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Ionization and charge-transfer cross sections of atomic hydrogen in collision with multiply charged
ions are calculated for various projectile charges (Z= 2—8) in the energy range from 1 to 400 keV/amu
by the atomic-orbital close-coupling method. Many pseudostates constructed from Gaussian-type
orbitals are used on the projectile and the target for the representation of continuum states. The
present ionization cross sections show systematic agreement with measurements for He +, Li +,
and C + impact over the entire energy range where experimental data are available. The present
calculations also produce reliable consistent cross sections for excitation and electron capture simul-
taneously.

PACS number(s): 34.50.Fa, 34.70.+e

I. INTRODUCTION

The close-coupling method has been widely used in
various 6elds of atomic collision physics with the recog-
nition that it is one of the most reliable and powerful
theoretical approaches. It is mostly applied to scatter-
ing processes in the intermediate- or low-energy region,
where the multiple scattering efFect is so signi6cant that
perturbative approaches are not applicable.

For ion-atom collisions, the description can be simpli-
fied by the adoption of the semiclassical version based
on the impact-parameter method unless the collision en-

ergy is extremely low. Even under this simplification,
solving the coupled equations is very time consuming be-
cause of the two-center nature of the coupling matrix ele-
ments. Nevertheless, the size of coupled equations tends
to be increased for the improvement of the convergence
owing to the recent progress of high-speed computers.
Although good agreement has been achieved with exper-
imental data for various excitation and electron capture
processes, extensive study of ionization processes has not
been performed yet. The contribution of the continuum
states are usually taken into account through discretized
continuum states constructed by the diagonalization of
the target and projectile Hamiltonians in terms of a set
of square integrable basis functions. The purpose of
inclusion of pseudocontinuum states has been in most
cases improvement of the description of the two-center
nature of the electronic wave functions, and the num-
ber of positive-energy pseudostates is not large enough
to calculate ionization cross sections directly.

The expansion in terms of atoInic orbitals centered
around the target and projectile nuclei is adequate in the
energy range where the projectile velocity is comparable
to that of the relevant bound electron. The Slater-type
orbitals have been mostly used for the construction of
the basis function of the expansion. The existence of the
electron translation factor (ETF), which accounts for the
difFerent translational motion of the two nuclei, makes

impossible the analytic evaluation of the two-center ma-
trix elements based on the Slater-type orbital expansion.
Accurate numerical evaluation of the matrix elements be-
comes rather dificult when the collision energy is high
owing to the rapid oscillation of the ETF or when the
states have many nodal structures.

Electron capture processes have a peculiarity that the
ordinary 6rst Born approximation does not give the lead-
ing contribution even at the high-energy 1imit. It is well-

known that this phenomena is due to the Thomas dou-
ble scattering mechanism, which was originally predicted
by the purely classical mechanics. This mechanism had
been studied by many workers using entirely perturba-
tive approaches, namely, the second-order perturbation
theory or various types of distorted-wave theories that
contain the second-order term in it, until Toshima and
Eichler [1] succeeded in showing that the contribution of
the double scattering can be identified correctly in the
close-coupling calculations for charge transfer. They also
showed that the double scatterings are mediated by the
high-lying continuum states that have the same velocity
component with the relative motion. They have avoided
the difFiculty in numerical integration of the matrix ele-
ments between continuum states by the introduction of
the Gaussian-type orbitals (GTO) for the expansion. The
GTO representation enables all the two-center matrix el-

ernents to be evaluated analytically with any desired ac-
curacy regardless of the collision energy. Toshima [2]
later extended the GTO expansion method to the calcu-
lation of the perturbation series for charge transfer. It
was demonstrated that the GTO representation is a very
powerful method for the treatment of the processes in
which continuum states play a decisive role.

Most of the existing theoretical calculations of ion-
ization cross sections of atomic hydrogen in collision
with multiply charged ions are based on perturbative
approaches and their agreement with experimental data
is not satisfactory at intermediate- and low-energy re-

gions [3]. Close-coupling calculations show much better
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agreement, but they have been done only for ions with
small net charges [4,5]. Recently Toshima [6] investigated
the ionization process in C + + H collisions by means of
the close-coupling method developed for the study of the
Thomas double scattering process stated above. In this
study he found that deep bound states of the projec-
tile ion have a significant contribution to the ionization
and excitation cross sections below 10 keV and the ne-
glect of those states causes a serious overestimation of
the cross sections. Pritsch [7] also executed large-scale
close-coupling calculations for the excitation processes in
Be4+ + H and C6+ + H collisions, including all the deep
bound states of the projectile ions in the expansion.

