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Interference betvreen excitation routes in resonant sum-frequency mixing
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We present theory and observation to show that in resonant sum-frequency mixing the two
pathways to the excitation of the coherence driving the output may be controlled in relative strength,
and combine in antiphase on resonance. These two pathways are, Brst, a two-step route resulting in
the creation of a real intermediate population, and second, a direct two-photon excitation resonantly
enhanced by, but not populating, the intermediate level. The former route is shown to be raised
over the latter by use of a stronger lower laser Seld. Experimental observation uses the 3S-3Pqyq-3D
level scheme in sodium vapor and single-frequency continuous-wave lasers for steady-state conditions
and high resolution. A cancellation ratio of 94'%%uo is reported. Further, noninterfering incoherent
Suorescence and an anti-Stokes Raman process are observed and contrasted.

PACS number(s): 42.65.Ky, 42.50.Gy, 42.65.Dr, 32.80.—t

I. INTRODUCTION

It has been appreciated for some time that for a three-
cascade-level atom excited by two resonant fields there
are two routes available to populate the upper level [1].
One is a "two-step" process involving the creation of
an intermediate level population, and the other a direct
"two-photon" transition resonantly enhanced by the in-
termediate level, but not populating it. The split is useful
in dealing with collisional efFects but with a low level of
such perturbations any discrimination is somewhat aca-
demic as the two routes are inseparable [1,2]. In this pa-
per we report that these routes may, however, interfere in
sum-frequency mixing (SFM) and should always be sep-
arately considered in this context. The coherence that
drives the SFM output is contributed to, on resonance,
in antiphase by the two paths and, moreover, the relative
strengths of the routes can be varied by the pump field
powers as well as their detunings. During SFM the two
routes are associated with difFerent broadening and res-
onance conditions. In a vapor cell the two-step route is
velocity selective while the two-photon route is Doppler
broadened. While the upper-state population shows both
features as well, they are not purely associated with one
route path and the relative strengths of the sub-Doppler
and Doppler components are determined only by the de-
tunings and not the input laser powers.

An atoxnic vapor xnay be a useful xnedium for a second-
order SFM process if the isotropy is broken by external
means ([3,4], and references therein). One transition will
be dipole-forbidden, but if quadrupole allowed may still
lead to a strong nonlinearity [5]. We recently reported
experiments on two routes for SFM in sodium vapor [6]
where the intermediate level was detuned far in excess
of the Doppler width. VFe have extended the study us-
ing the 3S-3P-3D level scheme but now for the situa-
tion of simultaneous single- and two-photon resonance
retaining the use of continuous-wave (cw) lasers for high

spectroscopic resolution. The two routes of excitation
of the upper level are clearly separated by their differ-
ent linewidths and by varying the relative laser powers
it is possible to make either one dominate in the out-
put, and in the intermediate case interference is clearly
visible. The interference arises as the two routes lead
to opposing phases in the excitation of the coherence
driving the SFM process and we will show by density-
matrix calculations for a three-level atom the origin of
this effect. As opposed to other quantum interference
processes observable in atomic coherences such as elec-
tromagetically induced transparency (EIT) [7—10] there
is no power threshold for the observation of this interfer-
ence. It is the relative route strengths that are important,
which may be changed by independently altering the in-
put laser strengths or the detnning from single-photon
resonance. There is, however, a comparison to be made
here between EIT or Fano interference and this work; all
of these systems produce interference as the result of two
paths leading to the same end.

Furthermore, we have observed strong anti-Stokes Ra-
man output at the same wavelength as the SFM signal.
A quadrupole Raman process has been observed before in
potassium vapor [11,12] but with the exciting radiation
on the quadrupole transition and using pulsed excitation.
Our experixnent difFers substantially from this. First, it is
continuous wave; second, the process is quadrupole anti-
Stokes, and further the two-step and two-photon routes
can been identified in the output. This process, like that
of population of the upper level, does not display inter-
ference in the two routes and the splittings of the various
velocity-selected features are the same as for the Buores-
cence or SFM. Figure 1 shows the three processes dis-
cussed in this work: population of the upper level (moni-
tored by fiuorescence); the creation of the SFM coherence
between the 3S and 3D states; and anti-Stokes Raman
conversion. The nature of the Raman process is an exci-
tation to the 3P level by the first laser followed by soxne
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late the slowly varying off-diagonal matrix element pi3
by solution of the coupled density matrix equations for
a three-level atom. We consider a cascade atom (of the
form of Fig. 2) and assume that fields url and u2 are
injected from single-mode cw laser sources and are close
in frequency to only one transition. We define

