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Calculation of the weak interactions in dysprosium
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P-odd and P, T-odd transition amplitudes for the two almost degenerate levels of opposite parity
with J = 10 and E = 19797.96 cm ™' are calculated. Our result for the P-odd amplitude of the
interaction with the weak charge of the nucleus is (70 + 40)(—:) Hz. The P, T-odd amplitude caused
by the electric dipole moment of the electron d. is (1.2 +0.5) x 10?®> Hz/(ecm). We also calculated
g factors and hyperfine constants A and B for several levels. These results are in good agreement
with experiment. The calculated lifetime of 6 p sec for the positive parity level is reasonably close
to 8 p sec measured by D. Budker et al. [Phys. Rev. Lett. 70, 3019 (1993)].

PACS number(s): 31.20.—d, 35.10.Wb

I. INTRODUCTION

In the spectrum of dysprosium there are two almost
degenerate metastable levels (E = 19797.96 cm™!) of
opposite parity but equal angular momentum J = 10.
As was pointed out in [1,2] this provides an opportu-
nity for a strong manifestation of parity-nonconserving
(PNC) weak interactions. These interactions include
both time-reversal invariant (7-even) and noninvariant
(T-odd) terms. In this paper we shall restrict ourselves
to two T-even and two T-odd amplitudes associated with
the so-called weak charge Qw and the anapole moment
of the nucleus, the electric dipole moment (EDM) of the
electron d. and the magnetic quadrupole moment of the
nucleus M. For a wide discussion of possible manifes-
tations of the weak interactions in atomic physics and
the role of atomic measurements for particle physics see
Refs. [3,4]. The computational methods are described in
a recent review [5].

An experiment on this almost degenerate pair of lev-
els is now under way at the University of California at
Berkeley. In the first stage a number of spectroscopic pa-
rameters, such as the lifetimes, the hyperfine constants,
and the isotope shifts were measured [6-9]. This allows
us to check the quality of our wave functions and the
reliability of the results for the weak interactions.

II. DESCRIPTION OF THE CALCULATION
PROCEDURE

To get correct results for the effects caused by weak
interaction both the configuration interaction (CI) and
the core polarization must be taken into account. It can
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be illustrated with an example of two nearly degenerated
levels of Dy at E = 19798 cm™!. The leading configura-
tion for the even level is 4f1°5d6s and for the odd one
it is 4f°5d%6s. So, the one-electron transition between
these two levels is a d-f transition and the corresponding
weak matrix element is negligibly small. However, the
transition amplitude between these two levels is nonzero
for two reasons.

(i) There is an admixture of the 4f95d6s6p configura-
tion to the even level and the 4f°5d6s? configuration to
the odd one. Hence, the one-electron s-p transition is
possible.

(ii) The d-f matrix element becomes non-zero if one
takes into account the core polarization by the residual
Coulomb interaction.

The calculations were performed in two steps to take
into account both of these effects. In the first step the
Hartree-Fock-Dirac (HFD) equations were solved and the
configuration interaction within the valence shells was
taken into account. For this step we used the pro-
gram package written at Petersburg State University and
kindly given to us by I. I. Tupizin. It includes the HFD
program [10] and CI program [11]. In the second step
the package developed in Novosibirsk was used [12] to
include core excitations.

A. Valence shell calculations

There are four nonrelativistic valence shells in dyspro-
sium, namely the 4f, 5d, 6s, and 6p shells. According to
the experimental data [13] and theoretical analysis [14],
the low-lying levels of Dy belong to the following config-
urations:
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even: 4f1°6s%, 4f°6s%6p, 4f'°5d6s
odd: 4f°5d6s2%, 4f°5d%6s, 4f1%6s6p, 4f1°5d6p.

Each of these nonrelativistic configurations includes a
set of relativistic configurations corresponding to differ-
ent occupations of the (4fs/2,4f7/2), (5ds/2,5ds/2), and
(6p1/2,6p3/2) subshells. In the CI calculations we were
able to include about 30 relativistic configurations for
each state. Because of this restriction it was important
to optimize the HFD basis set for the valence electrons.

