which molecule we choose as the source and
which as the test. The result is of course independent of
the choice. Taking A as the magnetic-dipole polarizable
source and calculating the response of B to the Maxwell
fields of A we calculate the interaction energy using

j(sE = — a jd;"(RB )dj"(RB),1

26o
(5.1)

As in the previous sections, the first term of Eq. (5.2),
which depends on the first-order field, exactly cancels
part of the second term, leaving behind only a u-integral
contribution. It is given by

where d "(RB) is the displacement vector field of A at
Rz. Expanding the field of A in powers of magnetic mo-
ments and extracting the relevant terms we have

1

2&O m

1 ga (ro)[d,' 'd' '(mm)+d' '(mm)d, ' '] .
~O k, X

(5.2)

+Onm nO+Omm mO
i j k I

4~'so«', . (kmo+ kno}

x f f dk dk'k k' rj,k(k'R )rj i(kR )

k O+knO+k'
X

(k o+k)(k„o+k)

x k+k' (5.5)

Integrating over k' and changing the k integral to one
over imaginary frequency, we find the expression for the
energy shift to be identical with Eq. (5.3}.

B. Asymptotic behavior

For kR ((1,Eq. (5.4) becomes

ammo)2) no/2
hE" 72-:": R.-. E.+E. '-E -&

s

(5.6}

b,EFz =
3 y "(0)a (0),

6477 EocR
(5.7)

It should be noted that Eq. (5.6) is not the static limit be-
cause there is no static coupling between an electric di-
pole and a magnetic dipole. Equation (5.6} is retarded
and is the leading term in the small-R limit. In the far
zone, Eq. (5.4) shows an R dependence and is given by

1 6' 8' ~ On nO Om mO
3 2 3 EJlf EP JQI f ~P PIJ m

8m CONC

f
6 —2QR

(k +u )(k +u )

1 2 1

uR uR uR

which after rotational averaging becomes

1

+fan"'/'[m

'f'
36m. so2«

6 —2QR

u
m 0

~

u

e

n 0 u
m 0 n 0(k +u )(k +u )

1 2 1

uR uR uR

(5.3)

where y(0) and a(0) respectively are the isotropic static
magnetic-dipole susceptibility and the static electric-
dipole polarizability of molecules A and B [6,10]. It
should be noted that in contrast to the attractive nature
of the Casimir-Polder potential, the dispersion energy Eq.
(5.4) is repulsive.

C. Contribution from diamagnetic coupling

The energy shift Eq. (5.3) is incomplete in that no ac-
count has been taken of the diamagnetic coupling term.
This coupling is quadratic in the charge and can there-
fore give an energy shift of the same order as that found
above in Eq. (5.3). The response of B to the part of the
field that is dependent on the diamagnetic source term of
A is given by

2

~ikp ~jlp8m

Q(q q ' ) ~[b(o)b (2)B(pp )+b (2)B(pp )b o
] ~ (5 ~ 8)

k, A.

Using the expressions for the fields found earlier [11],we
obtain

in agreement with previous work [10].
In the perturbation approach, 12 diagrams contribute

to the energy shift. The interaction vertices of A are of
the magnetic-dipole type and those of B are of the
electric-dipole type. The matrix elements are calculated
using Eqs. (2.8) and (2.9); the polarization sums per-
formed with Eq. (3.3) and the angular integrations with
the aid of Eq. (3.7). The total contribution from the 12
graphs may be written as

2EE=-
64& Eomc

A On nOg(q qj } PmPn eikpejlpEkmselnt~s t

6 —2QR

X du
(k„o+u )

x k„. . .+, , +, , (5.9)
1 2 1

uR uR uR
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which on averaging gives

2 u eg I
p"'I'& q' &

"
1447T E, C m (k„0+u )

1 2 1
Xknp +

uR uR uR
(5.10)

Comparing Eq. (5.15) with the corresponding limit Eq.
(5.6) obtained between electric-dipole and magnetic-
dipole polarizable molecules, the ratio of the two is given
by

~ENz(ay)
=kR .

ENz(dia)

In the diagrammatic perturbation theory approach, the
interaction vertex of A is a two-photon vertex represent-
ing the diamagnetic coupling. Three graphs of the type
shown in Fig. 2 contribute to the energy shift. The sum
is found to be

2

2 (~il~ju~fg ~il~jf~ug 5ig~juslf
64m mope

+5;,5(f5„)

X yjg0"p,"0(q,q„)"PfP,

fo k„()+k
sin2kR cos2kR
k2+2 k3g2 (5.11)

+ sin2kR k6dk
k4R4

Equation (5.11) is the same as Eq. (5.9) when expressed in
imaginary frequencies.

