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Floquet spectroscopy of hydrogenic states: Classical and quantal descriptions
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The responses of hydrogenic states of highly excited Rydberg atoms to dc and rf electric fields have

been studied and the data interpreted from both classical and quantal viewpoints. The solution of the
Schrodinger equation for this system leads to a network of progenitor and sideband states, a Floquet-
Stark map that, although complex, exhibits regularities. These regularities are interpreted from a classi-

cal viewpoint by considering the near-Keplerian orbit of the valence electron as the dynamical entity
rather than the electron itself. It is shown that the regularities in the Floquet-Stark map are the result of
a commensurability of the dc Stark frequency and that of the applied rf. The experimental technique

employed, Floquet spectroscopy, also provides data from which atomic parameters may be extracted, in

this case the quantum of the (permanent) electric dipole moment (QDM) associated with hydrogenic
manifolds of sodium Rydberg atoms. It is observed that the QDM's for sodium are larger than those for
corresponding states of hydrogen. This observation is interpreted from a classical point of view.

PACS number(s): 32.30.Bv, 32.60.+ i, 32.80.—t

INTRODUCTION

Although the ac Stark effect was first studied in 1955
[1], the availability of the laser as an experimental tool
has led to a rebirth of interest in this phenomenon. On
the one hand, high-power lasers make it possible to sub-

ject atoms in low-lying states to intense ac fields [2]. On
the other hand, lasers may be used to produce atoms in

high-lying Rydberg states, states for which the fields pro-
duced by ordinary laboratory microwave or rf, generators
are effectively "intense" [3,4]. Moreover, Rydberg atoms
provide the opportunity to investigate atomic properties
under conditions in which aspects of both quantal and
classical descriptions of the system may be valid [5—9].
As a consequence, correlations between quantum-
mechanical and classical mechanical descriptions may re-
veal themselves. Such correlations can be helpful for un-

derstanding the underlying principles. Further, a classi-
cal description permits visualization of the atomic prop-
erties, a feature that is particularly useful when examin-

ing the responses of atoms to external fields.
The goal of the work presented here is to examine

these correlations for the responses of hydrogenic states,
states with very small quantum defects, of highly excited
Rydberg atoms to dc and ac electric fields. We do this by
comparing the results of experiments in which these fields

are applied to state-selected Rydberg atoms with predic-
tions based on the quantal and classical descriptions. We
refer to the experimental technique as Floquet spectros-
copy. The data are in the form of spectra that reflect the
nature of the complex energy-level diagram that arises
from simultaneous application of the dc and ac fields.

The quantum-mechanical description is straightfor-
ward. The time-dependent Schrodinger equation is
solved with the aid of the Floquet theorem and the
energy-level structure thus obtained. To describe the sys-
tem classically we use the fact that, in our experiments,
the ac field is of radio frequency (rf) and is therefore

much lower than the classical electronic orbital frequen-
cy. The nature of the atomic responses can thus be un-
derstood by considering the electronic orbit, rather than
the electron itself, as the dynamical entry. This leads to a
picture of the waferlike electronic orbit, rotating and pul-
sating in response to the applied electric fields. The equa-
tions of motion of this rotating orbit are integrable and
clearly show the conditions under which periodic motion
can occur. The nature of the trajectory of this system in
phase space, in conjunction with the Bohr-Sommerfeld
quantization condition and the correspondence principle,
then leads to an energy-level diagram that is consistent
with that obtained quantum mechanically.

It is interesting to contrast these rf experiments with
those in which highly excited hydrogen atoms are sub-
jected to a microwave field, the frequency of which is
-20—100 times the rf frequencies employed here. For
most of the microwave work, treatment of the electronic
orbit would be inappropriate because the orbital and mi-
crowave frequencies are comparable [3,10,11]. The im-

portant effect that has been observed in the microwave
work is the rapid and nearly complete multiphoton ion-
ization of the hydrogen atoms for field strengths exceed-
ing some critical value. This phenomenon has been attri-
buted to a transition of the system from ordered to chaot-
ic behavior, a transition that is possible because the equa-
tions of motion are not integrable. If, however, the orbit
can be treated as the dynamical entity, the resulting equa-
tions are integrable and chaotic motion cannot ensue.
Consistent with this premise, runaway multiphoton ion-
ization of sodium Rydberg atoms was not observed for
the rf field strengths used in these experiments.

APPARATUS

The experiments were conducted using apparatus
designed for precision Stark spectroscopy [12). A beam
of sodium atoms was irradiated with three laser beams at
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the center of a pair of Stark plates located inside a
stainless-steel cell that provided electrostatic shielding.
The atomic beam, density -10 cm, was produced in

an efFusive oven located beneath the ceH. The dc and rf
fields were applied to the Stark plates; both fields were
perpendicular to the plates in these experiments. The
beams from two 10-Hz pulsed grazing-incidence dye
lasers pumped by a single Nd:YAG laser (where YAG
denotes yttrium aluminum garnet} were used to excite the
atoms to an intermediate state 10d iD or 12s S via

Na(3p P). The third laser, a cw line-selectable CO&

laser, placed the energy of the system, excluding that of
the electric fields, —1000 cm ' above the intermediate
state. The narrow bandwidth of the CO& laser line, -50
kHz, permitted selective excitation in the region of the
closely packed states for n =64. Since the energy of pho-
tons of the CO& laser lines is fixed, this energy is not, in
general, resonant for excitation from the intermediate
state to a higher bound state. Application of a dc electric
field F was used to Stark shift the higher states into reso-
nance.