It appeared that the HFD orbitals significantly differ
for the configurations with 9 and 10 4f electrons. To
construct the most appropriate basis set we examined
the relative energies of the levels of different configura-
tions. Our main basis set was obtained in the following
way. The complete system of HFD equations was solved
for the 4f1%6s5d configuration to find the core orbitals,
as well as the 4f and 6s orbitals. Then, the 6p orbitals
were obtained for the 4f°6s5d6p configuration with the
4f,6s, and the core orbitals frozen. At the next stage,
the 5d orbitals were calculated for the 4f°6s5d2 configu-
ration with all orbitals except 5d frozen. The 6d orbitals
were obtained in the double charged ion of the 4f°6d
configuration. For this basis set the relative positions
of the different configurations were in reasonable agree-
ment with [13,14]. Nevertheless, it appeared necessary
to improve the 5d orbital for the 4f1°5d6s configuration
by adding the excited 6d orbitals. No other excitations
from the valence shells were included. We also checked
our results with a different basis set which was obtained
starting from the 4f'°6s2 configuration. It turned out
that the g factors and the hyperfine structure constants
are relatively stable while weak interaction results were
much more sensitive to choice of the basis set (see below).

All five levels of the ground state multiplet (J =
8,...,4) were calculated with 25 relativistic configura-
tions corresponding to 4f1°6s2, 4f1%6p?, 4f1°5d? non-
relativistic configurations. We also made calculations
for the ground state alone with the addition of the
4f95d6s6p configuration. After that we calculated four
even levels with J = 9,10,11 of the 4f'°5d6s con-
figuration. In this calculation the contributions of
the 4f1°6s6d, 4f'%6p?, 4f°5d%*6p, and 4f°5d6s6p con-
figurations were included. Finally, four odd levels
with J = 9,10 for the 4f'°6s6p and 4f°5d%6s con-
figurations were calculated with the addition of the
4f105d6p, 4f°5d6p?, 4f°5d6s2, and 4f°6s6p? configura-
tions.

The resultant wave functions of the levels were used to
form the single-particle density matrices and the single-
particle transition matrices. The former were used to
calculate the g factors, the magnetic dipole, and the elec-
tric quadrupole hyperfine constants A and B. The latter
were used to calculate the E1 transition amplitudes and
matrix elements of the weak interactions.

B. Core excitations

A technique to take into account the core polar-
ization effect was developed in [12]. It uses a self-

consistent numerical solution of the time-dependent rela-
tivistic Hartree-Fock equations (TDHF) in external fields
which corresponds to inclusion of the random-phase-
approximation exchange chain of diagrams in all orders of
perturbation theory in the residual Coulomb interaction.

To adapt this technique to the case of dysprosium some
assumptions have to be made. First of all we need a
spherically symmetric potential which must be the same
for the Hartree-Fock orbitals and for TDHF equations.
As in [12] we made our calculations for dysprosium in
the V-1 approximation. Namely, we considered the
6524 fg /24 732 /2 configuration of external electrons, so that
the potential had the form

V(r) = Ve(r) +3Vo(r) , (1)

for all atomic core and excited states except the 4f7/,
state. In (1) V.(r) is the Hartree-Fock potential of the
closed subshells including 6s and 4f5/, and Vp(r) is the
spherically symmetrical part of the direct Coulomb field
created by a 4f/2 electron. For the 4f7/; state the self-
interaction must be subtracted “by hand” so that the
potential for the 4f7/, state has the form

V(r) = Vo(r) + 2Vo(r).

We consider the 6s state in the TDHF calculations as a
core state to take into account all possible 6s-ns excita-
tions including excitations to the continuous spectrum.
To avoid double counting the 6s-6p transition should be
excluded at this stage, since it has been taken into ac-
count in CI calculations when the configurations with
both 6s and 6p states are included. There is no such
problem for the 4f state because the corresponding con-
tributions are negligibly small.

The core polarization effect was taken into account
for the PNC, EDM, and magnetic hyperfine interactions
where the renormalization of higher wave contributions
(e.g., d-f) is very large.

Note that the potential (1) is not the same as for the
CI calculations. So we used the core polarization cal-
culations to obtain correction factors for single-electron
matrix elements rather than obtaining their absolute val-
ues.

