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We find the unitary operator for diagonalizing the Hamiltonian of a triatomic linear molecule. The
unitary operator is expressed in a coordinate representation that brings convenience for deriving the
density matrix p(x;,x,,x3;X},x3,x3,58). The unitary transformation approach is simple because the
derivation can be reduced to the calculation of two independent harmonic-oscillator density matrices
and one free-particle density matrix. The average of the potential energy and the kinetic of the molecule

is calculated by using the density matrix.

PACS number(s): 31.10.+z, 34.10.+x, 03.65.Bz, 05.30.—d

I. INTRODUCTION

As Feynman pointed out, the concept of the density
matrix plays a role in reformulate quantum mechanics
because pure states are not general enough to describe a
quantum-mechanical system [1]. The density matrix for
a definite Hamiltonian H is defined as exp(—pBH)=p;
here B=(kpT) ! and kj is the Boltzmann constant. The
equation of motion of p in coordinate representation is
given by

—3p(x,x";B)/3B=H, (x,x",B) (1)

with the initial condition p(x,x’;0)=8(x —x'). An ex-
ample showing how to use Eq. (1) to derive the density
matrix for a harmonic oscillator is presented by Feyn-
man. Although Eq. (1) offers a general approach for
treating density matrices, only several problems can be
solved exactly [2].

In this work we consider the density matrix for a more
complicated system—the triatomic linear molecule
whose Hamiltonian is given by [3]

(%,,p;]1=i#5; , (2)
where d is the distance between two adjacignt atoms. Us-
ing the displacement operator exp (iP;d), we have
exp( —iﬁjd )%;exp(iP;d)=%;—d. Therefore in the fol-
lowing we focus on dealing with the displaced Hamiltoni-
an H=H,+H', where H'= —k(X,%,+X,%;) and
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=#[V'k/m(ala,+1)+V 2k /mylata, +1)
+v'k/my(ala;+)], (3)

and we derive its density matrix. Instead of using Eq. (1),
we adopt a unitary transformation approach. This is en-
lightened by our previous works [4], which solve the dy-
namics of N identically coupled oscillators by virtue of a
unitary transformation. The present work is arranged as
follows: In Sec. II we find the unitary operator U that
can diagonalize the Hamiltonian H. It is worth pointing
out that, although the eigenvalues of H have already been
derived in [3] by performing some definite rotational
transformations of the variables (the momentum ﬁ,— and
position coordinate X;), to the best of our knowledge, the
unitary operator that can directly diagonalize H has not
been studied in the literature. As one will see in our later
discussion (Sec. II), the unitary operator is quite compli-
cated because it engenders not only rotation but also
squeezing transformations; the latter originates from
changes in masses and frequencies and must be involved
in searching for the unitary transformation. In Sec. III,
by virtue of the unitary operator in coordinate represen-
tation we can very easily work out the density matrix
p(x,x';B), x=(x,x5,x3). Then in Sec. IV we use
p(x,x,B) to calculate the average of potential energy and
kinetic energy of the triatomic linear molecule. Our con-
clusion is that although the Hamiltonian H involves three
coupling coordinates, it actually is equivalent to the
motions of two independent harmonic oscillators and one
free particle, and we obtain ((potential
energy) ) = { (kinetic energy)) —1/28.
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II. UNITARY OPERATOR U IN COORDINATE REPRESENTATION

Although the Hamiltonian H has no coupling term XX, fortunately we still find a unitary operator U that can diag-
onalize H. In coordinate respresentation U is expressed as

2m,m 18 *1 1
= AZB 2 fd3x u|x, >< x5 ||, 4)
X3 X3
X1
X2 >—|x1, X3 X3),
X3
where
1/4 1/4
1 =1 2m; [(m,+m;)cosa+m;sinal L ] [(my+m;)sina—m;cosal
M 4 2 3 3 M | B 2 3 3
1/4 1/4
u= |1 L 2m; (mcosa—m,sina) . i (m sina+m;cosa) (5)
M| 4 ! 3 M| B ! 3 ’
1/4 1/4
1 | 2m, . ms .
1 YA [(m,;+m,)sina+m cosa] » |3 [(m;+m,)cosa—m sina]
detu =(2m,my/ AB)'/*, ()

-
M =m,+m,+m, is the total mass of the molecule, @  The factor [2m,m,/( AB)]'/® in Eq. (4) anticipates the

satisfies the equation unitarity of U. To see this, we use Eq. (6) to calculate
(m3_1 —mj! )sin2a=2m; 'cos2a , (7)
2m,m e 1 1
and vut= 23 fd3x u |x, ><u X,
—1—,,—1,..2 —1g: 2 —1; 4B
A" =p; ‘cos‘atpu, sin“‘a—m, sin2a , X3 X3
B '=p; sin*a+pu; lcos?a+mj lsin2a , (8)

pi=mym,/(my+m,), py=myms/(my+mj).