3S

3D

(b)

3D

E((u, , t) = E; (—exp[i((u, t+ k, z)]+ c.c.j2

as the description of the electric fields, which will lead
to half Rabi &equencies, on the appropriate transition of
matrix element @~I„of

3P
Dephased

Proceeding from the Liouville equation [13,14] we obtain
the evolution of the density-matrix components as fol-
lows:

(c)

FIG. 1. A schematic of the three processes observed:
(a) upper-level spontaneous decay, (b) resonant mag-
netic-field-induced sum-frequency mixing, and (c) anti-Stokes
Raman conversion.

Pll i~i(P21 P12) + f 21p22 (3a)
p„=in, (p„—p„)+ n, (p„—p„)—r„p„+r„p„,

(3b)

p33 io2(p23 p32) P32P33 (3c)

p12 i(+1 1+12)p12 + i~1(p22 pll) i~2P13, (3d)

P23 i(+2 i Y23)P23 + i~2(P33 P22) + i~lP13 (3e)

p13 ——i(61 + A2 —1+13)p13 + i01P23 —XO2p12. (3f)

dephasing process, most probably collisional. Thereafter,
the second laser initiates a Raman conversion to shorter
wavelengths which is enhanced by the resonance with
a dipole-allowed (3P-3D) and then quadrupole-allowed
(3D-3S) transition.

The Raman and sum-&equency processes may be read-
ily separated by use of the transverse magnetic field. If
this is removed the second-order SFM signal is removed
allowing clear observation of the third-order Raman sig-
nal. Once the magnetic field is applied both signals are
present but SFM may dominate under appropriate vapor
conditions, detailed later.

In Sec. II of this paper we detail solutions of the
density-matrix approach for a three-level atom display-
ing the route interference mentioned above. Its origin is
discussed and the effect of the laser strengths and single-
photon detuning detailed with respect to the features in
the observable output line shape. Thereafter we detail
the experiment in Sec. III and then results for the non-
parametric processes in Sec. IV showing the two excita-
tion features. The contrasting SFM signals are discussed
in Sec. V and the interference features observed compared
to theory.

P12 P12 exp [i(~lt + klz)]
p23

——p23 exp [i(ur2t + k2z)],
p13 = p13 exp [i f(ul + u2)t + (kl + k2)z)] .

(4a)

(4b)

(4c)

For sum-&equency mixing in this system the important
matrix element is the coherence between the uppermost
and the ground state, pq3, while previous treatments have
tended to concentrate on the upper state population, p33.
Berman [1] gives six chains leading to p33, of which two
are identified as "two quanta" and do not involve the

32

Within these, the detunings are defined as 4; = ~, —
k;V, —~,~;+z~ with the k;V, term taking account of the
Doppler shift due to motion in the z direction. The popu-
lation decay rates are I';~ while the coherence decay rates
are denoted p,~. We have assumed, without loss of gen-
erality, that the Rabi frequencies 0; are real. Optical
&equency oscillations of the off-diagonal elements have
been removed by the substitutions:

II. THEORY

In order to predict the SFM coherence between the
ground state and the uppermost level we must calcu- FIG. 2. A cascade three-level atom.
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creation of a 6nite p22 and four are "two step" and do
involve the creation of a finite p22. They are symmet-
ric in their use of the fields, all being of order (O102)2.
However, in the absence of strong collisional perturbation
of level 2 the split in routes is noted to be arti6cial and
the result reduces to the expression derived from use of
probability amplitudes where the two routes cannot be
distinguished [2]. Doppler integration of the resulting ex-
pression leads to a mixed feature with both Doppler and
velocity selected components. The relative importance of
the two features are, hence, set only by the Maxwellian
velocity distribution which determines how many atoms
may have the correct Doppler shift for double resonance.