III. RESULTS AND DISCUSSION

The first problem which has to be solved is a reliable
identification of the energy levels. For the dysprosium
atom where the spectrum is so dense, it is not easy. In
Table I the results of the valence shell calculations are
given for the energies, g factors, and hyperfine constants
of the ground multiplet and the low-lying levels of both
parities and J = 9,10, 11. It is seen from this table that
the differences between the calculated and measured level
energies are large in comparison with the characteristic
level spacings. On the other hand, the g factors are re-
produced much better and can be used to distinguish be-
tween the levels with equal J and parity. It is probably
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TABLE 1. Energies, g factors, and hyperfine constants A, B for ground multiplet and several low-lying excited states with

J =9,10,11.
N leading JP Term Energy (cm™') g factor A (MHz) B (MHz)
config. Expt. * Calc. Expt. * Calc. Expt. ® Calc. Expt. © Calc.
I 4110652 8+ 5T 0 0 1.24159 1.242 163 170 1153 1366
11 4f1%6s% 7t 5T 4134 4159 1.17346  1.175 178 186 1066 127
111 410652 6" 51 7051 7206 1.07155  1.072 196 206 1015 1198
v 410652 5% °1 9212 9501 0.911 0.907 227 241 944 1136
\Y 4f1%s? 4" 51 10925 11285 0.618 0.614 288 305 1015 1188
VI 4f'%5d6s 9+ 3[8] 17515 18895 1.316 1.319 237 706
VII 4f'%5d6s 107 3[9] 18463 19614 1.282 1.290 220 1188
VIII  4f'%d6s  11% %[10] 19349 20421 1.27 1.268 204 1910
IX 4f'%d6s 10" 3(10] 19798 21269 1.21 1.209 159 152 1865 1819
X 4f%s6p 9~ (8,1)° 15972 13936 1.29 1.305 241 296
X1 4f%s6p 107 (8,2)° 17513 15307 1.30 1.294 225 2434
XII 4f1%s6p 9~ (8,2)° 17727 15605 1.25 1.248 186 2061
XIII  4f%d%6s 10~ SK° 19798 26249 1.367 1.373 218 206 2060 2228

2Reference [13].
bReferences [7,15-17].

not surprising since the main contribution to the angular
momentum J and thus to the g factor values comes from
the f-shell electrons. This shell appears to be rather firm
and is weakly affected by the interaction of the nonrela-
tivistic configurations (of course, the configuration mix-
ing of the relativistic configurations is important). An-
other reason why the results for the g factors are good is
that in this case the radial integrals are trivial.

There is quite a different situation for the hyperfine
constants. Here the contributions of electrons with small
angular momenta are enhanced because these electrons
penetrate closer to the nucleus. The radial integrals here
are not trivial and depend on both upper and lower com-
ponents of the relativistic radial functions in the vicinity
of the nucleus. Nevertheless, as seen in Table I our results
for the hyperfine constants A and B are in good agree-
ment with the experimental values obtained in [15-17,7].
For the A constant the discrepancy is less than 10%, while
for the B constant it is larger, but still lies within 20%.
The lower accuracy for the quadrupole constant can be
explained by the neglect of the core polarization which is
more important in this case [18].

It is useful to examine the contributions of different
shells to the A and B constants. The levels IX and XIII
from Table I are of main interest to us. For these two
almost degenerate levels of different parity we obtained
the following:

Level IX:
A =152 x (0.88 + 0.05 + 0.07 + 0) MHz, (2a)
B = 1819 x (0.71 + 0.29 + 0 + 0) MHz. (2b)
Level XIII:
A = 206 x (0.54 + 0.05 + 0.37 — 0.04) MHz, (2¢)
B = 2228 x (1.42 — 0.42 + 0 + 0) MHz. (2d)

In these equations the numbers in parentheses are the

relative contributions of the f, d, s, and p shells corre-
spondingly. It is seen that the first three contributions
are significant, while that of the p shell is almost negli-
gible (note that for these states the discrepancy in A, B
between the theory and the experiment is about 6%). It
means that the comparison with the experimental hyper-
fine constants cannot serve as a test for the contribution
of the p orbitals to the electronic wave function. This
contribution is especially important for the calculations
of P-odd weak interactions, where s-p is the only nonzero
amplitude (other amplitudes can contribute due to the
polarization effects only).

In Table II the results for the E1 transition amplitudes
are given. The calculations were performed in the length
(L) and velocity (V') gauges. For the L gauge the results
appeared to be much more stable in comparison to the
V gauge. Indeed, the amplitude for the latter depends
explicitly on the transition frequency, which is poorly re-
produced in our calculations. But even for the L gauge
there are large cancellations between different contribu-
tions. They are caused in part by approximate selection
rules mainly associated with the coupling of f electrons
and in part by the configuration interaction. The lat-
ter appears to be very important for the d-f transitions
from the XIII state. The admixtures of the s-p and p-d
amplitudes dominate here. For example, the leading con-
tributions to the reduced matrix element for the XIII-IX
transition correspond to the f5/3-d3/2, fsj2-dsy2s S1/2-
P1/2, S1/2-P3/2, and p3/a-ds/2 terms,

R =0.11 x (—2.26 — 0.10 + 2.63 + 0.41 4 0.41 — 0.10) .
(3)

The sum in parentheses is equal to unity, while the sum of
the absolute values is almost six times larger. Of course,
it reduces the accuracy of our results for small amplitudes
like this.