In this article we calculate ionization and electron cap-
ture cross sections for the collisions of atomic hydrogen
with multiply charged naked ions for the nuclear charges
Z= 2 —8,

A ++H(ls) m A ++p+ e

-+ ~(Z-1)+ +

by means of the close-coupling method.

II. THEORY'

The numerical procedure of the present close-coupling
method has been shown in details in previous papers [1,6]
and we give only a brief remark on it here. The relative
motion of the heavy particles is described classically by
a rectilinear trajectory with a constant velocity e in the
impact-parameter representation. The time-dependent
two-center electronic wave function is expanded in a stan-
dard way as

NT

@( t) =). '(t)~'(r t)+ ). '(t)~' (r t) (2)
g=NT+1

where @+(r&,t) and Q+(r p, t) are the target and the pro-
jectile atomic orbital with appropriate electron transla-
tion factors attached and rz, r~ are the electron coordi-
nates measured from the target and projectile nucleus,
respectively. The eigenfunctions of each center are fur-
ther expanded in terms of the Gaussian-type basis func-
tions as

TABLE I. The eigenvalues (a.u. ) of H obtained by diago-
nalizing the atomic Hamiltonian in terms of Gauss-type basis
functions.

e=0
-0.500
-0.125
-0.056
-0.031
0.009
0.070
0.208
0.515
1.189
2.657
5.863

-0.125
-0.056
-0.031
0.004
0.058
0.185
0.480
1.164
2.755
6.519

-0.056
-0.031
0.048
0.177
0.514
1.403
3.795
10.44

-0.031
0.031
0.146
0.494
1.567
5.000

0.016
0.125
0.575
2.536
11.80

on the projectile following the findings in the preliminary
study of the ionization process of Cs+ + H collisions [6],
though the direct transition probabilities to those states
are negligibly small. The basis set used for the atomic
hydrogen is larger than that used in the preliminary cal-
culations in that the bound states with n = 3 and 4 are
added. The inclusion of these excited states of H makes
the ionization cross sections larger around 100 keV/amu
but smaller below 10 keV/amu, while the capture cross
sections are changed little.

The numbers of Gaussian-type orbitals used for the
expansion of (3) are 20, 16, 13, 11, 10, 8, 7, and 6 for E =
0—7, respectively. These numbers and the ranges of the
nonlinear parameters o,„are determined and optimized
so as to produce the wave functions of all the bound
states in Tables I—VIII sufficiently accurately; the matrix
elements among bound states agree with those calculated
in terms of exact hydrogenic wave functions within an
inaccuracy of 1'%%. Increasing the Gaussian orbitals still
further, the eigenvalues of the pseudocontinuum states
shift to lower energies as a whole and the spacings among
them become smaller but the calculated ionization cross
sections change little. The convergence of capture cross
sections is achieved for a smaller number of Gaussian
orbitals.

Figure 1 shows the ionization and capture cross sec-
tions for He2+ + H. The capture cross sections are very

&p„~ (r)=) c(")e " r Yg (r), (3)
TABLE II. The eigenvalues (a.u. ) of He+ obtained by di-

agonalizing the atomic Hamiltonian in terms of Gauss-type
basis functions.

where the nonlinear parameters o.„are generated as a
modified geometrical progression. The coefficients c„~ are
determined so as to diagonalize the atomic Hamiltonian
of the target and the projectile.

III- RESULTS AND DISCUSSION

The energy levels of the atomic orbitals used for the
expansion (2) are listed in Tables I—VIII. We have explic-
itly coupled deep bound states of multiply charged ions

e=0
-2.000
-0.500
-0.222
-0.125
-0.080
0.057
0.209
0.517
1.137
2.367
4.802

e=1

-0.500
-0.222
-0.125
-0.080
0.059
0.239
0.638
1.505
3.368
7.384

-0.222
-0.125
-0.080
0.095
0.412
1.254
3.447

e= 3

-0.125
-0.080
0.066
0.364
1.255
3.898

e=4

-0.080
0.128
0.937
4.829
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TABLE III. The eigenvalues (a.u. ) of Li + obtained by
diagonalizing the atomic Hamiltonian in terms of Gauss-type
basis functions.

