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Most general and simplest algebraic relationship between energy eigenstates
of a hydrogen atom and a harmonic oscillator of arbitrary dimensions
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In this paper, we work out a most general and the simplest relationship between the energy
eigenstates of a d-dimensional hydrogen atom and those of a D-dimensional harmonic oscillator in

terms of the su(1,1) algebra.
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The relationship between the hydrogen atom and the
harmonic oscillator has been studied by many authors
[1-13]. Many works are based on a coordinate transfor-
mation [1-9]. For example, the so-called Kustaanheimo-
Stiefel (KS) transformation was used by Boiteux, Kibler
and Negadi [1-3,9], etc., to show that the bound states
of the hydrogen atom correspond to the energy eigen-
states of a four-dimensional harmonic oscillator subject
to a constraint. Some works are based on the transforma-
tion of radical equations. For example, the general rela-
tionship between the radical function of a d-dimensional
hydrogen atom and that of a D-dimensional harmonic
oscillator has been given by Kostelecky et al. [10] and
Nieto [12] etc. All these works are very valuable.

In this paper, we also study the relationship between
the hydrogen atom and the harmonic oscillator, but the
method is purely algebraic. We use the su(1,1) algebra
as a bridge to establish a connection between the en-
ergy eigenstates of the d-dimensional hydrogen atom and
those of the D-dimensional harmonic oscillator. In the
question we study, the dimensions of the hydrogen atom
and the harmonic oscillator are arbitrary; therefore our
results are the most general. Since the algebraic method
is used, our results are also the simplest.

First, we consider a real linear space of dimension d
and construct the operators K;, K3, and K3 in it:

K1 = %(TA'*"I‘), (1)
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K3 = —%(r A —r), (3)
where A = %;z,’ r= (:c,-zj)%, and j =1,2,3,...,d. It

is easy to show that the operators satisfy the commuta-
tion relations

(K1, K2] = —iK3, (4)
(K2, K3] = iK1, (5)
[K3,K1] =1K,. (6)

These relations show that the operators K;, K5, and K3
constitute the su(1,1) algebra. If we define K, and K_
by K4+ = K; £ iK,, then one has

[K3,K+] = £K4, (7)

[Ky,K_] = —2Ks3. (8)

When d = 3, the expressions (1)—(3) of the elements of
the su(1,1) algebra have been applied in many references
[14,15].

Next, we write the Hamiltonian of the d-dimensional
hydrogen atom

="‘%A'—?7 (9)

where we have assumed h = p(mass) = 1. Using (1) and
(3), (9) may be reduced to

(Kl +K3)H:—%(K1—K3)—62. (10)

The eigenequation of the Hamiltonian of the d-
dimensional hydrogen atom is given by

Hl|d,n) = E,|d,n), (11)

where |d, n) is the eigenstate and F,, is the corresponding
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eigenvalue. Kostelecky, Nieto, and Truax [10] obtained
the energy eigenvalue F,, of the d-dimensional hydrogen
atom; the result is [11,12]

e* 1
B T a9 "
From (10) and (11), one may obtain

{=[(1/2) + E.]K1 + [(1/2) — E,])K3 — €°}|d,n) = 0.

(13)
Defining the function 8,, by
1-2FE, . 1 n
cosh Gn = —\/——:—SE, sinh Bn = —%, (14)

and using the relation that the elements of the su(1,1)
algebra satisfy

e‘iK’o"ngiKzg" = Kjcoshf, + K;sinh§,, (15)

then the equation (13) can be rewritten as

. ; 2
{e_,Kzg,,KsengB,. — \/%;}‘d, n) =0 (16)

or

e? .
K3 — ——=—= ¢e'%2%|d n) = 0. 17
{ : \/ZEE}C 14,7 (17)

It is easy to see that Eq. (17) is an eigenequation of the
operator K3. Thus we have transferred the eigenequation
of the Hamiltonian of the d-dimensional hydrogen atom
into the eigenequation of the operator Kj.

In order to find the relationship between the hydro-
gen atom and the harmonic oscillator in arbitrary dimen-
sions, we consider a system of a D-dimensional harmonic
oscillator and construct the operators

K, = %Z( l)z, (18)
1~
K_= 5;%, (19)

D
Z Lo + agal, ) (20)

m»—a

where a, and al (a=1,2,3,...,D) are annihilation and
creation operators of the D-dimensional harmonic oscil-

lator, respectively; they satisfy [aq, ai] = dqg. It is easy
to show that the operators K, K_, and K3 defined by
Egs. (18), (19), and (20) also satisfy the commutation re-
lations (7) and (8), and therefore they also constitute the
su(1,1) algebra. When D = 1, the expressions (18)—(20)
of the elements of the su(1,1) algebra have been applied
in many references [16].