The amplitude under consideration was measured in
[7] and appeared to be an order of magnitude smaller
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TABLE II. E1 transition amplitudes. Numbers are given in atomic units for the reduced matrix

elements in the length and velocity gauges.

vI® VII VII® IX
L \% L \ L v L v
X 7.2 48 ~7.0 —49 — 338 —4.6
XI 3.6 1.8 -7.1 —4.2 11.0 7.6 -03 -0.2
XII -3.0 —0.6 2.8 0.8 —~10.0 -7.2
XIII 0.0 0.0 0.1 —0.2 0.0 0.3 0.1 -0.3

®Levels are labeled as in Table I

®E1 transitions to the states X and XII are forbidden (AJ = 2).

than the calculated one. Unfortunately, there is no di-
rect experimental information on large dipole amplitudes
from Table II. However, in the same paper [7] the lifetime
measurements were made for the IX and XIII levels. For
the first of them the lifetime is determined by two rela-
tively strong transitions to the X and XII states. Using
the amplitudes in the L gauge we obtained a lifetime of
6 psec which has to be compared with 8 usec measured
in [7). As seen from Table II, there are no strong tran-
sitions for the state XIII. It agrees with the fact that its
lifetime is more than an order of magnitude larger.

Finally, we calculated the matrix elements of the weak
interaction operators for the two pairs of close-lying
states of different parity:

Levels VI, XI: AJ = 1, (d-p type transition);

Levels IX, XIII: AJ = 0, (f-d type transition).

It is important that all four levels are metastable.
For the first pair of levels the transition frequency is
1.17 cm~1, while the hyperfine structures of the IX and
XIIT levels overlap and the transition frequencies lie in
the microwave region. Since AJ =1 for a transition be-
tween the VI and XI levels, the matrix element between
them is not zero only for the nuclear spin-dependent in-
teractions Hps and H4. However, one can expect larger
matrix elements for this transition because of the d-p type
of the transition and the fact that for both levels VI and
XI the f shell is in the same °Ig state [13].

A derivation of the effective atomic operators for the
weak interactions can be found, e.g., in [3]. First of all, it
is the interaction of the electron EDM d. with the electric
field of the atom (atomic units are used throughout the
paper if the opposite is not stated explicitly):

Hy = 2d, ( 00 ) V()] , 4)

TABLE III. Parameters W; for the P,T-odd and P-odd
interactions caused by the electron EDM, the magnetic
quadrupole moment of the nucleus, the weak charge of the
nucleus and the anapole moment of the nucleus. Definitions
are given in the text.

Wd WM WQ WA

Transition [Hz/(ecm)] [Hz/(e cm?)] (Hz) (Hz)
XI-VI —1.23 x10%2 -13
XIII-IX 1.0 x 10?3 0.23 x103% -34 -85

where ¢(r) is the atomic potential and o; are the Pauli
matrices. Another source of P, T violation is the interac-
tion of the nuclear magnetic quadrupole moment M with
the atomic magnetic field. This interaction depends on
the nuclear spin I and thus plays the role of a P,T-odd
correction to the hyperfine structure,

M 3
Hy = —mTi,kE;g’YO'erl(ej,l,i"'k + €kri) 5 (5)

Il

Tk = LIy + I I; — ;I(I +1)dix , (6)
where +y; are the Dirac matrices and ¢;;; is the antisym-
metric tensor.

One can also consider the P-odd interactions of elec-
trons with the weak charge Qw and the anapole moment
of the nucleus:

Hq = %Qw’mn(r) ) (7)
Hy = %kAI707"(P) , (8)

where G is the Fermi constant, a is the fine structure
constant, n2(r) is the nuclear density normalized to unity,
and k4 is the anapole moment constant of the nucleus.
For the weak charge of the nucleus we used the value

Qw =-N+2Z(1-4sin®0)~ -N+0.08Z, (9)

where N and Z are the numbers of neutrons and protons
in the nucleus and 6 is the Weinberg angle. In this equa-
tion we assumed that sin? = 0.23. Our results for the
interactions (4), (5), (7), (8) are given in Table III, where
the electronic parts W; of the matrix elements are listed.
The connection with the matrix elements between states
with the total angular momentum F' and its projection
M is the following:

TABLE IV. Radial integrals in atomic units for Hg and
Hg operators with and without the core polarization.