TABLE VII. The eigenvalues (a.u. ) of N + obtained by di-
agonalizing the atomic Hamiltonian in terms of Gaussian-type
basis functions.

e=o
-4.499
-1.125
-0.500
-0.281
-0.180
0.096
0.378
0.927
1.990
4.033
7.957

e= 1

-1.125
-0.500
-0.281
-0.180
0.097
0.415
1.090
2.499
5.414

-0.500
-0.281
-0.180
0.154
0.693
2.061
5.462

-0.281
-0.180
0.112
0.647
2.182
6.541

e= 4

-0.180
0.216
1.614
7.961

e=o
-24.49
-6.123
-2.722
-1.531
-0.980
-0.680
-0.500
0.673
3.412
10.85

-6.125
-2.722
-1.531
-0.980
-0.681
-0.500
0.312
2.237
7.516

-2.722
-1.531
-0.980
-0.681
-0.500
0.319
2.588
9.184

-1.531
-0.980
-0.680
-0.500
0.249
2.584
9.907

-0.980
-0.681
-0.500
0.469
2.559
8.580

-0.681
-0.500
0.281
2.028
8.682

-0.500
0.927
4.419

TABLE IV. The eigenvalues (a.u. ) of Be + obtained by
diagonalizing the atomic Hamiltonian in terms of Gauss-type
basis functions,

e=o
-7.992
-2.000
-0.889
-0.500
-0.320
0.237
0.904
2.426
5.779

e=1

-2.000
-0.889
-0.500
-0.320
0.082
0.457
1.282
3.043

e=2

-0.889
-0.500
-0.320
0.053
1.095
4.819
6.767

-0.500
-0.320
0.028
1.243
6.463

e=4

-0.320
0.292
1.980
8.592

e=o
-12.49
-3.123
-1.388
-0.781
-0.500
0.371
1.413
3.790
9.029

e= 1

-3.125
-1.389
-0.781
-0.500
0.129
0.715
2.004
4.755

-1.389
-0.782
-0.500
0.082
1.711
7.530

-0.781
-0.500
0.044
1.942

e=4

-0.500
0.456
3.093

TABLE V. The eigenvalues (a.u. ) of B + obtained by di-

agonalizing the atomic Hamiltonian in terms of Gauss-type
basis functions.

close to the results of the triple-center close-coupling cal-
culations of Winter [5] but the ionization cross sections
are considerably smaller than Winter's results. It is to
be noted that the ionization cross sections decrease gen-
erally as one increases the number of the basis states
at low energies according to the calculations of Winter.
We also con6rmed this tendency in the present calcula-
tions. The ionization cross sections of the adiabatic su-

perpromotion model by Janev, Ivanovski, and Solov'ev

[9] are closer to the present results, though their cross
sections fail to reproduce the experimental data [10,11]
above 20 keV/amu, where the adiabatic representation
breaks down. The present ionization cross sections are
larger than the measured cross sections by 10—20% above
100 keV/amu. It needs to be mentioned that the exper-
imental cross sections are normalized to the Born cross
section at 1.5 MeV/amu but the close-coupling ionization
cross section does not converge to the Born approxima-
tion yet even at this energy [12].

Figure 2 gives the cross sections for the process of Li +

+ H. The present capture cross sections agree well with
other close-coupling results of Fritsch and Lin [13] except
above 10 keV/amu. The difFerence between the two cross
sections arises mainly from the contribution of the cap-
ture to the n = 5 states, which were neglected in their
calculations. The agreement of the present ionization
cross sections with the experimental data [14] is better
than in Fig. l.

e=o
-17.97
-4.495
-1.998
-1.124
-0.720
-0.500
0.252
2.106
2.770
6.299

e= 1

-4.500
-2.000
-1.125
-0.720
-0.500
0.526
2.847
5.911

e=2

-2.000
-1.125
-0.720
-0.500
0.666
3.013
8.550

-1.125
-0.720
-0.500
0.626
3.037

e=4

-0.720
-0.500
0.480
1.917

e=5

-0.500
0.194

TABLE VI. The eigenvalues (a.u. ) of C + obtained by di-

agonalizing the atomic Hamiltonian in terms of Gaussian-type
basis functions. e=o