The value of F was therefore set prior to each laser
pulse. It was increased about 5 ps after the pulses, which
were -7 ns duration, to -100 V/cm, sufficient to ionize
highly excited atoms, but not atoms in the intermediate
states. Thus iona resulting from field ionization served to
signify absorption of photons from all three laser beams.
The Stark plates were designed to produce uniform fields
as discussed previously [12-14]. One plate contained a
slit 2.5 cm long by 500 pm wide to permit passage of the
ions from the excitation region and into the detection re-
gion. These ions were electrostatically focused and
detected with a CuBe particle multiplier using a charge-
sensitive amplifier.

Data were obtained with fixed laser wavelengths, rf

amplitude G and rf frequency coo. F was varied stepwise
and the ion signal measured at each setting. F spectra
were thus assembled using, typically, 100 laser shots per
field setting. The method by which F spectra were assem-
bled is illustrated in Fig. 1, which is a conventional Stark
map for hydrogen [15]; for clarity it is assumed that
6 =0 in the figure. The horizontal line represents the en-

ergy of the intermediate state plus that of a photon in the
particular CO2 laser line being used. This energy, which
we refer to as the three-photon energy, is that available
for atomic excitation, not including the energy of any rf
photons for cases for which GAO. The slanted lines are
the dc Stark states emanating from the zero-field (degen-
erate) energy of hydrogen with a given principal quantum
number. Excitations can occur when the energy of the
Stark states matches the three-photon energy, i.e., at in-
tersections of the slanted lines with the horizontal line.
Note that the resolution for adjacent states increases with
increasing I. Symmetric scans of I', positive to negative,
were employed in order to determine the nominal zero-

field value and negate inaccuracies introduced by any

offset In a.ny case, this offset was typically 30 mV/cm,
but never exceeded 80 mV/cm [12].

QUANTUM-MECHANICAL DESCRIPTION

The Hamiltonian of the system may be written in the
form

&=K.+&s

where H, is the atomic Hamiltonian and Hs contains the
external fields. Since excited states of hydrogen or states
that constitute the hydrogenic manifolds of Rydberg
atoms may possess a permanent electric dipole moment,
Ks is given, in the electric dipole approximation, by

-26.5
hydrogen
states for

3-photo
energy

Hs= —p 8,
where p is the permanent electric dipole moment and

8=F+G cos(coot)

(2)

(3)

-26.7

OQ
-26,8

f

-26.9

-27.0
0

F (V/cm)

FIG. 1. Energy-level diagram for the n =64 manifold of hy-

drogen Stark states. The line representing the three-photon en-

ergy is arbitrarily placed. The figure illustrates the method by
which F spectra are assembled. For clarity it is assumed that
G =0. The three-photon energy is the total energy available for
excitation which can occur only at intersections with the Stark
states. F-spectra, ion signal vs F, thus exhibit peaks at these in-

tersections.

is the applied electric field. If F and 6 are in the z direc-
tion, Hs is given by

Hs= p, [F+G cos(co—ot)],
where p, is the x component of p. The time-independent
term in Ks, p, I'", leads to the dc Stark effect, which, in
this case, is the linea~ dc Stark effect. Applying the Flo-
quet theorem [16],we find that the sinusoidal term in Hs
produces a ladder of equally spaced quasienergy states,
Floquet states, separated by A'mo and centered at the ener-
gy of the original degenerate level, the progenitor level, as
illustrated in Fig. 2. Figure 2(a) shows the field-free level
and Fig. 2(b) the ladder of the states that arises when
F =0 and GAO.

If 6 =0 and EAO we have the familiar linear Stark
map of the splitting of the (field-free} degenerate level,
Fig. 2(c}. At any given nonzero value of F, a vertical line
in this Sgure, there exists a set of dc Stark states separat-
ed by
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[EEL (in MHz)]=3. 84[F (in V/cm)]n,

h re n is the principal quantum number. Thus principal
fquantum numbers in the range 40-70 require fields o

only —1 V/cm to make b,E& comparable with the energy
of rf photons.

Application of the sinusoidal field produces a ladder of
Floquet states associated with each of the dc Stark states.
Changing F produces a different dc Stark state, but each
such state becomes a progenitor (carrier) for an array of
Floquet states (sidebands). The separation between side-
band states in a given array is fuuo. The energy-level
structure that arises from simultaneous application of dc
and ac fields is illustrated in the Floquet-Stark diagram
shown in Fig. 2(d}. Only two Floquet states on each side
of the (I' =0}progenitor are included in the diagram, but
each of these F =0 states produces a fan of states as F is
turned on, as in Fig. 2(c). Thus the partial lifting of the
hydrogenic degeneracy by the dc field, together with the
sideband states produced by application of the ac field,
leads to a complicated network of levels.