D. Asymptotic behavior of the diamagnetic term

In the far zone, Eq. (5.10) reduces to

3e R

128~ cpmcR
(5.12)

illustrating that at large intermolecular separations, the
diamagnetic contribution to the dispersion interaction
varies as R . This result may be combined with Eq.
(5.7), where the far-zone limit was also expressed in terms
of the static electric-dipole polarizability of molecule B.
From Eqs. (5.7) and (5.12),

jt Etot aB(0)+ A(0)
7))1

647r KpcR
(5.13)

where the new, modified magnetic susceptibility tensor is
defined by

2

y'"(0) =y "(0)— &q')" .
6m

(5.14)

2bE„=,,', , g (
p"0)2&

q 2) "k„, .
288m c.pc mR

(5.15)

Although both a(0) and y(0) are positive for molecules
in the ground state, y'(0) may be either positive or nega-
tive depending on the relative sizes of the two terms in
Eq. (5.14). A molecule is termed diamagnetic if y'(0)
(0. Returning to Eq. (5.10) and examining the near-
zone behavior, after the usual approximations, the lead-
ing term is found to be

In the near zone, where kR « 1, the contribution from
the diamagnetic coupling term dominates the interaction.

VI. INTERACTION BETWEEN AN

ELEC.IRIC-DIPOLE POLARIZABLE MOLECULE
AND AN ELECTRIC-QUADRUPOLE

POLARIZABLE MOLECULE

QaB((o)[d(0)d(2)(QQ)+d(2)(QQ)d(0)] . (6.1}
p v, x

Using the electric-quadrupole displacement fields, evalu-
ated in Ref. [11],and the free field in Eq. (6.1},we obtain

Q j i PjQkl Qm'n
877 ETC m n

f u 8e —2uR

(k ()+u )(k„()+ u )

Aij klmn Bijklmn Cij klmn Djiklmn+ + +
uR uR uR uR

ij klmn ij klmn ij klmnE" F" G"
u6R6 u7R7 u8R8

(6.2)

Explicit expressions for the geometric tensor s

Aij klmn & '
& Gij klmn are given in the APPendix. As in

previous cases, the contribution from the first-order fields
is exactly canceled by a contribution from the free-
field-second-order field term, namely, the second term of
Eq. (6.1). It should be emphasized that for a pair of mol-
ecules with one or both in excited states, this cancellation
does not occur; the two contributions in fact reinforce
each other resulting in an additional contribution to the
energy shift. Expression (6.2) is applicable at all separa-
tions outside electron overlap for an oriented pair. To
obtain the interaction for a randomly oriented pair, an
orientational average is performed and Eq. (6.2) becomes

A. The complete potential

Magnetic-dipole and electric-quadrupole couplings are
of the same order, and contributions to energy shift from
interactions between a molecule with electric-dipole po-
larizability and one with electric-quadrupole polarizabili-
ty are therefore comparable to those found in the preced-
ing section. In this section we calculate this shift by the
two methods. For the response method we choose mole-
cule A with quadrupole polarizability as the source and B
with dipole polarizability as the test. The interaction en-

ergy arising from the response of B to the fields of A is
found to be

jttE= — ga; (co 0)d;"'(Q;(o 0)d'"(Q;(o ())
1

2p m
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A,jk/ „=a;/aJ Pku„, (A7)

Bijk/mn =2a//aj Pkkn +a//PkXJmn +ajm RnX//k, (A8)

ijklmn il jm ~k~n + i/~kXjmn

+4aj P„X,/k+X;lkX. „, (A9)

D;jk/mn =6(ai/kkXjmn+aj P„X//k+X;/kX/ „), (A10)

Eijk/ n =(3ct;/kkXjm +3aj P X/k+15X/kXJ „),(All)

ij klmn 8+ilk +jmn

Gij klmn ilk +jmn

+ijklmn +i/Ctkj ~m ~n

(A13}

(A14)

We note that pk/ and Xk/ appear in the expressions for
the electric-dipole and electric-quadrupole fields and

Zkl „appears in the gradient of the electric-quadrupole
field.

The tensors Aijklmn& ~ ~
& Gijklmn that appear in Eqs.

(4.2) and (6.2) are given by

Iijklmn I i/ kj~m~n ++i/Ykjmn

ijklmn I i/ kj~m~n +( i/+Pi/ } kjmn ++i/ kjmn

E /k/ n =2p/ Ykj „+(3a,/+p/)Zkj „,
ijklmn I i/ kjmn + ( il + ~i/ kjmn

ijklmn @il kjmn

+ij k/mn I i! kj mn

~ij klmn A&j'klmn +Hijklmn

Qijklmn Bijklmn +Iijklmn

~ijklmn Cijklmn +Jijklmn

Sij klmn
—

Dijklmn ++ij klmn

Tijkl~„=Eijklmn + ij klan

Uij klmn
=Fij klmn Mij klan

+

(A15}

(A16}

(A17)

(A18)

(A19)

(A20}

(A21}

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)
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