-31.19
-7.896
-3.525
-1.987
-1.273
-0.885
-0.651
-0.498
0.612
2.607
7.380

e=1 e=2 e=3

-7.980
-3.548
-1.997
-1.278
-0.888
-0.652
-0.500
0.211
1.403
4.398

-3.555
-2.000
-1.280
-0.889
-0.653
-0.500
0.541
2.847
9.113

-2.000
-1.280
-0.889
-0.653
-0.500
0.320
2.312
7.788

e=4 e=5

-1.279
-0.888
-0.652
-0.499
0.238
1.335

-0.889
-0.653
-0.500
0.009
1.365

-0.653
-0.500 -0.500
0.298 0.005

TABLE VIII. The eigenvalues (a.u. ) of 0 + obtained
by diagonalizing the atomic Hamiltonian in terms of Gaus-
sian-type basis functions.
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PIG. 1. The ionization and electron capture cross sections

for He + + H(ls). The solid lines are the present calcula-
tions. The open squares and the crosses are the three-center
close-coupling calculations of Winter [5] and the inverted tri-
angles are the adiabatic superpromotion model of Janev et aL

[9]. The solid circles and solid squares are the experimental
ionization cross sections of Shah and Gilbody [10] and Shah
et al. [11],respectively.

In Figs. 3 and 4, we present the cross sections for Be +

+ H and B + + H, respectively. The agreement of the
capture cross sections with the results of Fritsch and Lin

[8] is satisfactory similarly to Fig. 2. No experiment has

been done for the measurement of the ionization cross
sections. A double-humped structure has appeared in

the ionization cross sections at low energies. This struc-
ture can be seen commonly in the ionization processes
when the nuclear charge Z is large, and it becomes more
prominent with increasing Z.

Figure 5 gives the cross sections for C + + H. This
process was studied using a smaller basis set in the pre-
liminary report [6]. Experimental data for the ioniza-

tion exists only at 400 keV/amu [3]. The present cal-
culations give the cross section of 1.21 x 1D cm,
which is slightly larger than the measured value of (1.07
6 0.06) x 10 ~s cm2. Figures 6 and 7 show the cross sec-
tions for N7+ + H and 08+ + H, respectively. In Figs.
5—7, we also compare the capture cross sections with the
measurements of Meyer et al. [15]. The present capture
cross sections are generally larger than the measured val-

ues, though the difference is within the uncertainty aris-

ing &om the experimental errors. The difference between
the capture cross sections of the present work and Fritsch
and Lin [8] above 10 keV/amu arises from the same rea-
son as in Fig. 2; the capture to highly excited states
neglected by them is contributing there. In Fig. 8 we

present partial cross sections of the electron capture into
each shell for Os+ + H(ls) collisions. We see that the
neglect of the highly excited states of n = 7 and n = 8
leads to the underestimate of capture cross sections at E

I ~ ~ ~ I ~ ~ I i I ~ ~ ~ ~ ~ ~ ~
I

10
10 ~ I ~ ~ ~ I ~ ~

I
~ ~ ~ ~ ~ ~ ~ ~ i ~ ~

H

-16
10

10

0
~ W

V
tD

10

U

10

8
V

0 10

10"

10 p10 10
En erg y(ke V/amu)

10 10

FIG. 2. The ionization and electron capture cross sections
for Li + + H(ls). The solid lines are the present calculations.
The open circles are the close-coupling calculations of Fritsch
and Lin [13].The solid circles are the experimental ionization
cross sections of Shah and Gilbody [14].

10 10 10
Energy(keV/amu)

FIG. 3. The ionization and electron capture cross sections
for Be + + H(ls). The open circles are the close-coupling
calculations of Fritsch and Lin [8].
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FIG. 4. The same as Fig. 3 but for B + + H(ls).
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FIG. 6. The same as Fig. 5 but for N + + H(ls).
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= 25 keV/amu. The ionization cross sections of the adi-
abatic superpromotion model [9j show similar energy de-
pendence as the present results, though the former does
not show the humped structure. We tried to resolve the
cause of the humped structure but could not elucidate
it definitely. Excitation cross sections of the hydrogen

10 s ~ s ~ s s ~ s s ~ s ~ s ~ s I
I
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O
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s s s s s s st I

10
s s s ~ ssssl

10
~ s s
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-l7

Energy(ke V/arnu)

FIG. 5. The ionization and the electron capture cross sec-
tions for C + + H(ls). The open circles are the close-coupling
calculations of Fritsch and Lin [8]. The inverted triangles are
the ionization cross sections by the adiabatic superpromotion
model of Janev et oL [9]. The solid squares are the experi-
mental capture cross sections of Meyer et al. [15] and the solid
circle is the experimental ionization cross section of Shah and
Gilbody [3].