However, for SFM and the generation of p13 the split
into the different routes is important as the two routes
have different input field dependences. In a similar man-
ner to Berman we may look at the perturbation chains
which the two routes follow. The two chains for the gen-
eration of p13 by direct two-photon excitation are

on single-photon resonance, a situation never true for the
population [2).

Having illustrated the separation of these routes the
possibility of interference may be elucidated by reference
to Eq. (3f). Under steady-state conditions this may be
written as

O1p23 O2 p12
P13 =

(613 1 Y13)

The 6rst term in the numerator is the last link in the
chain of the two-step route while the latter is of the two-
photon route. If we substitute for the coherences to 6rst
order this becomes

A1A2(P33 P22)
P13 =

(+1 + +2 & Y13)(+2 z'Y23)

A1A2(P22 p11)
(+1 + +2 z Y13)(+1 &'Y12)

P11 + P12 ~ P13)
Ag Ag

P11 ~ P21 ~ P31~
Ag Ag

(5a)

(5b)

while by two-step excitation the four relevant chains are

neglecting the higher order terms for p13. If the exci-
tation is of moderate strength in a Doppler broadened
medium the populations will obey the relations: p11 1,
p22 &, and p33 0. We may then deduce, using Im()
to denote the imaginary part,

P11 + P12 ~ P22 + P23 + P13)
Ag Qg Og Ay

P11 + P21 ~ P22 ~ P23 + P13&
Ag Og Ag Ag

P11 ~ P12 ~ P22 + P32 + P31)
Qg Ag Ag Ag

P11 + P21 + P22 + P32 + P31 ~

Og Og Qg Ag

(6a)

(6b)

(6d)

203102
P13 = ImI'„(6,+b,, —iP )(6 —iy2 )

~ ~ ~ ~

1 0102
x . +

(+1 & Y12) (+1 + +2 &'Y13)(+1 z'712)

(9)

By this analysis we may now discern why p13 may react
differently to the two routes compared to the population,
p33 Whereas, for the population the routes were equiv-
alent in their use of the 6elds, now the two-step route is
of order Ai(A102) and the two photon, (A102). There-
fore, the two-step route is more sensitive to an increase
in O1 than the other route and will lead to the velocity-
selecting route dominating for O1 && O2. However if the
reverse is true the two-photon route may dominate even

To illustrate the properties and effects of the two terms
of Eq. (9) it was split and these terms integrated in-

dividually by numerical means for Doppler broadening
with L1 ——0. The resulting real and imaginary parts
are displayed in Figs. 3(a) and 3(b), respectively. The
different broadening natures of the two routes are clearly
visible and the combination of field strengths was chosen
to illustrate near cancellation.

In order to gain insight into the general shape of the
output line shape with arbitrary detunings it is useful to

2-

0

TS

I I I I I

-4 -2 0 2 4

5, Detuning (GHz)

TS

I I I I I

-4 -2 0 2 4

6, Detuning (GHz)

FIG. 3. Separate solutions of
the two terms of Eq. (9), corre-
sponding to the two-step (TS)
and two-photon (TP) routes,
split into (a) real and (b)
imaginary parts and integrated
over the velocity distribution
at 500 K. (Other parameters
are O~ ——Oq ——0.001 GHz;I'„=I'„=0.05 GHz;

0.025 GHz;
7y3 ——0.01 GHz; Ai ——0.)
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consider the phasors generated by each of the two terms
in Eq. (9). The set of points mapped out by the phasors
corresponding to the above example is shown in Fig. 4,
with the observable,