The number of sideband states that are important in a
given experiment, i.e., the number that must be included
in the diagram, depends upon the amplitude G of the ac
field [17]. That is, the probability of a transition to a par-
ticular Floquet sideband depends upon the ac amplitude.
The solution of the time-dependent Schrodinger equation
with %(r, t)=R (r)P(t) shows that R (r) is identical to the
spatial part of the solution of the Schrodinger equation
using only the time-independent part of the Hamiltonian,
i.e., H, plus the first term in Eq. (4) [11]. P(t) is given by

P(t) =exp ——(E, p—,F)

exp
p, G

'flop

oo p G
sin(coot) = g Jz exp[i'(/coot) ]

C~ exp[~'(/coot) ], (7)

where the J& are Bessel functions of the first kind of in-

tegral order A. This expansion clearly shows that the
quasienergy states, the Floquet states, resulting from ap-
plication of the ac field have energies given by

E =E —p F +Alto ,04=0, +1,+2, . . . .
n, 4 a z (8)

Moreover, since the spatial part of the wave function is
the same for all Floquet states,

/c, f'= J p, G
(9)

is a measure of the relative probability for absorption

p, G
X exp i' '

sin(coot) (6)

where E, is the field-free energy of the degenerate levels.
The first exponential in Eq. (6} is the time dependence as-
sociated with the dc Stark energies; the second, which
arises from application of the ac field, may be expanded
as a Fourier series [18]

(a) F =0;
G=0

(b) F=O;
GwO
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(c) Fg0; G=O
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(d) FwO; GwO

(e) FcO; GgO
F-

3~0
bQ

FIG. 2. Schematic energy-level diagram
showing the splitting of a degenerate hydro-
genic state under application of dc and ac elec-
tric fields for the cases indicated; {e) is an en-

larged version of {d) to show detail. F is in a.u.
provided %coo is in a.u. The dashed line though
the degenerate field-free progenitor states in
(a)—{d) emphasizes the fact that these states do
not shift energy upon application of the ac
field.
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provided, as is the case here, that these low fields have
virtually no e8ect on the intermediate state. Moreover,
this formulation, and therefore Eq. (9), is only valid for
the linear Stark effect. That is, Eq. (9) is only applicable
when F is low enough so that p, is independent of F. In
these experiments Eq. (9) is expected to be valid, so that
our I' spectra should reflect the magnitudes of the ~C& ~

at each sideband. Since, however, the Bessel functions
oscillate, their values depending on both p, and G, the
probability amplitudes ~Cz~ will not be simply related.
Therefore, the absorption strengths of the sidebands asso-
ciated with a given progenitor are not simply related.
This feature of the spectra if not, of course, included in
the density of states diagram Figs. 2(d) and 2(e). Data il-

lustrating this aspect of Floquet spectroscopy will be
presented later in this paper.

Despite the complicated nature of Figs. 2(d) and 2(e),
there are some regularities, the most obvious of which are
the spaces in the density of states at certain values of the
static field F. The shapes of the diamondlike gaps, how-
ever, depend upon the number of Floquet states included
in the diagram. As this number is increased, the width in
F decreases. In the limit for which it is necessary to in-
clude a large number of sidebands, corresponding to large
6, the width of the gaps shrinks to zero. This structure
can be probed using Floquet spectroscopy [19].

CLASSICAL DESCRIPTION

In the absence of external fields, the force on the Ryd-
berg electron is a 1/r attraction to the nucleus plus a
small central field perturbation from higher-order in-
teractions such as polarization of the ionic core by the
Rydberg electron [20,21]. The perturbation causes the
otherwise Keplerian orbit to process about the force
center. The motion is still, however, confined to a plane.
The Keplerian frequency is given by 1/(2mn ) in a.u. ,
which, consistent with the correspondence principle, is
also the separation between adjacent quantum states in
field-free hydrogen. For n =50 the orbital period is
-0.5 ps; the period of a 500-MHz field is 20 ns. The
electron therefore executes -(4X10 ) elliptical orbits
during each rf cycle, justifying treating the orbit as the
dynamical entity. This is simply another way of stating
that the separation between adjacent n states is much
greater than the energy of a single rf photon. This condi-
tion is the antithesis of that encountered in most of the
microwave work, although recent experiments have been
performed in which the separation between adjacent
states is -50 microwave photons [22,23].