10

10 10 10
Energy(ke V/amu)

FIG. 7. The same as Fig. 5 but for 0 + + H(ls).
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FIG. 8. Partial electron capture cross sections for 0 + +
H -+ 0 +(n) + p. The line connecting the open circles is for
E = 2 keV/amu and that connecting the crosses is for E =
25 keV/amu.
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I
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I

~ geoa'
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~0

atom also show the structures at the same energies as
shown in Fig. 9. We do not attribute the structures to
the instability of the numerical calculations since similar
structures were reported in the independent calculations
[7,16].

The ionization cross sections and the total electron

0.0
0.0 2.5 5.0 7.5 10.0

impact parameter b (a.u. )

12.5 15.0

FIG. 1Q. The impact-parameter (in atomic units) depen-
dence of the transition probabilities of the process 0 + +
H(ls) at 1QQ keV/amu. Solid line: ionization to the target
continuum; long-dashed line: ionization to the projectile con-
tinuum; dotted line: excitation to the target bound states
(n=2 —4); short-dashed line: electron capture to the target
bound states.

capture cross sections are summarized in Tables IX and
X. Above 50 keV/amu the ionization cross section in-

crease monotonically as the projectile charge Z increases,
while it takes the maximum value at B5+ below 25
keV/amu. On the other hand, the electron capture cross
section in general increases for increasing charge Z with
an exception of the interchange of the order within Be4+
and Bs+ below 4 keV/amu.

The contribution of the projectile continua~ to the
ionization is generally smaller than that of the target
continuum. They show different dependence on the im-

pact parameter b. Figures 10 and 11 gives the im-

pact parameter dependence of the transition probabilities
of excitation, ionization to the target continuum, elec-
tron capture, and ionization to the projectile continuum
separately for the process Os+ + H(ls). The impact-
parameter dependence of the ionization to the target
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1
\
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\
\

Energy(keV/amu)
0.0

0.0 2 5 5 0 7 5 10 0 12 5 15 0
impact parameter b (a.u. )

FIG. 9. The excitation cross sections of the hydrogen atom
to the states, 2s (solid line), 2p (dotted line), 3s (short-dashed
line), 3p (long-dashed line), and 3d (dot-dashed line) for 0 +

+ H.

FIG. 11. The same as Fig. 9 but for 4 keV/amu. The
ionization and the excitation probabilities are multiplied by a
factor of 1000.
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TABLE IX. Ionization cross sections (cm ) for A + + H(ls). The numbers in brackets denote
the powers of ten to be multiplied.

E (keV/amu)
1.0
2.0
3.0
4.0
5.0

6.25
7.0
9.0
10.0
12.5

He'+ Li'+
2.43[-20) 6.29[-20)
3.51[-19]

1.32[-is]

6.12[-18]

8.02[-18]

1.30[-17] 1.70[-17]

Be4+
3.96[-19]
2.45 [-18]

B'+
1.01[-18)
6.60[-18]

6.27[-18] 9.56[-18]

5.9S[
3.14[
4.38[
e.se[

-19]
-18)
-18]
-18]

3.90[
2.58[
2.93[
4.64[

-19]
-18]
-18]
-18]

08+
3.33[-io]
1.55 [-18]
2.26[-is]
3.06[-is]

1.76[-17] 2.45[-17] 2.05[-17] 1.59[-17] 1.23[-17]

2.28[-17] 3.83[-17] 3.38[-17] 2.83[-17] 2.10[-17]

2.47[-17] 4.18[-17] 3.10[-17] 2.52[-17] 2.03[-17]
15.0
20.0
25.0
30.0
50.0
63.0
75.0
100.0
150.0
200.0
400.0