Hd HQ
Valence Total Valence Total
651/2-6p1/2 -3.69 -3.15 59.0 65.6
6p3/2-5d3/2 -0.20 -0.32 0.0 -7.1

5ds/2-4f5/2 -0.14 -0.17 0.0 -0.55
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(FMJI|Hy|FMJI) = Wod,,

6

1/2 ’
(FMJ'I|Hpy|FMJI) = (—1)F+I+1+1) (W) { J 5 1; }WMM,

(FMJI|Ho|[FMJI) = Wy,

(FMJ'I|HA|FMJI) = (—=1)F+7+1+1) [I(I+1)(2I+1)]1/2{ 7 § f}WAkA.

For the scalar interactions Hy and Hg the core polar-
ization was taken into account in the way discussed in
the previous section. The radial integrals for these oper-
ators calculated with and without the core polarization
are presented in Table IV. They have the following form:

I; = —/gigkﬁ dr , (11)
0

Ig = 477/(]‘:'91: —gifx)n dr, (12)
0

where f; and g; are the large and small components of
the Dirac radial wave function.

It is interesting to analyze relative contributions to the
W, parameters. We shall do it again using an example
of the XII-IX transition. For the W, parameter the two
main contributions come from the f-d and p-s terms:
56% and 43%, respectively. The core polarization affects
these terms in the opposite way (see Table IV) and the fi-
nal result is only 2% larger than the valence contribution.
For the Wy parameter there is only one valence contri-
bution from the p-s transition. The core polarization

induces the f-d and d-p terms. It reduces the amplitude
J

V. A. DZUBA, V. V. FLAMBAUM, AND M. G. KOZLOV 50

(10a)
(10b)
(10c)

(10d)

by 15%.

So, even for the contact P-odd interaction Hg, the va-
lence contribution dominates over that of the core. We
expect that the same is true for the interactions with the
anapole moment and the magnetic quadrupole moment
of the nucleus. The first of these interactions is also con-
tact, and one might expect larger core contributions than
for the second one. However, the W, parameter appears
to be large in comparison with Wg. Indeed, according to
Egs. (7)—(9) it is supposed to be approximately Z times
smaller than Wg (Qw = —N ~ Z). But, as it follows
from Table III, the ratio is only about four. It is caused
by the fact that the s-p amplitude is much larger in the
vector channel then in the scalar one. For this reason, it
is likely that the core polarization is not more important
here than for the weak charge.

In Ref. [2] an estimate was made for the EDM of dys-
prosium in the metastable state VI caused by the mag-
netic quadrupole moment of the nucleus,

3MpC

datom = 2.7 x 10752 M. (13)

This dipole moment arises from the admixture of the
state XI by the interaction Hps (10),

(F,M,J,I\D|F,M,J', I\(F,M,J', I\Hy|F, M, J, I

dato’ln =2
= 7.864 x 10~

where we used L-gauge value for the £1 amplitude (in V
form the result is two times smaller).

We would like to note in conclusion that the weak in-
teraction results are very sensitive to the choice of a basis
set. The results presented above were obtained using the
main basis set described in Sec. II. We made a check us-
ing a different basis set which was obtained starting from
the 4f1%°6s2 configuration. The energy levels, g factors,
and hyperfine structure constants are relatively stable
with respect to the basis set while the weak interactions
results change significantly. For example, we obtained
a value of about 100 Hz for the W parameter for the
XIII - IX transition in comparison with 34 Hz presented
in Table ITII. For other W; parameters the results with
the new basis set were also about two times larger than
those presented in Table III. Stability of the g factors
and hyperfine constants does not allow us to choose be-
tween the different basis sets. The energy levels are more
sensitive, but the agreement with experiment data is not

AFE
s M{J|ID||T"YWn mpC
AFE

=1.1x 10‘ZTM, (14)

‘very good for both basis sets, especially for the levels of
interest—IX and XIII (see Table I). There is also poor
agreement between the L and V forms of the E1 transi-
tion amplitudes for both basis sets (see Table II). More
configurations should probably be taken into account to
achieve a better stability of the weak interactions results.
This problem deserves further consideration.
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