When a constant dc electric field is applied to a hydro-
gen atom or a multielectron atom in a hydrogenic Ryd-
berg state, angular momentum is no longer conserved and
the plane of the electronic motion rotates about the
electric-field vector with constant angular frequency
sos =

—,'nF rad/atu (1 atu=2. 42 X 10 ' s) [24]. Simultane-
ously, the semiminor axis pulsates, but the length of the
major axis remains fixed. If the orbital precession result-
ing from interactions with the core of the Rydberg atom
is much faster than the rotation about F, the charge dis-
tribution is, on average, symmetric and the Rydberg state

= —p F
(3/2)—n A,F

~s~s ~ (10)

where A, is the z component of the Lenz vector A.
Since A, is conserved, i.e., its conjugate angle 0 does not
appear in the Hamiltonian, it may be identified with the
action I. Letting I = —A, we have [25]

Hs sI
We note that this Hamiltonian has the same form as that
of a harmonic oscillator, viz. , a constant times the first
power of the action. Applying Hamilton's equations we
see that the frequency associated with the angle variable
conjugate to I is a constant. Classically this means that
the frequency is independent of the energy, just as for a
harmonic oscillator. Application of the correspondence
principle shows that the separation between adjacent
states is a constant [see Eq. (5)] ficus, as for the harmonic
oscillator.

In these experiments G and F are parallel, G=Gk, so
we need only replace F in the above equations by
I +6 cos(topt) and obtain

Hs=cosI+yI cos(capt), (12)

where y= —,'n G. Since the coefBcient of the periodic
term contains only I and not its conjugate coordinate, I
remains a conserved quantity, i.e., it is still an action.
The action angle 0 conjugate to I is given by one of
Hamilton's equations

~ ~HsQ= =Qls+& cos(capt) (13)

so that

Q =cost + sin(topt) .
CO()

(14)

has no effective dipole moment. Therefore, in contrast to
the case of excited hydrogen atoms, the quadratic Stark
effect will be observed at low dc fields for all Rydberg
states. For the most hydrogenic Rydberg states, states
for which the quantum defect is very small, the "low dc
field" is indeed very low. Nevertheless, all multielectron
Rydberg atoms undergo a quadratic Stark shift as F is
turned on. For higher values of F, sos can be much
greater than the core-induced precession and the nearly
Keplerian orbit rotates about F many times before comp-
leting one precessional cycle. In this case the elliptical
orbit provides a permanent electric dipole moment and
the linear Stark effect is observed. The classical and
quantum regimes are linked by the correspondence prin-
ciple, according to which the splitting between adjacent
Stark levels is equal to fuos. Note that tos in MHz is then
equal to EEs in Eq. (5).

Now, the Hamiltonian for a permanent electric dipole
in a dc field F=FR is given by

Hs pF



4612 ZHANG, CIOCCA, HE, BURKHARDT, AND LEVENTHAL

Making the substitution 8=copt, we have

COg 8+ sin8 .
COp COp

(15}

This equation represents the trajectory in phase space
of the system for specified values of cos (specified by n and

F) and coo (specified by the setting on the rf generator).
This trajectory is conveniently plotted on a torus with 0
as the azimuthal angle and 8 the angular position of the
trajectory on the circular cross section of the torus [26].
Since 8 must be taken mod2m. , the first term is periodic
with period 2m(r00/cps); the period of the second term is

obviously 2m. Thus the system, i.e., the variable 0, can
exhibit periodic behavior only if the ratio (coo/cos ) is a ra-

tional number, that is, if co+ and cop are commensurate.
Of course 0 must also be taken mod2m.

Figure 3 shows trajectories in phase space for four
different values of (coo, cps ). If the ratio (coo/cos ) is ration-

al and greater than unity, then the trajectory will wind

around the torus more than once in one circuit of 0, i.e.,
8 has traversed integral multiples of 2m. when 0=2+.
The torus and such a path in phase space resemble a
toroidal solenoid. For example, if (coo/cos ) =2 [Fig. 3(b)],
then the period of the system is 4m (in 0). If, however,

(~0/sos) is rational but less than unity, the trajectory
must traverse the ring of the torus more than once before
returning to the initial point as in Fig. 3(c).

If (roolcos) is irrational, then the system will exhibit

quasiperiodic behavior, with no intrinsic period. The tra-
jectory in phase space will, after a sufficient number of 0
circuits, cover the entire surface of the torus. Note that
if the ratio is rational, but say 1000/1001, the period will

be very long, i.e., it will take many 0 circuits for the sys-

tem to return to the initial point, 1001 for this case. A

portion of such a trajectory is illustrated in Fig. 3(d).
By examining the nature of the trajectory in phase

space and applying the Bohr-Sommerfeld quantization
condition together with the correspondence principle we
can construct a semiclassical energy-level diagram for the
system. According to the correspondence principle, the
separation between adjacent quantum states is %co, where
co is the frequency of the system, if indeed the system is
periodic. If it is not, i.e., if it is quasiperiodic, then the
energy levels form a continuum. As discussed above,
when the rf and dc Stark frequencies are commensurate,
the trajectory on the torus is periodic, as is the system.
Moreover, the period is independent of the rf amplitude,
and therefore the energy, so that a ladder of states,
separated by fico, results. This ladder of equally spaced
states is comparable with the case of the harmonic oscil-
lator or the dc Stark effect on excited-state hydrogen (the
linear Stark effect), both of which have Hamiltonians
equal to the action times the system frequency. Equation
(8) is of similar form, but as discussed above, the motion
is periodic only if the rf and dc Stark frequencies are
commensurate; otherwise it is quasiperiodic.