-iv)
-17]
-16]
-16]
-is)
[-ie]
-16]
-is)
-16]
-ie]
-16)

2.78[
6.06[
1.19[
1.91[
4.28[
4.83
4.83[
4.54[
3.5V[
3.04[
1.62[

8.13[
8.11[
7.21[
5.84[
3.5V[

-16]
-is]
-16]
-ie]
-16]

-15]
-15]
-15]
-ie]
-16]

1.12[
1.22[
1.08[
9.33[
5.98[

1.76[
1.96[
1.98[
i.vV [

-15]
-15]
-15]
-15]

1.52[
1.61 [
1.55[
1.30[
8.88[

-15]
-15]
-15)
-15]
-is]-16] 1.21[

-15]
-15]
-15]
-15]
-15]

1.94[
2.3i[
2.37[
2.15[
1.5o[

-15] 2.07[
-15] 2.57[
-15] 2.74[
-15] 2.56[
-15] 1.96[

1.12[-16] 1.37[-16] 1.73[-16] 1.24[-16] 1.06[-16] 9.43[-17]

5.95[-16] 7.79[-16] 9.90[-16] 1.03[-15] 1.04[-15] 1.06[-15]

continuum has a resemblance to that of the excitation
regardless of the collision energy, while the ionization to
the projectile continuum shows rather difFerent behavior
&om that of the electron capture at low energies.

In conclusion, we have demonstrated that the close-
coupling method based on the pseudocontinuum states
expansion gives ionization cross sections of atomic hydro-
gen systematically in good agreement with experimental

data for various projectile charges in a wide energy range,
covering Rom the adiabatic transition region to the per-
turbative high-energy region. Simultaneously the present
calculations produced highly reliable cross sections for
excitation and electron capture of the related processes,
some of which will be presented in a separate publication
since the data such as the state-selected capture cross
sections are too vast to be shown in a single paper.

TABLE X. Electron capture cross sections (cm ) for A + + H(ls). The numbers in brackets
denote the powers of ten to be multiplied.

E (keV/amu)
1.0
2.0
3.0
4.0
5.0
6.25
7.0
9 P

10.0
12.5
15.0
20.0
25.0
30.0
50.0
63.0
75.0
100.0
150.0
200.0
400.0

He'+
2.56[-16]
6.37[-16]

Li +

2.67[-16]

V.32[-16]

1.18[-15]

1.28[-15]

1.33[-15] 1.81[-15]

B5+

2.06 [-15]
2.64[-15]

Be4+

3.74[-15)
3.76[-15]

3.39[-15] 3.10[-15]

-15]
-15]
-15]
-is]

4.ia[
4.61[
4.65[
4.70[

5.62[
5.59[
5.49[
5.55[

-15]
-15]
-is]
-15]

08+
-15]
-15]
-15]
-is]

6.06[
6.41 [
6.52[
6.63[

3.27[-15] 3.55[-15) 4.81[-15] 5.72[-15] 6.77[-15]

3.11[-15] 3.68[-15] 4.75[-15] 5.64[-15] 6.61[-15]

2.97[-15] 3.62[-15] 4.58[-15] 5.45[-15] 6.35[-15]
-is]
-15]
-16)
-16)
-16]
-16]
-16]
-17]
-17]
-is]
-ie]

1.29[
1.16[
S.SS[
8.34[
3.62[
2.08[
1.31[
5.59[
1.31[
4.39[
2.52[

3.13[-16]
1.40[-16]
3.13[-iv)
1.05[-17]
5.58[-19]

-as]
-16]
-iv)
-17]
-18]

4.94[
2.33[
e.43[
2.17[
1.17[

6.51[
3.20[
9.17[
3.28[
2.08[

-16]
-16]
-i7]
-17]
-18]

9.60[-ie]
4.81[-16]
1.45 [-16)
5.13[-17]
3.48[-18]

1.32[-15]
6.75[-16)
2.10[-16]
V.52[-i7]
4.34[-18]

1.73[-15]
S.10[-16]
2.92 [-16]
1.08[-16]
7.46[-18]

1.68[-15] 2.37[-15] 2.92[-15] 3.74[-15] 4.56[-15] 5.40[-15]

7.67[-16) 1.13[-15] 1.43[-15) 1.99[-15] 2.61[-15] 3.27[-15]
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