thus UT=U"". Using (x;|p, )= (2m#)~2exp(ip;x; /#),
where |p; ) is the momentum eigenstate, we may set U in
momentum representation,

|x; ) is the three-mode coordinate eigenstate. In the Fock
space spanned by |n,n,n;) (the eigenstate of Hy), |x; ) is
expressed as

oy mo, 1/4exp _ﬂx; 2m.0; 1/2x.aT 2mym; 1/8 ; P ) P
i h 2 # o == [d% P2><“P2 - 1
Ps3 Ps3
“%ain 0);

— R In order to know how X; and p; change under the U
(0,=V'k/m;, @0,=V'2k/m,, @;=V'k/m3). (10) transformation we first calculate

J
m, m 2 m 3
M M M
1/4 1/4 1/4
wl= |- cosa (cosa—sina) sina | . (12)
2m, 2m, 2m,
1/4 1/4 1/4
B . B . B
—_— sina - |— (sina +cosa) — cosa
m, my m,
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Using the orthonormal relation (x;|x; ) =8(x; —x;) we can deduce

.xl xl ‘ x’] xll
Uz, U~ '=detu fd3x u[x, >< X, xi'fd x’l x5 ><u x5
i
X3 X3 XA (X3
X1 X1
3
=detu fd3x u |x, ><u X | x=3(u R, . (13)
<
X3 X3 !

In a similar manner, in terms of the momentum representation of U we obtain
!

P pil Pl Pt

P, ><l7 12 ﬁidePI Z|p; >< py||= X uyb; - (14)
| , , =1

| |P3 P3| | |P3 Ps3

UP,U ~'=detu fd3p

Comparing Eqgs. (12) and (13) with (14), we see that the U operator causes not only rotation transformation but also
squeezing transformation. For example, as the factor (B /m,)!/* appears in U, U ', its inverse (m;/B)'/* appears in
Uﬁ3 U™, which means the squeezing [4] for the coordinate and its canonical conjugate momentum are mutual inverse.
This squeezing originates from the change of masses and frequencies [see also Eq. (16)]. Combining the results (13) and
(14), we can prove that H is diagonalized as

a2 a2 a2
4 P @Wp | P3 k P _
H=U|— +kx3 | +— | ——+x3 |+ |U"!
o, [2my, | ey |2my 270 oM
p?
—vu ’wA(a;az+§)+cuB(a§a3+%)]h+51~wl“ U, (15)
where
0w, =Vk/A, wg=Vk/B, 0,=V2k/m,, o;=V'k/m;, (16)
in fact, using (14), (16), and (5), as well as the relations
%cosza+%sin2a=ﬁ?, %sinza-i-%cosza:i—z, sin TL-—— si112oz=—-mi2 , (17

which are deduced from Egs. (7)-(9), and doing some lengthy but straightforward calculations, we obtain

Dy P @p P3 Pi 1 Pi
w, 2m, w3 2my; 2M 2, 2m;
On the other hand, using (13) and (16) we have
a2
W 4 A Wp X3 -1 /A A a o
U w—2x§+a7 U 1—(x1——x2)2+(x3—x2)2; (19)

thus Eq. (15) is proved.
III. DENSITY MATRIX IN COORDINATE REPRESENTATION

The coordinate representation of U provides us with a convenient way to derive p(x,x’,3). Since by use of Eq. (4) we
have

X1 2 1/8 X1 x’l ‘x’l AB 1/8
myms
U= |——— d3x's —u |x; < x5 | |= |7 Y25 , (20)
< ) AB f x o) X2 2 2mym, (y1,¥2,53
X3 X3 x5 x3

where y; are defined by

3
yfzz(u_l),‘jxj' . 21



30 DENSITY MATRIX FOR A TRIATOMIC LINEAR MOLECULE MODEL 3757

Therefore as a result of (15) and (20) we get
P(XyX’,B)= (x],x27x3|e—ﬂH‘x'1’x'27x'3 )

AB 1/4 ﬁ%
(y1,y2,y3lexp | —B ﬁwA(a;a2+%)+ﬁwB(a§a3+%)+——

2m,m;,

M

]Iyi,yé,y’3>5p(y,y’,3) ,

(22)

which shows that the calculation for the three coupled oscillators’ density matrix now reduces to the simple calculation
of two independent harmonic oscillators’ density matrices and one free particle’s density matrix. Because Feynman al-
ready gave the density matrices both for a harmonic oscillator with frequency @, and mass m,