Figure 4 is a semiclassical energy-level diagram con-
structed as discussed above. Ladders of levels are shown
at several rational values of the ratio cos/coo. Also illus-

trated are the continua of levels at irrational values of
~s/coo, values for which the trajectories in phase space
are quasiperiodic. Omitted from the diagram for clarity
are the ladders of levels at rational values of cps/coo, but

for which the periods in phase space are very long, i.e.,
quantum ladders with very small spacings between adja-
cent states.

Since the abscissa in Fig. 4 is ~os/coo, and cps= —,'nF,
this diagram may be compared to the quantum-
mechanical diagram shown in Figs. 2(d} and 2(e). It can

(b)
FIG. 3. Trajectories in phase space for the

values of cop/co~ indicated. The trajectory in

(d) shows a few 0 circuits and illustrates the
case for which the ratio cup/ct) g is irrational, or
nearly so (see text).

(00=2; G)s = 3
(c)
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FIG. 4. Semiclassical energy-level diagram constructed using
the correspondence principle as described in the text.

We wish to measure atomic parameters for hydrogenic
states of sodium Rydberg atoms and to compare these pa-
rameters with those of analogous states of hydrogen.
This provides information on the effects of the Rydberg
atom core. It also permits assessment of the degree to
which hydrogenic states of Rydberg atoms may be treat-
ed as states of hydrogen. We know, for example, that at
very low dc Selds the hydrogenic states are not hydrogen-
ic at all. That is, they exhibit a quadratic Stark effect be-
cause they are not truly degenerate [21]. We also know
that, at relatively high values of F, blue Stark states
(those that shift to higher energy upon application of F)
of a given hydrogenic manifold overlap with red states of
the manifold of the next higher principal quantum num-

be seen that the gapa that occur in the quantum diagram
coincide with the ladders of levels at rational values of
ros/F00 in the semiclassical diagram. When making this
comparison it must be borne in mind that the quantum
diagram was constructed with only two sideband states
on each side of the carrier so the gapa are obvious. Had
more sidebands been included, the gapa would be nar-
rower in the horizontal direction, but the vertical (ener-

gy) spacing would be unchanged. In the limit of a great
many sideband states the gaps would be quite narrow,
taking on the appearance of a complete semiclassical dia-
gram.

Figure 2(e) clearly shows that there are smaller gaps
near the major gaps in the quantum-mechanical diagram.
These correspond to rational frequency ratios having
long phase-space periods, i.e., low system frequencies.
They therefore consist of a great many closely spaced lev-
els that are not resolvable in our experiment. Notice that
in both the quantal and classical formulations the time-
dependent systems have been converted to equivalent
time-independent systems. In the quantal case this was
accomplished by application of Floquet's theorem. The
classical conversion was effected by a canonical transfor-
mation [27].

RESULTS AND DISCUSSION

n'=n —5, , (16)

where 5& is the I-dependent quantum defect. In sodium
the quantum defects are very nearly zero for 1 ~ 2 so that
co& should be nearly constant over the hydrogenic mani-
fold. In general, however, the value of co+, and hence p„
will not be the same as for hydrogen. The differences are
slight, but our experimental technique is sensitive enough
to detect them. We can therefore examine the extent to
which the hydrogenic manifolds of sodium behave as
states of hydrogen. Moreover, we can measure the quan-
tum ofp, for sodium.

We begin with an F spectrum acquired with no applied
rf. Figure 5(a) shows such a spectrum for the blue states
of the n =64 hydrogenic manifold of sodium. This spec-
trum has been placed on a Stark map of hydrogen states
with the base line at the three-photon energy. The trian-
gles are the positions of the intersections of the hydrogen
Stark states with a horizontal line (not shown) at the total
excitation energy. Thus the triangles represent the ex-
pected locations of the peaks if these were dc Stark states
of hydrogen. While there appears to be reasonable agree-
ment between the positions of the peaks and the triangles
at low values of F, the disparity increases at higher
values. This is a consequence of the inherently higher
resolution of the experiment at higher fields because, at
constant energy, the horizontal separations between adja-
cent Stark states increases with increasing F.

Now, the Stark shift in hydrogen is given by

Es(ni, n2, F)= ,'n (ni n2)F = ',—nkF—, —(17)

where n, and n2 are parabolic quantum numbers and
k =n

&

—n2 is the electric quantum number which
changes in increments of 2 [15]. The coefficient of F is p„

ber. Avoided crossings then lead to a tangled network of
commingled states [15], the so-called region of spaghetti
[15]. In contrast, analogous Stark states of hydrogen
atoms do indeed cross so that the region of spaghetti is
decidedly nonhydrogenic. Since we wish to examine the
behavior of hydrogenic states we focus on F & I /(3n ), in
a.u. , at which value the bluest n Stark state coincides
with the reddest (n +1) Stark state; for n =64,
I/(3n ) &1.6 V/cm.