~ pis ~2, as an inset. The two phasors
are in exactly opposite directions only on d.ouble reso-
nance (as shown by the arrows labeled "0"). A vector
addition must be carried out at all other points for the
resultant output phasor lobe, shown by the dashed line.
It is immediately obvious that the two routes' phasor
lobes are mainly in the opposite sense but, as indicated
by the phasors for an upper 6eld detuning of 100 MHz
(shown by the arrows labeled "100"),the phasors rotate
in opposite directions. Furthermore, due to the substan-
tially narrower linewidth the two-step (TS) phasor ro-
tates much faster and only has significant effect on the
output for the short range where the total phasor lobe
deviates from the two-photon (TP) one. In this example
the relative routes' strengths are such that the total out-
put phasor rotates swiftly around to be parallel to the

I I I I I I I I I

-4 -3 -2 -1 0 1 2 3 4 5
10' Re(p, , )

PIG. 4. The locus of points swept out by the phasors for
each of the terms in Eq. (9), and the resulting total phasor
for the parameters of Fig. 3. Phasor arrows are displayed for
Eq ——0 and Eq ——100 MHz. The observable, the SFM line

shape, is taken as proportional to ~piq~, and shown as an
inset.

TS phasor at Aq ——0 and, thus, a sharp dip is seen in
the output line shape. If the TS route were stronger the
total output phasor lobe would extend closer to the TS
phasor lobe at upper level resonance and a sharp peak
would be seen with Banking minima as the phasor rotates
from the TP orientation around, close to the origin, an(3

over to the TS phase.
When AI is a finite value this method of visualization

is at its most useful. An example with Aq ——2 0Hz is
used here, and shown in Figs. 5 and 6. Figure 5 displays
the relative term strengths in an analogous way to Fig.
3, whereas Fig. 6 shows the resultant phasor lobes. The
smaller magnitude of the TS route is clear and the cor-
responding phasor lobe is small, but of the same shape
and orientation as the TS one in Fig. 4. However, the TP
phasor lobe has been substantially rotated by the lower
field onset and the two phasors are no longer directly
opposing at A2 ——0. At the appropriate range of Aq
where the two paths are both of significant magnitude
the TP phasor direction is such that the TS route has
a mainly additive effect on the total output phasor lobe.
apart &om a small double back. Therefore, the SFM out, —

put line shape displays a small, almost dispersive feature
where the routes combine. At intermediate detunings
higher than this the TP route can have fallen almost to
zero before the TS route becomes of significant strength
and so the combination is trivial and almost scalar in
Inanner.

Full numerical solutions allow a closer approximation
to the experimental situation with the assumptions used
to attain Eq. (9) relaxed. The field strengths are raised
to above the saturation level as they are in the experi-
ment but the main features of the simplified case remain.
The solutions are gained by setting the time derivatives
to zero in Eqs. (3) and solving the system, with the
complex conjugates of the off-diagonal elements, simul-
taneously. Numerical integration over the Maxwellian
velocity distribution is carried out for each point. Fig-
ure 7 displays the predicted line shape of ~pis~ (which
the SFM power is proportional to) for various values of
02 against the detuning of the upper laser field,
For these traces 41 was set to zero so the peak of both
routes occurs at A2 ——0. At low values of the upper

a) (b)

10-

0.6-

& 0.4-

FIG. 5. Solutions of Eq. (9),
for F&g. 3, except with

A1 ——2 GHZ.

0.2-

-1 0-
I I I

—4 -8 0 8 4

b, Detuning (GHz)

0.0

0 2 4

6, Detuning (GHz)
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SFM Output

TP (and Total)
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I
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FIG. 6. Locus of points swept out by the phasors for each
of the two terms of Eq. (9), as for Fig. 4, except for the
parameters of Fig. 5.

and passing near the origin as it does. Eventually the
strengths are such that the two routes exactly oppose on
resonance and a complete cancellation is seen [see curve
(d) in Fig. 7]. Thereafter, as the two-photon route con-
tinues to rise in magnitude the velocity-selected feature
becomes a minimum in the profile. Similar distinctive
features are obtained in reverse if 02 is held constant and
Oq allowed to increase. However, the velocity-selected
feature is seen to power broaden considerably within the
Doppler profile as this field strength rises.