{x,lexp[ —Bﬁw,(a;'al-f-%)]lx'l )=

2
m1601 1/ o ___m__[(xZ_f_le)cosh(zf )—Zx x,]
2rhisinA(2f) P Zsinni2f,) VTR i X110

1

fiw
flE_z—B; (23)

and for a free particle with mass M,

p? M 172 Iy .
(x,lexp _BW |x1)= —Zﬂ—‘ﬁ—ZE exp | — 723 (x,—x1) |, (24)
we can immediately write down
Py, y',B)=pip:ps (25)
2 1/2
P1 ’ M M '
p1={y,lexp —Bor lyi)= ml exp —z—th(y,~y1)2 , (26)
PRLL
P2=(}’2|CXP[_Bﬁ0’A(a;‘12+%)]|y’2) 2 ]
my
4
=(y2|exp[—-Bzﬁwz(a;az—{—%)]]y’z) 2’"2]
172 1/4
2@ Mm@, 24 .12 /
= e + J—
27rﬁsinh(2f2)] 2m, e"pl 2#sinh(2f,) | Y2 1y2 )eosh(2f2) 2”7)’2]]
= 494 - A4 (52452 cosh(2f5)— 27,7 27)
2mfisinh(2f,) | P|” Zisinh(zs,) | P2 TP )cosh2) =2y ]y
where
fr= By By=B——, y,= Y2 (28)
2 () A
and
B 1
p3={y;lexp[ —Bhiwpg(alas+1)]ly}) m—3]
= S - P08 (524 52 )cosh(2f )~ 25,7 (29)
arsismh(2fy) | P | Zsimn(zfy) (3 TPy )eosh(2f3) 725555 ] 1
where
#io, 0p m, 1/4
f3=_2'B3> B3=B‘;a 3= B y3 . (30)
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IV. AVERAGE OF POTENTIAL ENERGY
AND KINETIC ENERGY
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Next we calculate the average of the coupling operators.
Using (21) we have

Now we can analyze the average of potential energy U
and kinetic energy of the molecule. Using Egs. (21)-(30) (%,%;)= 2 UijUjk8i - 35
we first evaluate the average of (%?), k=l
3.2
(3= fd xx;p(x,x,B) Thus the average of potential energy is
' fd3xp(x,x,B)
3 2 <U>E%k<(£]_22)2‘*'(22—5‘\3)2)
fd3y 2 uijyj P(y,y,B)
_ i=1
B fd3yp(yyﬂ) GD =3k [y —uy )P+ (uy —usyy)lg,
Because of
fd3yy,»y,~p(y,y,B)=0 (i#j), (32) (g3 —uyy )P+ (uy —uss)?lg, J . (36)
Eq. (31) thus becomes
a2 3 2
(2H=3 u;g; » (33) Substituting (5) and (34) into Eq. (36) we have
j=1
where
fdy-p»(y«y By’ (v)=(w 4cothf, +wpcothf;)%/4 . 37
P\ ¥
8= A
fdy,p,(yj,yj,B) . L
(34)  In order to derive the average of kinetic energy we trans-
g, = # 2= # form the density matrix into a momentum representation.
2 2m,wtanhf,’ °3 2m,wstanhf; With the aid of (15) and (11) we have
1/4 R
) oy 2mym; P + . ¥ | pi oD
p(p,p’,B)= 4B (P),P,,Pslexp | —B th(a2a2+7)+ﬁwB(a3a3+j)+W [P, P5,P5) (38)
where ‘
3
=3 a,p; - (39)
j=1
p(p,p’,B) can also be decomposed as p(p,p’,B)=p P05
pi i
p1=(P,lexp —B—M |P)) =exp ~SM 8(P,—7Py) (40)
py=[2miAw (sinh(2f,)]exp | — L [(P2+PP)cosh(2f,—2P,7,] | , @1)
2m20)2ﬁsinh(2f2)
py=[2mfiBwygsinh(2f;)] " exp [—— 2m3a)3ﬁslinh(2f3) [(P3+Picosh(2f3)—2PP,] } . (42)

Similar in spirit as deriving Eq. (37), we can obtain the
average of kinetic energy
2

1
This is in accord with Eq. (15), which states that the
Hamiltonian is unitary equivalent to that of two indepen-
dent harmonic oscillators and a free particle.

In summary, we have found the unitary operator for
diagonalizing the Hamiltonian of a triatomic linear mole-
cule and we have derived the corresponding density ma-
trix with which the average of distribution of energy of
the molecule is calculated.

3. Di 1 #
<,-§1 o >=;B—+z[w,,coth(f2)+w3coth(f3)] . @3)
Comparing (37) and (43) we have the relation
((potential energy)) = ( (kinetic energy)) — % . 44
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