There are two characteristics of the dc Stark effect in
hydrogen that may be considered the criteria that define
hydrogenic behavior. First, the linear Stark effect must
be observed. Second, the spacings b,Es between adjacent
Stark states of the same hydrogenic manifold must be the
same, or very nearly so, for fixed F [see Eq. (5) for EEs in
hydrogen]. That is, the Hamiltonian is equal to the ac-
tion times the frequency, co+ in this case. Thus the z com-
ponent of the permanent electric dipole moment is quan-
tized, which is equivalent to noting that the z component
of the Lenz vector is quantized [15]. For hydrogen the
quantum ofp, in a.u. is 3n

In actuality, of course, hE&, and consequently co&, can-
not be truly constant over the entire manifold for any
multielectron atom because each zero-field angular
momentum state corresponds to a different effective prin-
cipal quantum number, n ', given by
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FIG. 5. F spectrum of the n =64 hydrogenic manifold of

sodium acquired using the 10P(24) line of the CO2 laser and the
12s 'S intermediate state. Both panels show the same spectrum.
(a) The Stark states are those of hydrogen n =64. (b) The Stark
states are those of sodium n =64 calculated from the parame-
ters measured in this work.

the z component of the permanent dipole moment. The
ranges of parabolic quantum numbers for the Stark map
in Fig. 5(a) are 41 ~ n, ~ 63 and 0 ~ n2 ~ 22. To modify
Eq. (17) so that it can apply to a hydrogenic manifold of
sodium we replace k by k —

g and 3n, the quantum of z
component of dipole moment (QDM) for hydrogen, by an
adjustable QDM, p„

(18)

We then fit the data to Eq. (18) and determine g and p,
for the n =64 manifold of sodium. Note that this tech-
nique ensures equal increments of&, and thus equal spac-
ing between adjacent Stark states at fixed F. The error
limits on the determinations of g and p, will, however,
constitute a test of this assumption.

Figure 6 is a plot of the values of F at which peaks
occur in Fig. 5 vs k. The curve in the top panel is simply
a graph of Eq. (17). The curve in the bottoxn panel is a
quasi-Newton fit of the peak positions to Eq. (18) from
which g and p, were determined to be 3.46 and 197.41,
respectively. The value of the correlation coefticient for
this fit, 0.99994, suggests that indeed the assumption of
constant increments of the QDM is valid, but that p, is
larger than p„the QDM for hydrogen, by roughly 3%.
Using these parameters we construct a Stark map for the
n =64 manifold of sodium as shown in Fig. 5(b). We
note that unique assignments of k, n, , and n 2 cannot be

20 30 40 50 60
t

70

made for sodiuxn because g is only unique mod2. We
have chosen it so that n, and n2 coincide with hydrogen
quantum numbers.

The QDM obtained above is not only peculiar to the
n =64 manifold, but also peculiar to the energy
difference between the zero-field energy of the hydrogenic
manifold and the three-photon energy. Careful inspec-
tion of accurate Stark maps for sodium [12j reveals the
deviations from linear behavior that must occur for mul-
tielectron atoms. For example, as F increases, the blue
Stark states of the hydrogenic manifold bend, more or
less in unison, toward the abscissa, a result of perturba-
tion by the nearest p state which, for sodium, lies above
the hydrogenic manifold. Because 5, for sodium is sub-
stantial, 0.85, zero-field p states exhibit a quadratic Stark
effect at fields well beyond those at which Stark states
linked to states for which l ~ 2 begin to behave linearly.
Eventually, as F increases, all quadratic Stark states
behave linearly and join the hydrogenic manifold of
states. As the F dependence of the (former) p state be-
comes linear, it repels the lower-lying blue hydrogenic
states. The result is that AE& changes slightly when this
bending occurs, but the separations between adjacent
Stark states remain nearly uniform for each value of F.
Because we are limited to three-photon energies imposed

FIG. 6. Positions of peaks in the n =64 hydrogenic manifold
of sodium taken from the I' spectrum shown in Fig. 5. (a) The
plotted curve is the displayed equation. It represents the pre-
dicted positions of the peaks for hydrogen atoms. (b) The plot-
ted curve is the modified hydrogen equation displayed. The
values of&, and g were obtained by fitting the form of the curve
to the data.
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by the availability of COz laser lines, we are unable to ad-

just the position on the Stark maps at which F spectra

may be recorded. Therefore, it is difficult to systematical-

ly compare the QDM obtained for different hydrogenic
manifolds. Nevertheless, from data acquired using

several different CO2 laser lines, as well as different inter-

mediate state, it is our general observation that the QDM
for sodium are roughly 1 —5% greater than for the corre-

sponding manifolds of hydrogen.
It is interesting to examine the reason for the greater

QDM in sodium in terms of the classical model. The per-

manent electric dipole moment of an electron in Kepleri-
an orbit about a proton is a consequence of Kepler's
second law, according to which the electron moves more
slowly near apocenter than near pericenter [24]. The ion-
ic core of the Rydberg atom provides an additional at-
tractive potential, in this case proportional to 1/r,
which results from polarization of the core by the valence
electron. This short-range perturbation to the Keplerian
orbit causes the electronic orbita1 speed to increase near
pericenter, but has little efFect near apocenter. The result
is an increase in the Keplerian electric dipole moment.