Behavior with different detuning offsets of Aq is com-
plex. The resonance positions of the two routes move
across each other as the resonance condition for the two-
photon route is A2 ———A1 while for the two-step route
it is A2 ——~&A1. As the detunings change so do the rela-
tive route strengths and the profiles calculated are shown
in Fig. 8. It is worth noting that at sufBcient detuning
of the lower laser (b, i ) Doppler width) no interference
features can be observed and the profiles become similar
to those predicted for the fiuorescence.

field strength the velocity-selected route dominates and
a narrow power broadened resonance is observed. As the
upper field strength is increased the wings of the two-
photon route build up to either side and sharp dips Bank
the two-step feature. These dips are due to the coher-
ence swiftly changing phase from one route to the other

III. EXPERIMENT

In order to observe this effect we have extended the
experiment described in Ref. [6]. We have used two cw
lasers an argon-ion pumped dye laser (Spectra Physics

0.5- 0.3-

0.4- 0.25-

ce 0.3-
0$-

0.15-

0.1-

0.1-
0.05-

-4 -3 -2 -1 0 1 2
I

4
0.0 ,

-4
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b, , Detuning (GHz)
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O.e-

5, Detuning (GHz)
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ce 0.6-

0.15-
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0.05-
0$-

0.0 I I I I I I-4 -3 -2 -1 0 1 2

6, Detuning (GHz)

o.o ,
—4

6, Detuning (GHz)

FIG. 7. Full numerical solutions for ~pis~ plotted against bz for Qq ——0.02 GHz and 02 ——0.04, 0.06, 0.08, 0.10, 0.12, 0.14,
0.16 GHz [traces (a) to (g), respectively].
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FIG. 8. Full numerical solutions for
~ pcs ~

plotted against A2 for Qq

Az ———2, —1.5, —1, —0.5, 0 GHs [traces (a) to (e), respectively].
0.02 GHz, 02 —— 0.2 GHz, and

380D) and a modified ring Ti:sapphire laser (Schwartz
Electro-Optic Titan CW). The Ti:sapphire laser has been
modi6ed by the inclusion of an intracavity air-spaced
etalon, a galvo-mounted solid etalon, and galvo-mounted
brewster rhombs to allow for mode-hop free tuning via a
dither and feedback technique. The lasers both produced
single-frequency radiation, the former tunable around
589 nm (3S-3P) and the latter around 819 nm (3P-3D).
During the experiment the dye laser was held steady in
&equency while the Ti:sapphire scanned. This eased the
experimental interpretation as the phase mismatch and
the linear absorption of the dye laser Beld remained con-
stant.

The outputs were combined and passed collinearly
though an oven containing sodium and a small amount of
argon buffer gas (= 1 mbar). A transverse magnetic field
could be applied across the vapor region by a Newport
type-A electromagnet capable of providing a magnetic
6eld up to 0.4 T in strength. The output radiation at 342
nm was detected by a photomultiplier tube (Hamamatsu
931B) after the fundamental radiation was filtered off
by 2 UGll filters. (A. monochromator could be inserted
after the oven, when required, to verify the output wave-

length and all UV signals were ascertained to be close to
the frequency of the 3D 3S transition. ) Sid-eways 819-nm
Buorescence, produced in a spectroscopic cell either sep-
arately or simultaneously to the experiments in the oven,
served as a means for monitoring the line shape of excita-
tion to the 3D level. The 589-nm beam was chopped and
phase-sensitive detection used to raise the signal-to-noise
level. The laser beams were unfocused and the vapor
region is approximately 10 cm in length. Vapor tem-
peratures of typically 180 C to 230 C were used (corre-
sponding to sodium particle densities of around 10 m

IV. NONPARAMETRIC PROCESSES

While the level structure used in this work was not
that of an ideal three-level atom, the interference eKects
were still obvious. Both the ground (3S) and intermedi-
ate (3P) states have appreciable hyperfine structure [16]
with splittings of 1.77 GHz and 188 MHz, respectively.
Selection rules do not permit excitation to the 3D5g~ level
and any hyper6ne structure is within the homogeneous
linewidth for the 3Dsg2 level [17]. The level scheme of
interest is summarized in Fig. 9.