It is well known that the Hamiltonian of the D-
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dimensional harmonic oscillator is
W
= 5 Z(alaa + aaal)_ (21)
a=1

Its eigenequation can be written as

H'|D,NY = E\|D,NY'. (22)

where [D, N)' is the eigenvector, Ej; is the corresponding
eigenvalue, and

Ely = w(N + D/2), (23)

while N > 0 is the eigenvalue of the operator ZaDzl ala,.
Comparing (20) with (21), then the eigenequation (22)
may be rewritten as

Ks|D,N) = L(N + D/2)|D, NY'. (24)

Both Egs. (17) and (24) are the eigenequation of the
operator Kj; therefore, comparing (24) with (17), one
may work out the following map:

D, N) = (20 |d n), (25)
1 e
YUN+D/2) = —— 26)
2(N +D/2) =5 (26)
or
L = e *Kabn IRV (27
d 1K26 D N\I (
2e?
E,=—-———" . 28
(N+ DJ2)? (28)

Thus the relationship between the energy and the en-
ergy eigenvector of the d-dimensional hydrogen atom and
those of the D-dimensional harmonic oscillator has been
established by means of the map. It is the most general
and simplest algebraic relationship. In the expression
(25), the operator K, may be expressed in terms of the

creation operator al and annihilation operator a, of the
harmonic oscillator as

. D
Kz =23 [(a)’ - a2, (20)
a=1

However, if the energy eigenstates are expressed in the co-
ordinate space, then the operator K, should be expressed
in terms of coordinates and differentials on coordinates.

It is noted that, because a harmonic oscillator of di-
mension D may be considered as a set of D indepen-
dent harmonic oscillators of dimension 1, |D,N)' in
practice may be written as |D, N;ny,na,...,np)’, where

ne = 0,1,2,... is the eigenvalue of the operator aqaq,,
and n; + ny---+np = N. The energy of the harmonic
oscillator of dimension D depends on IV; since, for a fixed
N, there are generally several sets (ny,nga,...,np), the en-
ergy level N of the harmonic oscillator of dimension D is
generally degenerate. In the same way, the energy level
n of the hydrogen atom of dimension d is also generally
degenerate. We do not discuss the degeneracy problem
in this paper.
Substituting (12) into (26), one may obtain
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D=4n—2N +2d—6. (30)

The relation (30) shows that D must be an even integer.
In other words, the hydrogen atom of arbitrary dimension
is only connected with the harmonic oscillator of even
number dimension. If one sets D = 2d + 2\, where ) is
an integer, then (30) is reduced to the following relations:

D = 2d + 2), (31)

N=2n-A-3. (32)

Noting D > 2, N > 0, and n > 1, one may obtain from
(31) and (32)

1-d<A<-1. (33)

When d = 2, ) only takes the value —1 and D = 2; when
d = 3, X\ may take the values —2,—1 and D=2,4; when
d = 4, ) may take the values —3,—-2,—1 and D=2,4,6,
etc. In other words, the energy eigenstates of the hydro-
gen atom of dimension 2 can only be expressed in terms
of that of the harmonic oscillator of dimension 2, while
the energy eigenstates of the hydrogen atom of dimension
3 may be expressed in terms of that of the harmonic os-
cillator of dimension 2 or 4, the energy eigenstates of the
hydrogen atom of dimension 4 may be expressed in terms
of that of the harmonic oscillator of dimension 2, 4, and
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6, etc. According to these facts, we also conclude that
the energy eigenstates of a hydrogen atom of arbitrary
dimension may always be expressed in terms of the en-
ergy eigenstates of the harmonic oscillator of dimension
2.

If one requires that the ground state (n = 1) of the hy-
drogen atom of dimension d must be expressed in terms
of that (N = 0) of the harmonic oscillator of dimension
D, then there is the following relation between the di-
mension d of the hydrogen atom and the dimension D of
the harmonic oscillator:

D =2(d-1), (34)

which shows that the energy eigenstates of the hydrogen
atom of dimension 3 can only be expressed in terms of
that of the harmonic oscillator of dimension 4, and the
energy eigenstates of the hydrogen atom of dimension 4
can only be expressed in terms of that of the harmonic
oscillator of dimension 6, etc.

Finally, we show that the results of this paper are not
only the most general and simplest, but also will have im-
portant applications. For example, when one tries to find
the energy eigenstates of a g-deformed hydrogen atom,
the results in this paper will be the best way.

This work is supported by the National Science Fund
of China.
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