Using the value of g and&, derived from the data, we

produce a Stark map of the n =64 manifold of sodium
and compare it with the F spectrum. Figure 5(b) shows
this sodium manifold together with the same spectrum
shown in Fig. 5(a). As is clear, the predicted positions of
the peaks match the data. This agreement is, of course, a
consequence of the goodness of fit in the determinations
of g and&, .

We further explore the extent to which hydrogenic
states of sodium behave as states of hydrogen by examin-

ing their responses to the rf field. In particular, we com-
pare the spectral features with the predicted Floquet state
absorption strengths for hydrogen [see Eq. (10)]. The
data also illustrate the oscillatory behavior of the absorp-
tion strengths that results from the oscillatory behavior
of the Bessel functions [28]. The simple expression for

icosi in Eq. (9) is in contrast to that for nonhydrogenic
states, which is somewhat more complicated [19,29].

Examination of the relative absorption strengths for

the sidebands of a given progenitor level, a dc Stark state,
is best achieved for cos »coo. When this condition pre-
vails, a single progenitor and several of its sidebands can
be isolated from adjacent states as illustrated in Fig. 7,
which is a Floquet-Stark diagram for hydrogen. To avoid
the region of spaghetti we examined the n =45 manifold,
for which there is a conveniently located line of the CO&

laser, as shown in the figure. The results pertain to other
manifolds in the range of fields for which the linear dc
Stark effect occurs.

Figure 8 shows data for the n =45 manifold of sodium
for values of F=9 V/cm, sos =1600 MHz, acquired with

coo= 115 MHz, as illustrated in Fig. 7. The shaded region
in Fig. 7 corresponds to the approximate dc field over
which the data have been acquired, approximate because
this is a hydrogen diagram, not sodium. Figure Sa shows
the F-spectrum with no rf field present, i.e., only excita-
tion to the progenitor occurs. Figure 8(b) shows that ex-
citation to the progenitor and several sideband states
occurs when the rf field is turned on. For the spectrum in

Fig. 8(c) the amplitude G was adjusted to a value, desig-
nated Go, such that Jo(p, GO/%co) =0, thus inhibiting ab-

sorption by the progenitor. Also shown in the figure are
the squares of the Bessel functions that represent the pre-
dicted absorption strengths for states of hydrogen. As
may be seen, agreement between the observed I' spectra
and the predicted intensities for hydrogen atoms is quite
good, suggesting that under these conditions, the hydro-
genic manifolds comprise states that behave as states of
hydrogen. Moreover, because of this agreement, the van-

ishing of the transition moment provides a means of
measuring rf field strengths with high precision [28].

We may probe the details of a Floquet-Stark map such
as that shown schematically in Figs. 2(d) and 2(e), using
our experimental technique. We use the n =64 hydro-
genic manifold of sodium, which is accessed through
Na(12s S) using the 10P(24) line of the CO2 laser. Figure
9 shows three F spectra, each acquired at a different value
of the rf amplitude G, as indicated in the figure; F00 was

400 MHz for all three spectra. The lowest one, acquired
with G =0, serves as a reference because it contains

9p(

FIG. 7. Energy-level diagram of hydrogen

Stark states in the n =45 manifold under the
assumption that both a dc field F and an ac
field 6cos(coot) are applied; coo=115 MHz.
The heavy lines are progenitor states, eigen-
states of the time-independent Hamiltonian,
while the lighter lines are sideband, or Floquet,
states.

9
dc Electric Field F (V/cm)

10
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Go

(b) G = 0.2Gp

(a)

9.2 9.3 9.4 9.5

dc Electric Field F (V/cm)

FIG. 8. F spectra acquired using the 9P(20) line of the CO2
laser and the 108 D&/2 intermediate state with no=115 MHz.
The spectrum in (a) was acquired with no rf field present. The
rf field strength was set to an arbitrary value to acquire the
spectrum shown in (b). To acquire the data in (c) the amplitude
G of the rf was adjusted to eliminate transitions to the progeni-
tor state, as discussed in the text. The bars represent the pre-
dicted intensities according to Eq. (9).
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FKJ. 9. Three F spectra of the n =64 hydrogenic manifold of
sodium acquired using di8'erent values of the rf amplitude G.
As the amplitude is increased, Floquet sidebands may be excit-
ed, except in the region of the Floquet-Stark map that contains
gaps, as discussed in the text. The band between the two top F
spectra is a slice from the Floquet-Stark map for the region near
the three-photon energy. This band shows the density of Flo-
quet states at the energy of this experiment. The dashed lines

have been drawn to emphasize spectral features that are essen-

tially unaltered by variations of G.

features resulting from excitation of progenitors only, it
is the same spectrum shown in Fig. 5. At nonzero values
of G, sidebands are excited, as seen in the other two spec-
tra shown in Fig. 9. Included in this figure is a slice from
the appropriate map at the three-photon energy [12].
This slice shows the density of available states as a func-
tion of F. The map from which this slice has been ex-
tracted is based on the Na(n =64) parameters derived in
this work; it was generated using six sidebands, three on
each side of the progenitors.