In order to probe spectroscopically the excitation of
the sodium atoms to the 3D level two signals were used.
The 6rst was sideways Huorescence at 819 nm from the
decay of the 3D state to the 3P state. With the dye laser
tuned near resonance on the 3S-3P transition the line
shape observed is shown in Fig. 10. Due to the velocity
selection [2] the peak structures are observed separated
not by their hyperBne splittings but incorporate a factor
depending on the observing wave vectors. Table I sum-
marizes the splittings expected and the velocity-selection
factors. Observed splittings were consistent with these
predictions.

The lines are strongly power broadened due to the laser
powers being in excess of the saturation intensities for
the transitions which mirror the conditions of the SFM
experiment. Note how the two-step velocity-selected fea-
ture dominates here and increasing the Ti:sapphire laser
power merely caused further power broadening. This
is as predicted for the population in the upper level:
Doppler broadening will not dominate with near resonant
tuning for the lower laser, and high resolution spectro-
scopic information is received.

The second nonparametric signal observed was a UV
signal at the 3D-3S wavelength, but with no magnetic
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FIG. 14. Line shapes of the sum-frequency output observed
as the Ti:sapphire laser is tuned for Ti:sapphire powers of (a)
3 mW, (b) 12.5 mW, (c) 50 mW, and (d) 200 mW (dye power
8 mW, vapor temperature 230 'C, transverse magnetic field
of 0.013 T).

route cluster are direct evidence of the changing phase of
the SFM driving coherence, as predicted in the theoret-
ical results, e.g. , Fig. 7. Indeed, this figure summarizes
the main result of this paper: that the two routes may
have opposite phase and that by changing the relative
input powers the comparative route strengths may be
altered.

At this laser tuning there was not sufhcient available
Ti:sapphire power to bring the two-photon route into
dominance and see cancellation of the two routes. In
order to do this the dye laser was detuned slightly. This
has the efFect of lowering the two-step route as the num-
ber of atoms in the correct velocity group for velocity
selection is lowered due to the Maxwell-Boltzmann ve-
locity distribution. By carefully adjusting the det»ning
and input powers, near cancellation could be achieved
(Fig. 15). In this trace the two-step route can be seen

sunk into the two-photon profile with a strong cancella-
tion to one side due to detuning effects. This feature is
confirmed to be due to the opposing route phases by a
halving of 02 in Fig. 16. In this figure the two-photon
route has now been lowered such that where the cancella-
tion occurred before, a small peak is evident at the base
of the minima. This is now the two-step route marginally
outweighing the two-photon route and the feature is as
predicted &om theory (see Fig. 7). Theory would then
predict this peak to grow in importance with decreas-
ing upper laser power and it was indeed observed to do
so. The maximum cancellation observed, measured as
the distance between the peak of the two-photon route
and the interference minimum was 94%. This is limited
by the background Raman process, dominated but not
removed, and the efFects of linear absorption on 01.

The behavior of the output with detuning of the lower
laser, A1, was complex. Not only do the relative route
strengths vary rapidly but propagational efFects such as
linear absorption and phase mismatch do also. It was
found that strong interference features were observed
only within about a 1 0Hz range of line center. Four
successive traces as the dye laser was moved towards res-
onance are shown in Fig. 17. The line shapes at large
detunings are similar to those for Huorescence or the Ra-
man signal, where the two line shapes are superimposed
on each other. This is again as predicted &om theory.
However, as close resonance approaches, the line shapes
become rapidly more complicated as the route strengths
and phases become important and interference efFects dis-
tort the line shape.

VI. DISCUSSION AND CONCLUSIONS

While the experiments in sodium vapor serve to give
functional fit to the theoretical predictions, if the hyper-
fine structure is appreciated, it would be desirable to gain
a quantitative fit to theory by use of a three-level system
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FIG. 15. Strong cancellation observed in the SFM line

shape (dye 80 mW, Ti:sapphire 160 mW).
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FIG. 16. As in Fig. 15 but with the Ti:sapphire power re-

duced to 40 mW to show the conditions where the two-step
route now just outweighs the two-photon route at the cancel-
lation point seen in the preceding figure.
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