The dashed lines in Fig. 9 enclose the gap in the densi-

ty of states at I' =0.79 V/cm, that corresponding to
2coz =coo. For comparison with Fig. 2, which is a generic
Floquet-Stark map for hydrogen atoms, [%coo/3n) ]= 1.63
V/cm for n =64 and fmo=400 MHz. It is seen that the
two features bounding this gap in Fig. 9 remain essential-

ly unchanged from spectrum to spectrum, a result of the
absence of accessible states. Other gaps, arising from
longer system periods, are present, but are more difficult
to resolve experimentally. It is important to emphasize
that the shapes and widths of the two peaks that sur-
round the gap depend upon several factors. First, of
course, is the instrumental resolution, which depends
upon the uniformity of the fields as determined by the
Stark plates [12—14,19]. More importantly, however, are
the oscillatory behavior of the absorption strengths and
the location of the three-photon energy on the Floquet-
Stark map. Referring to the strip of Floquet-Stark map
in Fig. 9, it is seen that absorption by any of the side-
bands bordering the gap can occur. Since the absorption
strength for each sideband depends upon the rf ampli-
tude, few or many sidebands ma. y contribute to the spec-
trum, depending on the value of G.

The location of the three-photon energy on the
Floquet-Stark map also determines, to a large degree, the
nature of the spectral features. This may be seen by in-
spection of Fig. 2(e). If, for example, the vertical position
of the three-photon energy happened to coincide with the
intersection point of the sidebands, then as F is scanned
through this point, a very sharp peak, broadened only by
instrumental resolution, would be observed. If, on the
other hand, the three-photon energy crossed a gap, then a
pair of peaks, each resulting from excitation to a myriad
of sidebands bordering the gap, would be observed. This
case is illustrated in Fig. 9 near F=0.79 V/cm. The
closer the three-photon energy lies to the (vertical) mid-

point between two sideband intersection points, the wider
the gap in the spectrum.

The manifestation of the gaps in the F spectra of sodi-
um is a consequence of the constant separation between
adjacent linear dc Stark states at a given value of F. If
this separation were not constant, then the structure of
the Floquet-Stark map would differ from that shown in
Figs. 2(d) and 2(e). Accordingly, co+ would be different
for each Stark state and commensurability would be im-

possible. Thus the effects of the gaps in F spectra for
GWO confirm the near hydrogenic behavior of these
states when subjected to an electric field, that is, the z
component of the effective permanent electric dipole mo-
ment is quantized.
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These F spectra illustrate other features of this atomic
system. For example, irrespective of the gaps, the density
of states must decrease with increasing F. The middle
spectrum clearly shows this. On the other hand, the top
spectrum actually has more features than the middle one.
This is due to the combined e8'ects of the density of states
and the oscillating absorption probabilities. There is,
however, little correlation between features in these two
spectra, except for those near F=0.79 V/cm. In fact,
there are a few instances where peaks occur in one spec-
trum at values of F for which minima occur in the other,
e.g., F =0.51, 0.93, and 1.0 V/cm.

CONCLUSIONS

Classical and quantal descriptions of the responses of
an atom to an external dc electric field and an external ac
field of radio frequency have been presented. These
descriptions have been used to understand the energy-
level structure that results from simultaneous application
of ac and dc electric fields to excited states of hydrogen
and hydrogenic states of Rydberg atoms. This under-
standing has been used to develop Floquet spectroscopy,
which, in conjunction with dc Stark spectroscopy, has
been used to examine the degree to which hydrogenic
states of sodium Rydberg atoms behave as states of hy-
drogen. As for hydrogen, it was found that the separa-
tion between adjacent Stark states within a given hydro-
genic manifold is constant, although the separation de-

pends upon the value of the dc field at which the mea-
surement is made. This constant separation indicates
that, as for hydrogen, the z component of the effective
permanent electric dipole moment is quantized. It was
found that the quanta of the electric dipole moment of
hydrogenic states of sodium are consistently 1 —5 %
greater than those for corresponding states of hydrogen.
The mechanism that causes this increase has been
clarified with the aid of a classical model of the Rydberg
atom. An empirical formula for these QDM's based on
the hydrogen expression was used and found to Qt accu-
rately our measured Stark energies.

Absorption strengths for excitation to sidebands of hy-
drogenic states of sodium that result from imposition of
the rf field were found to be in remarkable agreement
with those calculated for sidebands of excited states of
hydrogen. Moreover, in contrast to the effect observed
for nonhydrogenic states, the field-free (nearly) degen-
erate hydrogenic states exhibited no ac Stark shift. By
adjusting the rf amplitude and frequency it was possible
to force the transition moment to a given state to vanish,
thus providing a means for accurately measuring ac field

strengths.
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